Workshop on the Standard Model and Beyond,
Corfu, Greece, Aug 27 -Sep 7, 2023

"‘BRST Formalism of Weyl Invariant Gravity”

Ichiro Oda (Univ. of the Ryukyus)

P. Saake (Max-Planck-Institute, Heidelberg) and 1.0,,
Phys. Rev. D 106 (2022) 106007; I1.0O., Phys. Rev. D 105
(2022) 126018; 1.0.,Phys. Rev. D 105 (2022) 066001;
M. Ohta (OIST) and I.0., to appear (2023).



1. Introduction

Without any sign of new particles (except Higgs) at LHC,
we are now in an era of paradigm-shift from the old view that

"The standard model (SM) is incomplete so it should be replaced
with a completely new theory such as SUSY, GUT or string theory’

(4

to the new view that

“The overall structure of the SM is true and we should look for
its minimal extension which largely preserves the SM”.

We are watching a mounting evidence that its minimal extension
could survive to the Planck scale where quantum gravity (QG)
would unify gravity with the other interactions, i.e.,"Great desert
scenario”.



From the SM point of view, it seems that the Planck scale My, is
a special point in the sense that

(1) Scalar self-coupling is zero; A(Mpi) =0

(2) Its beta function is zero;  \(Afp) ~ 0
(3) Higgs bare mass is zero;  ,,2(a1p;) ~ 0

Thus, it is conceivable that the SM is the low-energy limit of a distinct
theory with a global scale symmetry at the Planck scale.

Indeed, in 1995, Bardeen has already advocated the idea that instead
of SUSY, the global scale symmetry might be a fundamental symmetry
and play an important role, in particular, in naturalness problems,

and afterwards various interesting models based on the global scale
symmetry were proposed.



Here, related to scale invariance, let us ask an elementary question:
“The global scale symmetry makes sense in QG?”
Answer: “Perhaps, no sense!”

The key observation: No-hair theorem of quantum black holes and string theory

Global additive conservation laws, such as baryon and lepton number
conservation, cannot hold in any QG. Moreover, in string theory, we never
get any additive conservation laws, and at least in known string vacua,
the additive global symmetries are either gauge symmetries or explicitly
violated. By contrast, gauge symmetries such as U(1) electric charge
conservation law cause no trouble for black hole physics.

To put it differently, in the great desert scenario, global scale symmetry
must be replaced by local scale symmetry, i.e., "Weyl symmetry”!

Our strategy is first to construct a Weyl invariant quantum gravity and then
to construct a theory beyond the standard model.



2. Classical theory

We wish to consider Einstein gravity, i.e., Einstein-Hilbert term, since
general relativity (GR) can account for many astrophysical and cosmological
phenomena without any conflict with observations and experiments.

However, Einstein-Hilbert Lagrangian is not invariant under Weyl transformation
or equivalently, local scale transformation. We therefore introduce a scalar field
¢ and construct a Weyl invariant scalar-tensor gravity:

1 1
Lo=v=9(56°R+ 59" 0,00,0)
The key point: In unitary gauge for Weyl invariance, ¢ = /ﬁ, L. becomes

the Einstein-Hilbert Lagrangian.



If we ignore the problem of massive ghost in higher-derivative
gravity, we can incorporate conformal gravity in addition to Weyl

invariant scalar-tensor gravity: \
1

1 % vpo
L. = V —Q(EQbQR + 59” 8M¢8V¢) — vy acCuprC'u P

It is straightforward to apply our formalism to this Lagrangian as well
(cf. M. Ohta and I. O., to appear). Furthermore, we can also apply the
present formalism to a Weyl invariant scalar-tensor gravity in Weyl
geometry (P. Saake and 1.0, Phys. Rev. D 106 (2022) 106007).

Owing to lack of time and simplicity of presentation, I will discuss only
the Weyl-invariant scalar-tensor gravity in Riemann geometry in this talk.



3. Quantum theory

L. is invariant under general coordinate transf. (GCT) and Weyl transf.

GCT BRST transformation
69 gy = —(Vuew +Vien), 057¢ =202,
5§)cp — —c)‘a)\cp,

5\, =iB,, 9B, =0, 4b, = —c o\b,.

Here, new NL field b, = B, — i c*d,¢, is introduced.

Weyl BRST transformation
5§)Q'Mr/ = 2¢gu, 5532)(35 = —co,

52e=iB, §%c=6%pB=0.




To assure the relation {5", 67} = 6" 6 + 6% 6\ = 0 as well as
nilpotency (657)2= (6'%)2= 0, we further set up BRST transformation:

5S)B = —c*O\B, 5§)c = —c*Oxc, 5§)5: —c Oz,

52, =6t =5z, = 0.

