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Physics BSM with vector-like quarks (VLQs)

Rich variety of new Physics

Quarks with L and R components transforming in the same way under 

the SM gauge group

Bare mass terms in the Lagrangian are allowed

Mixing of the new quarks with the SM-like quarks gives rise to: 
Deviations from unitarity of the VCKM
Z mediated Flavour-Changing-Neutral-Currents
Higgs mediated Flavour-Changing-Neutral-Currents 

These new phenomena are suppressed by the ratio of electroweak scale  

and the masses of the new heavy quarks

VLQs may populate the desert between the EW and the GUT scale 
without worsening the hierarchy problem

P. Ramond, 1981 



Vector-like fermions arise for instance in grand unified models

Possible motivations to introduce isosinglet vector-like quarks

Naturally small violation of 3x3 unitarity of the VCKM and non-vanishing but naturally 
suppressed flavour-changing neutral currents (FCNC)

This opens up many interesting possibilities for rare K and B decays as well as CP 
asymmetries in neutral B decays

Adding isosinglet quarks to the SM leads to new sources of CP violation

In particular one may achieve spontaneous CP violation in this framework with 

the addition of a complex scalar singlet to the Higgs sector

Possibility of solving the strong CP problem a la Barr and Nelson 

Bento, Branco, Parada, 1991 

Possibility of having a Common Origin for all CP Violations

Branco, Parada, MNR, 2003



Changes in the unitarity relations in the presence of VLQs

Moduli differences:

In the SM, 3x3 unitarity of the CKM matrix leads to an “asymmetry” 
defined as:

|V31|2 − |V13|2 = |V23|2 − |V32|2. (2b)

Within the three generations SM, one can introduce an asymmetry a defined as

a ≡ |V31|2 − |V13|2 = |V23|2 − |V32|2 = |V12|2 − |V21|2. (3)

Experimentally, it is known that a is positive, since |V31| > |V13|.
For definiteness, consider an extension of the SM with one up-type VLQ. The quark mixing

matrix is a 4× 3 matrix which consists of the first three columns of a 4× 4 unitary matrix

V =









V11 V12 V13 V14

V21 V22 V23 V24

V31 V32 V33 V34

V41 V42 V43 V44









. (4)

From unitarity of the first row and first columns of the 4× 4 matrix, we have

|V11|2 + |V12|2 + |V13|2 + |V14|2 = 1, (5a)

|V11|2 + |V21|2 + |V31|2 + |V41|2 = 1. (5b)

Subtracting these equations, we get

a12,13 ≡
(

|V12|2 − |V21|2
)

−
(

|V31|2 − |V13|2
)

= |V41|2 − |V14|2. (6)

Applying a similar procedure using the unitarity relations of the other rows and columns of V , we
get

a12,32 ≡
(

|V12|2 − |V21|2
)

−
(

|V23|2 − |V32|2
)

= |V24|2 − |V42|2, (7a)

a13,23 ≡
(

|V13|2 − |V31|2
)

−
(

|V32|2 − |V23|2
)

= |V34|2 − |V43|2. (7b)

From D0 −D0 mixing, we know that, in models with one up-type VLQ, we have [9]

|V14|2|V24|2 < (2.1± 1.2)× 10−8. (8)

3 Differences between the imaginary parts of the quartets

In the SM, if we use unitarity between the first two rows of the CKM matrix, we get

V11V
∗
21 + V12V

∗
22 + V13V

∗
23 = 0. (9)
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 Differences between the imaginary parts of the quartets  

In the SM, one can show that all imaginary parts of rephasing 
invariant quartets:

Flavour Physics and CP Violation in the SM and Beyond

Exercise 3. Show that:
VaiVb j Vgk V ⇤

a j V
⇤
bk V ⇤

gi =
Qaib j Qb ia j

|Vb i|2
. (3.22)

The quartets are easily constructed through the following scheme,

V =

Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

0

BBBBBBBB@

1

CCCCCCCCA

, (3.23)

where the two quartets,

VusVcbV ⇤
ubV ⇤

cs = Quscb , Vcd VtsV ⇤
td V ⇤

cs = Qcdts , (3.24)

are illustrated. The diagonal dotted line refers to the product of the corresponding CKM elements.

