Can we localise asymptotic-AdS Black Holes
in brane-world models?

Panagiota Kanti

Department of Physics, University of loannina

Corfu 2021: Workshop on the Standard Model and Beyond,
29 August - 8 September 2021




Outline
.

Outline

@ Black Holes in Brane-world models

e The brane perspective
e The bulk perspective
o Numerical solutions

@ Our Bulk/Brane perspective

o Schwarzschild black hole on the brane
o Reissner-Nordstrom black hole on the brane
e A price to pay

@ Conclusions
Based on 2012.09119 [PLB 2021] and 2105.06915

in collaboration with
Theodoros Nakas (loannina Univ.)



Black Holes in Brane-Worlds
°

Black Holes in Brane-world models

e In 1999, Randall & Sundrum proposed a model where our universe is a
flat 3-brane embedded in a 5-dimensional bulk filled with a negative

cosmological constant Ag
The line-element of this spacetime had the form
ds? = e 2Kyl (fdt.‘2 + d>?2) + dy?

where k ~ \/|Ag| is the AdS curvature scale
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In the Randall-Sundrum | model, two branes were introduced, the Planck
and the electroweak brane, in order to resolve the hierarchy problem:

‘ Mew = e*kLMp

for kL ~ 10, and brane self-energies satisfying op = 24M3k = —oew



Black Holes in Brane-world models

In the Randall-Sundrum Il model, only one brane with a positive tension
— our own brane — was introduced

Despite the infinite size of the bth dimension, the zero-mode graviton is
localised near the brane thus restoring 4-dimensional gravity. It holds

Mp = (M2/K) (1~ )|

where M, and Mp are the fundamental and effective gravitational scales

e Black-Hole Creation: When matter localised on our brane undergoes
complete gravitational collapse, a black hole should be formed

The BH will span all spacelike dimensions — its singularity should be
localised on the brane and its horizon should have a ‘pancake’ shape

If indeed localised on the brane, the BH should have a regular asymptotic
form: Minkowski on the brane and Anti de Sitter in the bulk



Black Holes in Brane-world models

This task has proven to be much more difficult than we thought...
e The brane perspective: By Chamblin, Hawking & Reall (2000):

2M dr?
2 —2k 2
ds = e Iyl[—(l—r>dt +(1_W

)

It satisfies the RS field equations without the need for any extra T,,, and
the y = 0 projection is a 4D Schwarzschild BH solution

+r? dQ% + dy2

Is it really a localised BH solution? Unfortunately no, since we find:

A8 M2 kY|
Runrs RMNRS ~ 7:
p
The singularity at r = 0 that extends from y = 0 to y = oo thus the
solution is a black string rather than a black hole. In addition, a
singularity emerges at the AdS boundary



Black Holes in Brane-world models

e Brane perspective with a bulk profile: We may write instead the
following non-factorised line-element (Kanti & Tamvakis, 2002)

+ 7 dQ3| + dy?
P

dS2 = ei2k|}/| — (1 — M/(y)) dtz + (7()
r

where, for instance,
w(y) ~2M e~V

It demands a non-trivial bulk Tyn
which satisfies all energy conditions on
the brane: p >0, p+pi >0

(Un)conventional scalar and gauge field L
configurations do not seem to work R

(Kanti, Pappas & Zuleta Estrugo, 2013; Kanti, Pappas & Pappas, 2015)




Black Holes in Brane-world models

e The bulk perspective: We start with a regular 5D black hole solution
(Creek, Gregory, Kanti & Mistry, 2006)

2
ds? = —U(r) dt? + (j(rr) +r? (dX2 +sin? y dQ%)

in AdS spacetime with

7
U(r) = 1+k2r2—ﬁ

Then, a 3-brane is introduced through the junction conditions
(K — K hpu )t = ks Tp

where h,,,, is the induced metric on the brane, K,,,, the extrinsic curvature
and T, the brane energy-momentum tensor of a perfect fluid



Black Holes in Brane-world models

Since U(r) is fixed through the 5D field equations, the junction
conditions form a system of coupled differential equations for:

@ x(t, r): the trajectory of the brane
@ p(t,r): the brane energy density

@ p(t,r): the brane pressure

We studied in detail the static case, and:

@ all regular trajectories stay clear
of the BH horizon

@ no regular BH solution with the
singularity on the brane was found

@ the p and p resemble those of a star
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Black Holes in Brane-world models

e The brane-only prespective: We do not know the 5D solution but
we can find BH solutions on the brane as solutions to the 4D effective
field equations (Shiromizu, Maeda & Sasaki, 2000)

