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1. Motivation

YB
-foldT

TT̄
JJ̄



1.1 Integrability of string theory

• AdSd/CFTd-1: attractive examples of gauge/gravity(string) duality

d=5: [Maldacena-1998]

type IIB string on AdS5xS5 4d � =4 �  SYM (� )𝒩 SU(N) N → ∞

- Intriguing: integrable structures
allows us to determine physical quantities exactly, 
even at finite coupling, without relying on supersymmetries.

A comprehensive review: 
[Beisert et al-2010]

e.g. scattering amplitudes, conformal dims. of composite ops.  
 spectrum of strings etc…

→ Many directions of applications of integrability techniques!

An ongoing series of  
winter schools 
of integrability (=YRISW)

‘        ’
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d=5:
‘        ’

integrable 
deformed

e.g. scattering amplitudes, conformal dims. of composite ops.  
 spectrum of strings etc…

- On string theory side: integrable deformations
construct a variety of examples of ↑dualities keeping integrability

- Intriguing: integrable structures
allows us to determine physical quantities exactly, 
even at finite coupling, without relying on supersymmetries.

→ Want to follow a systematic approach for such deformations.

→ Yang-Baxter (YB) deformation

[various examples]

1.1 Integrability of string theory

• AdSd/CFTd-1: attractive examples of gauge/gravity(string) duality

type IIB string on AdS5xS5

integrable 
deformed

4d � =4 �  SYM (� )𝒩 SU(N) N → ∞
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1.2 YB deformation
•  The YB deformed sigma model is characterized by a classical r-matrix,  

 linear operator solving the (modified) YB equation

•  The YB sigma model reads for 

with a linear � -operator: R

S = �T

2

Z
d2⇠

�
⌘↵� � ✏↵�

�
Tr

�
g�1@↵g

� 1

1� ⌘R

�
g�1@�g

��

<latexit sha1_base64="pEvuCxRGNxGx0k4qFXpz92k8wHc="></latexit>

g 2 G
<latexit sha1_base64="qnrnF5k5m/gm2gMvjCDSvTLj4sM="></latexit>

and a const. deformation parameter: ⌘
<latexit sha1_base64="9FcT5Ar21YDHxzysp2HKtBp6HHA="></latexit>

[Klimcik-2002, 2014] [Delduc,Magro,Vicedo-2013] 
[Kawaguchi,Matsumoto,Yoshida-2014]
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X,Y 2 g
<latexit sha1_base64="xHXcuqqQW8yergU48MWIpcJtU6w="></latexit>

R(X) = Tr2[r12(1⌦X)] ⌘
X

i

(aiTr (biX)� biTr (aiX))
<latexit sha1_base64="2iH2eZ947NE9Pjp8S+y6qdB0wjo="></latexit>

X, ai, bi 2 g
<latexit sha1_base64="S4bdLHusV29u1/3Hp+1N/OblY0A="></latexit>

r12 =
X

i

ai ^ bi ⌘
X

i

(ai ⌦ bi � bi ⌦ ai)
<latexit sha1_base64="cFJON8zE60INWIc07F9ifGW5jYg="></latexit>

[R(X), R(Y )] +R([R(X), Y ] + [X,R(Y )]) = [X,Y ]
<latexit sha1_base64="dDT1iB2yNJ6CjEnIuWlhFTd//bc="></latexit>



1.2 YB deformation

•  The YB sigma model reads for 

with a linear � -operator: R

S = �T

2

Z
d2⇠

�
⌘↵� � ✏↵�

�
Tr

�
g�1@↵g

� 1

1� ⌘R

�
g�1@�g

��

<latexit sha1_base64="pEvuCxRGNxGx0k4qFXpz92k8wHc="></latexit>

•  Given some �-matrix, read off the corresp. deformed background  
 via comparison with the canonical form of string sigma model.

r

g 2 G
<latexit sha1_base64="qnrnF5k5m/gm2gMvjCDSvTLj4sM="></latexit>

and a const. deformation parameter: ⌘
<latexit sha1_base64="9FcT5Ar21YDHxzysp2HKtBp6HHA="></latexit>

→ So systematic that lots of integrable deformed backgrounds produced.

•  The YB deformed sigma model is characterized by a classical r-matrix,  
 linear operator solving the (modified) YB equation

[Klimcik-2002, 2014] [Delduc,Magro,Vicedo-2013] 
[Kawaguchi,Matsumoto,Yoshida-2014]

7

R(X) = Tr2[r12(1⌦X)] ⌘
X

i

(aiTr (biX)� biTr (aiX))
<latexit sha1_base64="2iH2eZ947NE9Pjp8S+y6qdB0wjo="></latexit>

[R(X), R(Y )] +R([R(X), Y ] + [X,R(Y )]) = [X,Y ]
<latexit sha1_base64="dDT1iB2yNJ6CjEnIuWlhFTd//bc="></latexit>



1.3 YB deformation → �O(d, d)
☆ Some YB deformed backgrounds closely related to �  transformationsO(d, d)

•  TsT transformations

•  T-fold backgrounds

•  Non-Abelian T-dual backgrounds

T-duality - angular shift - T-duality on the �  directionsU(1) × U(1)

Non-geometric backgrounds, solutions in the generalized supergravity

[Matsumoto,Yoshida-2014] [Osten,van Tongeren-2016]e.g.