3.1 Neutrino masses

In the SM, neutrinos are exactly massless. No Dirac mass terms can be written since right-
handed neutrino fields are not introduced in the SM. On the other hand, Majorana mass terms are
not generated in higher orders, due to exact (B�L) conservation in the SM. As a result of having
massless neutrinos, neither leptonic mixing nor leptonic CP violation can be generated in the SM.
Indeed, any mixing arising from the diagonalisation of the charged-lepton masses can be rotated
away by a redefinition of the neutrino fields.

In the view of above, one concludes that the discovery of leptonic mixing and non-vanishing
neutrino masses, rules out the SM, as it was proposed. However a simple extension of the SM,
sometimes denoted nSM, can easily accommodate leptonic mixing and provide an explanation for
the smallness of neutrino masses, through the seesaw mechanism [15–19]. The nature of neutrinos
(i.e. Majorana or Dirac) is still an important open question. Both in the case of Majorana [15–19] or
Dirac neutrinos [20] one has to have a mechanism to understand the smallness of neutrino masses.

3.2 The Flavour sector of the SM

Let us now discuss the flavour sector of the SM. The gauge invariance does not constrain the
flavour structure of the Yukawa matrices Yu, Yd and using eq. (3.4) one obtains two arbitrary mass
matrices mu and md . The two quark mass matrices are arbitrary complex matrices which need not
to be Hermitian [21]. The two matrices mu, md contain (18+18) parameters, but most of them are
not physical. Due to the fermion family replication the gauge interaction part of LSM has a very
large flavour symmetry. One can make Weak-basis transformations which change mu, md but do
not change the physical content of mu, md . One has then a large redundancy in mu, md . By making
a WB transformation such as:

u0
L = WL u0

L
0 ; u0

R = W u
R u0

R
0
, (3.25a)

d0
L = WL d0

L
0 ; d0

R = W d
R d0

R
0
, (3.25b)
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have the same modulus

In the presence of VLQs one obtains a different result, for example: 

Im Q_2112 - Im Q_1132 = Im Q_1142



Fundamental properties of the CKM matrix

Flavour Physics and CP Violation in the SM and Beyond

Can one violate the above two dogmas in reasonable extensions of the SM? The answer
is yes!

“Reasonable” means that FCNC should be naturally suppressed without fine-tuning. In the
gauge sector, the dogma can be violated through the introduction of a Q = 1/3 and/or Q = 2/3
vector-like quark [8–14], since in this model one has naturally small violation of 3⇥ 3 unitarity
of the CKM matrix V which in turn leads to Z-mediated FCNC at tree level, which are naturally
suppressed.

d
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u,c, t u,c, t

(a) K0 �K0 mixing

d

b

d

b

u,c, t u,c, t

W

W

(b) B0
d �B0

d mixing

Figure 3:

In the Higgs sector, the dogma can be violated and yet having FCNC automatically suppressed
by small CKM matrix elements [8].

Fundamental properties of the CKM matrix

We have introduced in eq. (3.10) the CKM matrix V , which characterises the flavour changing
charged currents in the quark sector:

LCC =
⇣

u c t
⌘

L
gµ

0

B@
Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

1

CA

0

B@
d
s
b

1

CA

L

W+
µ + H.c. , (3.18)

The CKM matrix is complex, but some of its phases have no physical meaning. This is due to the
fact that one has the freedom to rephase the mass eigenstate quark fields ua ,dk:

ua = eija u0a , dk = eijk d0
k . (3.19)

Under this rephasing one has:
V 0

ak = ei(jk�ja )Vak . (3.20)

It is clear from eq. (3.20) that the individual phases of Vi j have no Physical meaning. It is useful
to look for rephasing invariant quantities, which do not change under this rephasing. The simplest
examples are moduli |Vak| and quartets Qaib j, defined as

Qaib j ⌘ VaiVb j V ⇤
a j V

⇤
b i , (3.21)

with a 6= b and i 6= j. Invariants of higher order may in general be written as functions of the
quartets and the moduli.
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The CKM matrix is complex, but some of its phases have no physical meaning. This is due to the
fact that one has the freedom to rephase the mass eigenstate quark fields ua ,dk:
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Under this rephasing one has:
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Higher order Invariants can in general be written in terms of these .