WG, =81Gy T, + (87Gs)? My + Ep

where 7, is a tensor quadratic to T, and E,, =® C,,,, is a
projected-on-the-brane 5D Weyl tensor - certain assumptions can be
made but it may be exactly determined only by solving the bulk equations
(Dadhich, Maartens, Papadopoulos & Rezania, 2000; Casadio, Fabri &
Mazzacurati, 2002; Kofinas, Papantonopoulos & Zamarias, 2002; ... )

Note: There is a huge literature on black holes, black strings and black
branes and their properties in both flat and warped extra dimensions...
(Gubser, 2002; Charmousis & Gregory, 2004; Galfard, Germani &
Ishibashi, 2005; Kudoh & Wiseman, 2005; Sorkin, 2006; Anber & Sorbo,
2008; Cuadros-Melgar et al, 2008; Bogdanos et al, 2010; ...)



Black Holes in Brane-world models

e Numerical Solutions: The following ansatz for the BH line-element
was assumed (in e.g. Kudoh, Tanaka, & Nakamura, 2003)
[2
ds* = A% [—T?dt* + &R (dr? + dz°) + r* €€ d23)
z
Small, static, localised and asymptotically AdS BH were indeed found

Large, localised, asymptotically AdS and Schwarzschild on the boundary
BHs were also found (Figueras and Wiseman, 2011; Abdolrahimi,
Cattoen, Page & Yaghoobpour-Tari, 2012)

2 4A(r, x) 4B(r, x)
2 _ AdS _ 2T 2 5 2 ) 2
ds 22(r.x) reT(r,x)dt” + F ) dr + 7f2(r)g(x) dx
2
2rxF(r, x) drdx+X g(x)S(r,x) dQ%

F3(r) f2(r)



Our Brane/Bulk Perspective
°

Our Brane/Bulk Perspective

Our goal: To analytically construct a 5D solution describing a BH with
its singularity localised on the brane, a pancake-shaped horizon and an
AdS asymptotic behaviour - and, if successful, ask what the price is....

We will start from the line-element of the Randall-Sundrum model

ds? = e 2K (—dt? + dx?) + dy?

and apply the coordinate transformation z = sgn(y) (e —1)/k, to
rewrite It as

1
(k|z| + 1) (

in terms of spherical coordinates for the spatial directions on the brane

ds? = —dt® +dr* + r* dQ3 + dz°)

The location of our brane, that was at y = 0, is also at z = 0; there, the
warp/conformal factor is unity and we obtain a flat, Minkowski spacetime.
The AdS asymptotic boundary corresponds to |y| — oo or |z| — o0



Our Brane/Bulk Perspective

We will now introduce five-dimensional spherical symmetry by using

{r=psiny, z=pcosx}
where x € [0,7]. Then,

1
ds® = ) (=dt? + dp® + p* dQ3) ,

(14 kp|cosx|)?
where now dQ3 = dx? + sin® x d6? + sin® x sin? @ d¢?. The inverse
transformation reads

{p: V24 z2, tanX:r/z}

The coordinate p is positive since sin x > 0 for

x € [0,7]. The braneis at cosy =0, or x = 5

The two sides of the brane correspond to

{z>0:x€[0,5)}and {z<0:x€ (5,7]}
- identical due to the symmetry x — 7w — x

(£,0,0)



Our Brane/Bulk Perspective

Since p = V/r?2 + z2, on the brane where z =0, p = r. Also, the 5D
radial infinity, p — oo describes both the asymptotic AdS boundary
(J]z] = o) and the radial infinity on the brane (r — o0)

Inspired by Chamblin et al (2000), we replace the flat part (—dt? + dp?)
with the corresponding part of the Schwarzschild solution:

1 dp?

ds’= ——— | —f(p)dt? + —— 2 dQ?2
= W kpeosyz | (DI E Ry I
where
2M
flp)=1— "2
(p) p

At the location of the brane, x = /2 and p = r, and the line-element
on the brane becomes Schwarzschild solution with the horizon located
at r =2M = ry,.

But what kind of solution do we have in the bulk? We need to evaluate
the 5D scalar invariant quantities...



The Geometry

For instance, the 5D Ricci scalar is found to have the form

12kMcos®y ~ 24kMcosy  4M
2 =

R = —20k? +

The above contains a constant contribution —20k?, supporting an AdS
spacetime, plus additional terms sourced by the mass M

These terms diverge when p — 0, i.e. when z =0 (i.e. on the brane) and
r =20 (i.e. at the location of the mass M) .