Gauge-fixing conditions

For GCT, “Extended de Donder gauge”: d,(g" ¢?) =0

For Weyl gauge symmetry, “Scalar gauge”: aﬂ(g’ifv qbavqb) = 0 & Massless dilaton

Here, g™ = /—g g"".



The gauge-fixed and BRST invariant Lagrangian:

Lo = Lo+ 65 (5" ¢20,6,) + 652 [60,(5™ ¢80y ¢)]
1

= VTG ( 756 R+ 50" 8,00,0)

_§MU¢2 (aubb’ + iaué)\avc)\) + Lc'j””gbaﬁB@,_,gb - Z‘gﬂﬂcb?a“@@l}c_

From this quantum Lagrangian, we can derive field equations.
The bottom line is that we can obtain the d’Alembert type of field
equations:

9" 9,0, XM =0

Here, XM = {x*, b,,0,B,ct c,c, ¢ } where ¢p = e? (o: “Dilaton”)



Together with the gauge condition 9, (g* ¢?) = 0, this equation gives
us two kinds of conserved currents:

PHM = gitv h29 XM gnd MHMN = giv p2( xMg yN)
where XM9, YN = xMg, YN- (9, XM) YV,

In fact, for instance,

0,P*M =9, (g™ ¢29,XM) = gV ¢20,0,XM = =gp2g*¥0,0,XM = 0.
- V=0

After performing canonical quantization, it will turn out that charges

corresponding to these currents generate a very huge I0Sp(10[10)
Poincare-like algebra, which is a global symmetry in the present theory.



4. Canonical quantization and equal-time (anti)commutation
relations

D Set up the Poisson brackets: e.g.

— o - 1 o o — - — - — -
{gw(t,m),wg (t,7)}p = 5(555,, +0,00)0(Z — ), {o(t,Z),my(t, @) }p =0(F—2'),...

(2 Calculate the canonical conjugate momenta: e.g.

a£ 1 L _aOT T 'a
5 L= —51V I 0> (=g g" g7 — g"Tg" 9" — ... )OrGor
1%

1 1
— Va9 " + 9+ )90,0 — v/ =g(9% g™ + 9”9 + ... )97,

Qv
g

@ Calculate all the equal-time (anti)commutation relations: e.g.
[Gpors Tp) = =120 f S 2(Gpo G — Gpulor — GovIon + V=9 (3900901 + 55600

+050,9p0 + 050,90,:)]0°
1 1

Here, f = = =t §3 =60 —X").




5. IOSp(10]10) Poincare-like symmetry

Let us consider an OSp(10|10) rotation, which is rewritten as

5XM = T]MLELNXN — -S‘M NXN

Here, nyn is an OSp(10[10) metric given by (e = %)

NMNM = NMMN =

Moreover, &y
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IS an infinitesimal parameter.



To find the conserved currents, let us assume that ¢, is a local infinitesimal

parameter, i.e., eyn = eyn (). Then, after some calculations, the quantum

Lagrangian transforms as

1
5£q = —§8uE‘NMMMMN.

Thus, MH#MN is the conserved current for OSp(10|10) rotation.

Similarly, for local infinitesimal translation §X™ = £M(x), we have

1
5£q = —§8MEM,PMM.

Thus, P*M is the conserved current for translation.

The corresponding charges:
<~
A/{MN — /deMOMN :/dBw'éUU(j)QXMaUXN,

PM — / d>x PM = / >z " ¢?9, XM,



For instance, M"" includes GCT and Weyl BRST charges:
g) — M(bp,Cp) _ / 3 Noyszb ucp;

g) = M(B,c) = /d?’m NO”(J)QB d ,c.

Using equal-time commutation relations (ETCRs) obtained above, one can
prove that these generators constitute the I0Sp(10|10) algebra:

[PM, PN} =0, [MMN, PR} = i[PMyVE — (<)NIRIpNyMA]

[MMN,MRS} — ’I:[MMST]NR . (_)|N||R|MMR?7NS . (_)|N||R|MNS?7MR 1 (_)|M||R|+|N||S|MNR77MS].

The global IOSp(10]|10) symmetry is purely of quantum nature, so it
survives even in the presence of gravity!



6. Gravitational conformal symmetry

A huge global IOSp(10|10) symmetry includes “gravitational
conformal symmetry” as a subgroup.

For instance, by definition, translation generator P# must obey the equation
for a generic field &:

1Py, ®(2)] = 9, P().
We can construct such the generator from IOSp generators like

B, = JB,h) = / >z 3" $*0,b,,.



Similarly, by definition, GL(4) generator G* , must satisfy the
equations:

[?’GM Vs Qﬁ)] — xuayqﬁ’;
G 1, 9po| = 2 0ugps + 05 guo + 05 gup.
G* , can be constructed as

G, = MF (z,b) — iM* (¢, &) = f Bz GO S22 Oy by, — i DxG,).