Details  about Rephasing invariant quantities

Example : 

 |Im Q| has the same value for all quartets and measures 
the strength of CP violation in the SM.
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The generation of |V_ub| and ImQ  
from New Physics

We propose that the CKM matrix is generated 
from three different contributions
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patterns through the introduction of a Z_4 
symmetry at the Lagrangian level



ENFCNyGRINUL– iB wUGBPNGQNE JN QwIN

U N3
owx ˆ





0 / /
/ y12 F12
/ ≈F12 y12



�

rC

±





y02 / F02d→Rβ

/ 0 /
≈F02dRβ / y01



�

de

±





y01 F01 /
≈F01 y02 /
/ / 0



�

MBu�

˜0(

JQNEN GQN FHxFyERCGF RAzRywGN GQN BERPRA BO GQN yBAGERxHGRBAF GB GQN VRKRAP wAz df FGwAzF
OBE GQN yBAGERxHGRBA yBVRAP OEBV dNJ fQLFRyF– uA GQN URVRG JQNEN df RF ABG CENFNAGfi xBGQ
·UtK· wAz uVg IwARFQ–

1-0 rEwVNvBET

uA BEzNE GB RVCUNVNAG GQN FGEHyGHEN RA qD– ˜0(fi JN wFFHVN GQwG GQNEN RF w xwFRF JQNEN GQN
zBJA wAz HC DHwET VwGERyNF GwTN GQN OBEVı

cM ˆ





VM00 VM01 /
VM10 VM11 /
/ / VM22



� ct ˆ





Vt00 / /
/ Vt11 Vt12
/ Vt21 Vt22



� η ˜1(

mRGQBHG GQN RAGEBzHyGRBA BO dNJ fQLFRyFfi BAN FRVCUL BxGwRAF w FRVCUR+Nz wAz ENzHyNz
Yac VRKRAPfi JQNEN

Uowx ˆ





0 / /
/ y12 F12
/ ≈F12 y12



�

rC

±





y01 F01 /
≈F01 y01 /
/ / 0



�

MBu�

ˆ





y01 F01 /
≈F01y12 y12y01 ≈F12
≈F12F01 F12y01 y12



� η ˜2(

dBGN QBJNINE GQwG GQRF URVRG wUENwzL RAzRywGNF GQwG ·U20· ˆ ·U01· ·U12· RF VHyQ UwEPNE GQwA
·U02·fi JQRyQ IwARFQNF wG GQRF FGwPNfi wAz GQwG U02 ˆ / wUFB UNwzF GB IwARFQRAP Yf IRBUwGRBA–

jQN FNwEyQ OBE VNwARAPOHU ENUwGRBAF xNGJNNA GQN zRffiNENAG Yac VwGERK NUNVNAGF ˜wAz.BE
VwFF EwGRBF( QwF xNNA CwEG BO GQN DHNFG wAz GQN ENUNAGUNFF NffiBEG BO GELRAP GB HAEwINU
GQN ,wIBHE CHMMUN– rBE RAFGwAyNfi ENyNAGUL sEBFFVwA wAz hHzNEVwA FGHzRNz RA )Wfl GQN
QLCBGQNFRF BO JQNGQNE GQN Yac VwGERK QwF w FHxFGEHyGHEN 5GQwG PBNF xNLBAz GQN FRAPUN
FVwUU CwEwVNGNE BO GQN mBUONAFGNRA CwEwVNGNERMwGRBA5–