No other singular point exists either in the bulk
or on the brane, since these would have either
z # 0 or r # 0. Thus the singularity remains
strictly on the brane

[
1000
R,

In the limit p — oo, all singular terms vanish
leaving behind a pure AdS spacetime




The Geometry

In terms of the original non-spherical coordinates {r, y}, the 5D
line-element has the form

dr? r?
2 — —2k|y\ _ 2 2 2 2
ds’ = e { f(r,y)dt® + 71 20) [f(r,y) +z (y)} + redQ;
2rz(y) eI T 1 dy? 2 Z2(y)
7+ 20) [fny) Y T 2 | T )

where
2M

z(y) = sgn 1)k, flry)=1— ———— .
(v) = sgn(y) (e 1)/ (ry)=1 0

The aforementioned line-element differs significantly from the ones
employed in the brane or bulk perspective and comes closer to the ones
employed in numerical works — in fact, it has the same general structure
of the ansatz used in the work by Figueras & Wiseman (2011), but here
all metric functions are analytically known.



The Geometry

Although the singularity is strictly restricted on the brane, the horizon of
the BH is expected to extend into the bulk

The causal structure of the bulk spacetime is reflected in the radial null
trajectories in the 5D background. For a fixed value y = yy and with 6
and ¢ kept constant, the condition ds® = 0 reads

1/2
dt 1

— =4
dr f(rayo)

7

r’k% + f(r, o) (ek‘y‘)' - 1)2
r2k? 4 (el — 1)

where

f(royo)=1-2M |r? +

(eklvol — 1)2] 2

k2

As r — oo along this slice of AdS spacetime, one gets f(r, ) — 1, and
the light-cone slope dt/dr goes to 1 as in Minkowski. But, at a point
r = ry(¥o), where f(ry, yo) = 0, we obtain dt/dr = +o0



The Geometry

This is the point where we meet the horizon of the black hole as it
extends into the bulk. Its exact location is
(ekll — 1)2
k2
It is a function of yg, i.e. at different locations in the bulk, ry has a

different value: on the brane (yo = 0), r, = 2M but for any yy # 0,
ry is exponentially suppressed with yg

rﬁ =4M? —

[ 3-brane
(.6, 9)

In fact, the horizon shrinks to zero at |
|

\
The BH horizon has the shape of a “pancake” : \
its long side lies along the brane and its short

side extends over an exponentially small distance
in the bulk |

1
lyo| = ;In (2Mk + 1)




The Theory
°

The Matter Content

The complete 5D gravitational theory has the form
53_/d5x\ﬁ( +£(B>

The gravitational field equations in the bulk read

1
Gun = Run — EgMNR = K2 T,E/m

Employing the form of the gravitational background in ‘spherical coor-
dinates’, we obtain

T, — T(B)Pp <6k2 9kMcosx _ 3M>
K

P? I
6k>*Mcos®y ~ 6kM cosx)
+ 2
p p

TENX, _ 70, _ (B0, _ <6k2
K3

Thus, T,E,N is diagonal and has two independent components: (pg, p2).



The Matter Content

-50

The bulk spacetime is divided in regions | (region between the brane and
the BH horizon) and Il (between the BH horizon and AdS boundary)

The quantities pg and p, satisfy all energy conditions on the brane and
reduce to the AdS values right outside the BH Horizon

Inside region | though there is a y-interval where the energy conditions
are violated - the price to pay for supporting the desired geometry...



The Matter Content

In fact, the complete theory should also accommodate the brane, i.e.
T = Tig + Sy TEDS(y)

br) . .
where T;(“f) is the brane energy-momentum tensor written also as

T;S?/r) =—0hy + 7w

o is the tension of the brane, and 7, encodes all the other possible
sources of matter on the brane. Do we need a 7, for the embedding?

We use Israel’s (1967) junction conditions at y = 0, which are

1

ol = = (T = S T

In the above, Kyy = h*,‘whﬁ,VAnB is the extrinsic curvature of the brane,
hyn the induced 4D metric and n™ the tangent vector on the brane



The Matter Content

The induced line-element on the brane is found by setting y = 0:
2M 2M\
ds® = — (1 — ) dt® + (1 — ) dr® + r*dQ3
r r

Using the above and that n™ = 6™, the extrinsic curvature close to the
3-brane is found to be

iyl su o
KMN = —kTy 61,\1‘461\[ hﬂy,

After a little bit of algebra, we find that

Comparing with the general form of T,S‘;’), we obtain o = 6k//{§ >0,

while 7, = 0. Therefore, no additional distribution of matter is necessary
to be introduced on the brane for its consistent embedding in the bulk.