Similarly, special conformal generator K# and dilatation generator D
can be made to

KH* = 2M*(z,b) = 2 / 5% 6224, B.
D =Gyt P(B) = [ a5 Ob, — ict 8o+ OAB)

We can check that generators { P,, G" ,, K#, D } make a closed algebra.



P.,P] =0, [P,,GF,]=iP,8, [P,K"]=-2i(G",— D), [P, D]=iP,
G*,, G ] =i(G' 60 — GP L6H), [GH,,KP] =iK16, [G*,,D]=0,
K" K| =0, [K* D]=—iK" [D,D]=0.

To construct an analog of conformal algebra in flat Minkowski
space-time, we need to introduce the Minkowski metric 7,

and make the Lorentz generator M,,,:

My = —1upG” v + 1 G” -
The generators { P,, M,,,,, K¥, D } make a closed algebra, which I call,
“Gravitational conformal algebra (GCA)".

Pu, P =0, [Py, Mpo| =i(Ppniuoc — Potlup),  |[Pu, K] = =21(G” , — D)(Sz,
Py, Dl =Py, [Muy, Mps] = —=i(Musnup — Muonpup + MpuNow — Mpuiop),
M, KP] =i(—K,6° + K,41), M,,,D] =|K! K"|=[D,D|=0, |[K" D]=—iK"




/. Spontaneous symmetry breakdown (SSB)

(2)
B

Physical state conditions: Q" [phys) = phys) = 0.

From the BRST quartet mechanism, we can show that physical
modes are only massless graviton while the other modes
including dilaton belong to unphysical sector.

Remark

I wish to stress that the Nambu-Goldstone theorem never
tells us if the NG boson is physical or unphysical. In the
present situation, the dilaton is the NB boson associated with
Weyl invariance, which is an unphysical mode.



Based on the gravitational conformal algebra, we can show
that GL(4), special conformal symmetry and dilatation are
spontaneously broken to the Poincare symmetry. As a result,
we can prove that the graviton and dilaton are exactly
massless at non-perturbative level.

Let us assume the translational invariant vacuum £,|0) = 0
where (0|0) = 1, and non-zero VEVSs:
(01guv[0) = mvr (01910) = g # 0.

From GL(4), [:G" ., 9p0] = 2"0v9p0 + 05 guo + 05 gup.
Taking its VEV, (0[[zG" ., gp]|0) = 65106 + 0510,

Then,  (0][iMyuw. gpo]10) = 0, (Ol[iMyur, 9pol|0) = 2(uptive + Tuotiup):
Here, M,, =0,,G?, +n.,,G" ..

‘SSB of GL(4) —» SO(1, 3) : Massless graviton with 16 — 6 = 10 components




As for dilatation, from iD, ¢(x)] = 249, 0(x) + ¢(z),
Taking VEV and recalling ¢(x) = e,
(0[[iD, 7]|0) = 1.
Thus, the dilatation is also spontaneously broken and its NG-boson is
the dilaton, which must be exactly massless at non-perturbative level.

How about special conformal transformation (SCT)? From [i K#, ¢ | = 2x* ¢,
(O|[: K", 0,0]|0) = 24E.

This means that the SCT certainly receives SSB and its NG-boson

is the derivative of the dilaton. This is also verified by gravitational
CA as follows:

Jacobi identity: [ [P, KV], o] + [ [Ky, 0], B,] + | [0, B.]. K¥] = 0.

Using the GCA, |P,,K"| = —2i(G) — D)é,; and |P,, | = —id,o, the VEV
of the Jacobi identity produces




8. Conclusion
What we have explained in this talk:
(D We have constructed a BRST formalism of Weyl invariant scalar-tensor gravity.
@ We have shown the existence of the global Poincare-like IOSp(10[10) symmetry.
® The gravitational conformal algebra exists as a subgroup of the I0Sp(10|10)
symmetry.
@ We can show that GL(4) spontaneously breaks down to Poincare symmetry and
its NG-boson is the graviton. Dilatation and special conformal symmetry is also
done so and its NG-boson is dilaton. Thus, the graviton and dilaton must be exactly
massless.
(® The dilaton belongs to unphysical sector like ghosts in YM theory, so it causes no
trouble in the fifth-force problem.

What we have not explained in this talk:

In particular, we have not discussed the issue of Weyl anomaly. If we introduced an
additional scalar field playing the role of the renormalization mass u, we might not
have anomaly (?), but the price we have to pay is the non-renormalizability.

Cf. F Englert et.al.,, NPB117(1976)407; A. Codello et.al.,, CQG30(2013)115015.
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