uA GQN ywFN FGHzRNz QNENfi RG RF RVCBEGwAG GB ABGRyNfi GQwG BHE FCNyR+y URVRG wUENwzL CBRAGF GB w
ENwURFGRy CQLFRywU yBAGNAG– XL GQRF JN VNwA GQwGfi RO BA GQN yBAGEwELfi JN JNEN GB RAGNEyQwAPN
GQN FGEHyGHEN OBEVF BOct wAzcM RA qD– ˜1(fi GQNA JN JBHUz BxGwRA GQN ENFHUG JQNEN ·U02· ˆ
·U01· ·U12· wAz U20 ˆ /fi JQRyQ JBHUz yUNwEUL xN RA yBAGEwzRyGRBA JRGQ NKCNERVNAG– uAzNNzfi
JQNA wEPHRAP GQwG ˜FBVN BO( GQN NUNVNAGF BO Uowx VRPQG xN yBAANyGNz xL FBVN TRAz BO
ENUwGRBAFQRCfi JQwG JN yBAFRzNE VBFG FGERTRAP RF GQwG NKCNERVNAGwUUL BAN wUENwzL +AzF GQwG
·U20· ≡ ·U01· ·U12·fi wAz GQRF RF NKwyGUL JQwG ByyHEF RA VBzNUF JQNEN GQN FHxFGEHyGHENF RA
qD– ˜1( wEN FwGRF+Nz–

1

ENFCNyGRINUL– iB wUGBPNGQNE JN QwIN

U N3
owx ˆ





0 / /
/ y12 F12
/ ≈F12 y12



�

rC

±





y02 / F02d→Rβ

/ 0 /
≈F02dRβ / y01



�

de

±





y01 F01 /
≈F01 y02 /
/ / 0



�

MBu�

˜0(

JQNEN GQN FHxFyERCGF RAzRywGN GQN BERPRA BO GQN yBAGERxHGRBAF GB GQN VRKRAP wAz df FGwAzF
OBE GQN yBAGERxHGRBA yBVRAP OEBV dNJ fQLFRyF– uA GQN URVRG JQNEN df RF ABG CENFNAGfi xBGQ
·UtK· wAz uVg IwARFQ–

1-0 rEwVNvBET

uA BEzNE GB RVCUNVNAG GQN FGEHyGHEN RA qD– ˜0(fi JN wFFHVN GQwG GQNEN RF w xwFRF JQNEN GQN
zBJA wAz HC DHwET VwGERyNF GwTN GQN OBEVı

cM ˆ





VM00 VM01 /
VM10 VM11 /
/ / VM22



� ct ˆ





Vt00 / /
/ Vt11 Vt12
/ Vt21 Vt22



� η ˜1(

mRGQBHG GQN RAGEBzHyGRBA BO dNJ fQLFRyFfi BAN FRVCUL BxGwRAF w FRVCUR+Nz wAz ENzHyNz
Yac VRKRAPfi JQNEN

Uowx ˆ





0 / /
/ y12 F12
/ ≈F12 y12



�

rC

±





y01 F01 /
≈F01 y01 /
/ / 0



�

MBu�

ˆ





y01 F01 /
≈F01y12 y12y01 ≈F12
≈F12F01 F12y01 y12



� η ˜2(

dBGN QBJNINE GQwG GQRF URVRG wUENwzL RAzRywGNF GQwG ·U20· ˆ ·U01· ·U12· RF VHyQ UwEPNE GQwA
·U02·fi JQRyQ IwARFQNF wG GQRF FGwPNfi wAz GQwG U02 ˆ / wUFB UNwzF GB IwARFQRAP Yf IRBUwGRBA–

jQN FNwEyQ OBE VNwARAPOHU ENUwGRBAF xNGJNNA GQN zRffiNENAG Yac VwGERK NUNVNAGF ˜wAz.BE
VwFF EwGRBF( QwF xNNA CwEG BO GQN DHNFG wAz GQN ENUNAGUNFF NffiBEG BO GELRAP GB HAEwINU
GQN ,wIBHE CHMMUN– rBE RAFGwAyNfi ENyNAGUL sEBFFVwA wAz hHzNEVwA FGHzRNz RA )Wfl GQN
QLCBGQNFRF BO JQNGQNE GQN Yac VwGERK QwF w FHxFGEHyGHEN 5GQwG PBNF xNLBAz GQN FRAPUN
FVwUU CwEwVNGNE BO GQN mBUONAFGNRA CwEwVNGNERMwGRBA5–