The Matter Content

Let us also derive the effective field equations on the brane (Shiromizu,
Maeda & Sasaki, 2000). Decomposing the 5D Riemann and Ricci tensors
in bulk and brane contributions, one obtains

y—0 ’

- 2K2
G = 5 TE) = 3K By + 87Ga Ty + KE T — By

where G4 = k2 0/487 > 0 is the 4D Newton's constant, and

—h 0 0 0

78 _ |16, (8 _ LA _ e, M1 o —he 0 0
py = i i 4 mv 0 - 2n§ m 2n§ r 0 0 hgo 0
y— 0 0 0 hpe

Also, by direct calculation, we find that

—hy O 0 0

M _
_ A c,6 0 _M 0 hy O 0
(E“V)’yao = C'gepnan h”ph”y = 3 0 0 hoo 0

Substituting all the above in the effective field eqs, we obtain G;w =0.
This was expected since the Schwarzschild solution is a vacuum solution!



The RN(A)dS Solution
.

The (A)dS-Reissner-Nordstrom solution (arXiv: 2105.06915)

Once again, we build the 5D spherically-symmetric line-element
1
(1+ kpcos x)?

but assume that

d 2
Lo p2dR3], xe0,m/2]

o= 7(0)

— f(p)dt® +

Now, on the brane, where cos y = 0 and p = r, the above reduces to an
(A)dS-Reissner-Nordstrom BH, with M the BH mass, Q its charge and A
the effective cosmological constant on the brane

The analysis follows along the same lines: the singularity is localised on
the brane, the horizon(s) exponentially suppressed with y, given by

eklvol — 1)?
r/?:ph_( k2 ) ;

and the 5D spacetime everywhere regular and asymptotically AdSs



The (A)dS-Reissner-Norstrom solution

The T,f/ﬁ\a in the bulk is again diagonal and described only by (pg, p2)

=== pE(ry) pary)

The bulk spacetime is now divided in ~ » © (@ © A1 © © @

regions: | (between the brane and the
Cauchy horizon), Il (between the CH
and the BH horizon), Ill (between the ™
BH horizon and the Cos-H) and IV 5
(between the Cos-H and the AdS
boundary - not shown)

-4 -2 0 2 4
Yy

pE and p, satisfy all energy conditions on the brane and reduce to the
AdS values even before the BH Horizon

The energy conditions are again violated inside region | - can we find a
sensible field theory that would justify this?



The (A)dS-Reissner-Norstrom solution

We considered the following 5D scalar-vector theory

Ly = —% FMN Eun — (€, 0)(06) — fa(&, 0)(00) = V(E.¥)

Above, Fyny = ViyAn — V Ay is the field-strength tensor of an Abelian
gauge field Ay and {&(p, x), ¥(p, x)} are two scalar fields

The gauge field confinguration was chosen to be

0 Ei(p,x)  Ea2(p,x) 0 0

—E1(p, x) 0 0 0 0

(FMN) = | =B, x) 0 0 0 0
0 0 0 0 B(p, x, 0)

0 0 0 —B(p, x,0) 0

where E;, E; and B stand for two components of the “electric” bulk
gauge field and a sole component of the “magnetic”’ field



The (A)dS-Reissner-Norstrom solution

7(B)

These lead to the following components of the bulk T,

TBY, = L(—bB? + a1 E2 + ;E3) — 1(96)? — h(89)% — V,
= L(—bB® + 1B} — ;E3) + fy (9P E8pE — OXEDNE) + fy (8P YDpw — OX9pdxtp) — V,
TEWP = ayE1Ey +2 (L 8PEDy € + 3P Dy 1) ,
TEX, = 1(—bB2 — a1 EZ + 0 E2) — fi (9PEDpE — OXEDyE) — £ (0P Dpth — DXy ) — V,
7B, = 7Y | = L(bB2 — a1 E2 — 0y E3) — A(0€)% — H(8v)% — V.
Demanding that T(B)t, = T(B)  T(Blr =0, and TEX, = T(EW,
we arrive at novel constraints of the form

1 2(f OPEDLE + h BPYI )2
gtt&xx 1 OPEOpE + L OPYOpp

2
E1:

In conjunction with the field eqs and metric signature, it follows that the
gauge field and/or scalar field(s) should be phantom-like in the bulk



Conclusions
°

Conclusions

e We constructed a 5D gravitational solution describing a BH with its
singularity localised on the brane and its horizon having a pancake shape

e No matter needs to be introduced on the brane for the embedding of
the brane in the bulk, and the induced-on-the-brane Schwarzschild metric
satisfies the effective field equations

e Other variants, such as the Reissner-Nordstrom-(A)dS solution, may be
constructed - @ is a tidal charge which appears in many ‘brane’ solutions
(e.g. in Dadhich, R. Maartens, P. Papadopoulos, and V. Rezania, 2000)

e The field-theory interpretation is still lacking - the violation of the
energy conditions (similar to that in the case of wormholes) points to
either some exotic form of matter (phantom fields, K-essence) or perhaps
gravitational effects (Gauss-Bonnet term)
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