uA GQN ywFN FGHzRNz QNENfi RG RF RVCBEGwAG GB ABGRyNfi GQwG BHE FCNyR+y URVRG wUENwzL CBRAGF GB w
ENwURFGRy CQLFRywU yBAGNAG– XL GQRF JN VNwA GQwGfi RO BA GQN yBAGEwELfi JN JNEN GB RAGNEyQwAPN
GQN FGEHyGHEN OBEVF BOct wAzcM RA qD– ˜1(fi GQNA JN JBHUz BxGwRA GQN ENFHUG JQNEN ·U02· ˆ
·U01· ·U12· wAz U20 ˆ /fi JQRyQ JBHUz yUNwEUL xN RA yBAGEwzRyGRBA JRGQ NKCNERVNAG– uAzNNzfi
JQNA wEPHRAP GQwG ˜FBVN BO( GQN NUNVNAGF BO Uowx VRPQG xN yBAANyGNz xL FBVN TRAz BO
ENUwGRBAFQRCfi JQwG JN yBAFRzNE VBFG FGERTRAP RF GQwG NKCNERVNAGwUUL BAN wUENwzL +AzF GQwG
·U20· ≡ ·U01· ·U12·fi wAz GQRF RF NKwyGUL JQwG ByyHEF RA VBzNUF JQNEN GQN FHxFGEHyGHENF RA
qD– ˜1( wEN FwGRF+Nz–

1

At this level one has:

ENFCNyGRINUL– iB wUGBPNGQNE JN QwIN

U N3
owx ˆ





0 / /
/ y12 F12
/ ≈F12 y12



�

rC

±





y02 / F02d→Rβ

/ 0 /
≈F02dRβ / y01



�

de

±





y01 F01 /
≈F01 y02 /
/ / 0



�

MBu�

˜0(

JQNEN GQN FHxFyERCGF RAzRywGN GQN BERPRA BO GQN yBAGERxHGRBAF GB GQN VRKRAP wAz df FGwAzF
OBE GQN yBAGERxHGRBA yBVRAP OEBV dNJ fQLFRyF– uA GQN URVRG JQNEN df RF ABG CENFNAGfi xBGQ
·UtK· wAz uVg IwARFQ–

1-0 rEwVNvBET

uA BEzNE GB RVCUNVNAG GQN FGEHyGHEN RA qD– ˜0(fi JN wFFHVN GQwG GQNEN RF w xwFRF JQNEN GQN
zBJA wAz HC DHwET VwGERyNF GwTN GQN OBEVı

cM ˆ





VM00 VM01 /
VM10 VM11 /
/ / VM22



� ct ˆ





Vt00 / /
/ Vt11 Vt12
/ Vt21 Vt22



� η ˜1(

mRGQBHG GQN RAGEBzHyGRBA BO dNJ fQLFRyFfi BAN FRVCUL BxGwRAF w FRVCUR+Nz wAz ENzHyNz
Yac VRKRAPfi JQNEN

Uowx ˆ





0 / /
/ y12 F12
/ ≈F12 y12



�

rC

±





y01 F01 /
≈F01 y01 /
/ / 0



�

MBu�

ˆ





y01 F01 /
≈F01y12 y12y01 ≈F12
≈F12F01 F12y01 y12



� η ˜2(

dBGN QBJNINE GQwG GQRF URVRG wUENwzL RAzRywGNF GQwG ·U20· ˆ ·U01· ·U12· RF VHyQ UwEPNE GQwA
·U02·fi JQRyQ IwARFQNF wG GQRF FGwPNfi wAz GQwG U02 ˆ / wUFB UNwzF GB IwARFQRAP Yf IRBUwGRBA–

jQN FNwEyQ OBE VNwARAPOHU ENUwGRBAF xNGJNNA GQN zRffiNENAG Yac VwGERK NUNVNAGF ˜wAz.BE
VwFF EwGRBF( QwF xNNA CwEG BO GQN DHNFG wAz GQN ENUNAGUNFF NffiBEG BO GELRAP GB HAEwINU
GQN ,wIBHE CHMMUN– rBE RAFGwAyNfi ENyNAGUL sEBFFVwA wAz hHzNEVwA FGHzRNz RA )Wfl GQN
QLCBGQNFRF BO JQNGQNE GQN Yac VwGERK QwF w FHxFGEHyGHEN 5GQwG PBNF xNLBAz GQN FRAPUN
FVwUU CwEwVNGNE BO GQN mBUONAFGNRA CwEwVNGNERMwGRBA5–

uA GQN ywFN FGHzRNz QNENfi RG RF RVCBEGwAG GB ABGRyNfi GQwG BHE FCNyR+y URVRG wUENwzL CBRAGF GB w
ENwURFGRy CQLFRywU yBAGNAG– XL GQRF JN VNwA GQwGfi RO BA GQN yBAGEwELfi JN JNEN GB RAGNEyQwAPN
GQN FGEHyGHEN OBEVF BOct wAzcM RA qD– ˜1(fi GQNA JN JBHUz BxGwRA GQN ENFHUG JQNEN ·U02· ˆ
·U01· ·U12· wAz U20 ˆ /fi JQRyQ JBHUz yUNwEUL xN RA yBAGEwzRyGRBA JRGQ NKCNERVNAG– uAzNNzfi
JQNA wEPHRAP GQwG ˜FBVN BO( GQN NUNVNAGF BO Uowx VRPQG xN yBAANyGNz xL FBVN TRAz BO
ENUwGRBAFQRCfi JQwG JN yBAFRzNE VBFG FGERTRAP RF GQwG NKCNERVNAGwUUL BAN wUENwzL +AzF GQwG
·U20· ≡ ·U01· ·U12·fi wAz GQRF RF NKwyGUL JQwG ByyHEF RA VBzNUF JQNEN GQN FHxFGEHyGHENF RA
qD– ˜1( wEN FwGRF+Nz–

1

ENFCNyGRINUL– iB wUGBPNGQNE JN QwIN

U N3
owx ˆ





0 / /
/ y12 F12
/ ≈F12 y12



�

rC

±





y02 / F02d→Rβ

/ 0 /
≈F02dRβ / y01



�

de

±





y01 F01 /
≈F01 y02 /
/ / 0



�

MBu�

˜0(

JQNEN GQN FHxFyERCGF RAzRywGN GQN BERPRA BO GQN yBAGERxHGRBAF GB GQN VRKRAP wAz df FGwAzF
OBE GQN yBAGERxHGRBA yBVRAP OEBV dNJ fQLFRyF– uA GQN URVRG JQNEN df RF ABG CENFNAGfi xBGQ
·UtK· wAz uVg IwARFQ–

1-0 rEwVNvBET

uA BEzNE GB RVCUNVNAG GQN FGEHyGHEN RA qD– ˜0(fi JN wFFHVN GQwG GQNEN RF w xwFRF JQNEN GQN
zBJA wAz HC DHwET VwGERyNF GwTN GQN OBEVı

cM ˆ





VM00 VM01 /
VM10 VM11 /
/ / VM22



� ct ˆ





Vt00 / /
/ Vt11 Vt12
/ Vt21 Vt22



� η ˜1(

mRGQBHG GQN RAGEBzHyGRBA BO dNJ fQLFRyFfi BAN FRVCUL BxGwRAF w FRVCUR+Nz wAz ENzHyNz
Yac VRKRAPfi JQNEN

Uowx ˆ





0 / /
/ y12 F12
/ ≈F12 y12



�

rC

±





y01 F01 /
≈F01 y01 /
/ / 0



�

MBu�

ˆ





y01 F01 /
≈F01y12 y12y01 ≈F12
≈F12F01 F12y01 y12



� η ˜2(

dBGN QBJNINE GQwG GQRF URVRG wUENwzL RAzRywGNF GQwG ·U20· ˆ ·U01· ·U12· RF VHyQ UwEPNE GQwA
·U02·fi JQRyQ IwARFQNF wG GQRF FGwPNfi wAz GQwG U02 ˆ / wUFB UNwzF GB IwARFQRAP Yf IRBUwGRBA–

jQN FNwEyQ OBE VNwARAPOHU ENUwGRBAF xNGJNNA GQN zRffiNENAG Yac VwGERK NUNVNAGF ˜wAz.BE
VwFF EwGRBF( QwF xNNA CwEG BO GQN DHNFG wAz GQN ENUNAGUNFF NffiBEG BO GELRAP GB HAEwINU
GQN ,wIBHE CHMMUN– rBE RAFGwAyNfi ENyNAGUL sEBFFVwA wAz hHzNEVwA FGHzRNz RA )Wfl GQN
QLCBGQNFRF BO JQNGQNE GQN Yac VwGERK QwF w FHxFGEHyGHEN 5GQwG PBNF xNLBAz GQN FRAPUN
FVwUU CwEwVNGNE BO GQN mBUONAFGNRA CwEwVNGNERMwGRBA5–

uA GQN ywFN FGHzRNz QNENfi RG RF RVCBEGwAG GB ABGRyNfi GQwG BHE FCNyR+y URVRG wUENwzL CBRAGF GB w
ENwURFGRy CQLFRywU yBAGNAG– XL GQRF JN VNwA GQwGfi RO BA GQN yBAGEwELfi JN JNEN GB RAGNEyQwAPN
GQN FGEHyGHEN OBEVF BOct wAzcM RA qD– ˜1(fi GQNA JN JBHUz BxGwRA GQN ENFHUG JQNEN ·U02· ˆ
·U01· ·U12· wAz U20 ˆ /fi JQRyQ JBHUz yUNwEUL xN RA yBAGEwzRyGRBA JRGQ NKCNERVNAG– uAzNNzfi
JQNA wEPHRAP GQwG ˜FBVN BO( GQN NUNVNAGF BO Uowx VRPQG xN yBAANyGNz xL FBVN TRAz BO
ENUwGRBAFQRCfi JQwG JN yBAFRzNE VBFG FGERTRAP RF GQwG NKCNERVNAGwUUL BAN wUENwzL +AzF GQwG
·U20· ≡ ·U01· ·U12·fi wAz GQRF RF NKwyGUL JQwG ByyHEF RA VBzNUF JQNEN GQN FHxFGEHyGHENF RA
qD– ˜1( wEN FwGRF+Nz–

1

and

Our conjecture offers an explanation why:
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jQN FNwEyQ OBE VNwARAPOHU ENUwGRBAF xNGJNNA GQN zRffiNENAG Yac VwGERK NUNVNAGF ˜wAz.BE
VwFF EwGRBF( QwF xNNA CwEG BO GQN DHNFG wAz GQN ENUNAGUNFF NffiBEG BO GELRAP GB HAEwINU
GQN ,wIBHE CHMMUN– rBE RAFGwAyNfi ENyNAGUL sEBFFVwA wAz hHzNEVwA FGHzRNz RA )Wfl GQN
QLCBGQNFRF BO JQNGQNE GQN Yac VwGERK QwF w FHxFGEHyGHEN 5GQwG PBNF xNLBAz GQN FRAPUN
FVwUU CwEwVNGNE BO GQN mBUONAFGNRA CwEwVNGNERMwGRBA5–

uA GQN ywFN FGHzRNz QNENfi RG RF RVCBEGwAG GB ABGRyNfi GQwG BHE FCNyR+y URVRG wUENwzL CBRAGF GB w
ENwURFGRy CQLFRywU yBAGNAG– XL GQRF JN VNwA GQwGfi RO BA GQN yBAGEwELfi JN JNEN GB RAGNEyQwAPN
GQN FGEHyGHEN OBEVF BOct wAzcM RA qD– ˜1(fi GQNA JN JBHUz BxGwRA GQN ENFHUG JQNEN ·U02· ˆ
·U01· ·U12· wAz U20 ˆ /fi JQRyQ JBHUz yUNwEUL xN RA yBAGEwzRyGRBA JRGQ NKCNERVNAG– uAzNNzfi
JQNA wEPHRAP GQwG ˜FBVN BO( GQN NUNVNAGF BO Uowx VRPQG xN yBAANyGNz xL FBVN TRAz BO
ENUwGRBAFQRCfi JQwG JN yBAFRzNE VBFG FGERTRAP RF GQwG NKCNERVNAGwUUL BAN wUENwzL +AzF GQwG
·U20· ≡ ·U01· ·U12·fi wAz GQRF RF NKwyGUL JQwG ByyHEF RA VBzNUF JQNEN GQN FHxFGEHyGHENF RA
qD– ˜1( wEN FwGRF+Nz–
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