[Melgarejo-2017]

[Borsato,Wulff-2018] [Lust,Osten-2018]
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[Maldacena,Russo]
[Maldacena,Lunin]

[Hashimoto,Itzhaki]
[Alday,Aryutunov,Frolov,] etc…

[Arutyunov,Frolov,Hooare,Roiban,Tseytlin]



1.3 YB deformation → �O(d, d)

★ Current-current deformations
- marginal deformations of 2d CFTs
- generated by global �  transf.O(d, d; ℝ)

@L

@⌘
⇠ J⌘(z)J̄⌘(z̄)

<latexit sha1_base64="KOnKkoL/YoEwoeJ1CcXdxg/Lnbc="></latexit>

- traditional but related to the ``recent” � -deformationTT̄

[Borsato,Wulff-2018]

[Hassan,Sen-1992]e.g. [Cavaglia et al-2016]e.g.
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☆ Some YB deformed backgrounds closely related to �  transformationsO(d, d)

•  TsT transformations

•  T-fold backgrounds

•  Non-Abelian T-dual backgrounds

T-duality - angular shift - T-duality on the �  directionsU(1) × U(1)

Non-geometric backgrounds, solutions in the generalized supergravity

[Matsumoto,Yoshida-2014] [Osten,van Tongeren-2016]e.g.

[Melgarejo-2017]

[Borsato,Wulff-2018] [Lust,Osten-2018]

[Maldacena,Russo]
[Maldacena,Lunin]

[Hashimoto,Itzhaki]
[Alday,Aryutunov,Frolov,] etc…

[Arutyunov,Frolov,Hooare,Roiban,Tseytlin]

[Giveon,Kiritsis-1994]
[Forste-1994]
[Forste,Roggenkamp-2003]
[Israel,Kounnas,Petropoulos,-2005]…

[Giveon,Itzhaki,Kutasov,2017]…

(as YB-def.                                   )



1.4 In my work, �  → IntegrabilityO(d, d)
☆ Without YB, extract integrable structures of ANY global �  transf.O(d, d; ℝ)

☆ Construct the Lax pairs of �  deformed models (see later→)O(d, d)

  (bottom-up approach = complimentary to YB, or my collaborator)
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(→whose existence define the classical integrability)



1.4 In my work, �  → IntegrabilityO(d, d)
☆ Without YB, extract integrable structures of ANY global �  transf.O(d, d; ℝ)

✤ �  transformations ``rotate” the generalized metric:O(d, d)

H =

✓
G�BG�1B BG�1

�G�1B G�1

◆

<latexit sha1_base64="ZnP6gfL6c5zVwM173jQCi/zI1Bo="></latexit>

Given                                                    , the deformed bgr. data via field redefinition

undeformed

H(G,B)
<latexit sha1_base64="Ex8LGZcx/zuK6BQG3MUXxMqg/b0="></latexit>

transformed

ht
H(G,B)h

<latexit sha1_base64="FZVNQKijidZMwVqhPx2ntEKIg48="></latexit>

h 2 O(d, d)
<latexit sha1_base64="1pKJr0bPX6QRNeVnYDJHnYtE96I="></latexit>

deformed

H(G0, B0)
<latexit sha1_base64="DSAe5FxPREF/3MXHvQXJEXfCzSw="></latexit>=

☆ Construct the Lax pairs of �  deformed models (see later→)O(d, d)

  (bottom-up approach = complimentary to YB, or my collaborator)

Nowadays, the gen.metric is a crucial object in the � -inv. formalismsO(d, d)

→ �  transf. well-controlled in the doubled formalism, why not use it!?O(d, d)

[Hassan,Sen-1992]e.g.
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✦ Integrable deformations and doubled formalism [Demulder,Hassler,Thompson-2018]…

[Marotta,Pezzella,VItale-2018,2019]…✦ also, developments in the doubled sigma model

[Blumenhagen, Deser,Plauschinn,Deser,Schmid,2013]



1.5 Upshot

☆ I studied how to construct Lax pairs (=def. of classical integrability)  
  in the �  deformed models using the doubled formalism.O(d, d)

☆ The resulting Lax pairs form the algebra of symmetries 
  hidden by deformations.

✦ ~ Revisit the traditional using a modern language.

 → Return to the basics

温新知故

[Hull-2004]
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WZW2. Classical integrability 
of WZW models



2.1 Terminology
•  Having an infinite number of conserved charges (generated e.g. by Lax pairs) 

 is referred to as classical integrability.

cf: conventions in [Ricci,Tseytlin,Wolf-2007]
14



☆ Lax pairs are flat                                        on-shell.

2.1 Terminology

•  Given a       satisfying                        and                                    ,J
<latexit sha1_base64="Tj70ey3WHt6kNatWklOEmh8uNmc="></latexit>

d ? J = 0
<latexit sha1_base64="dW5OLkP6NoLWhOtsxVg4J1rTr5M="></latexit>

dJ + J ^ J = 0
<latexit sha1_base64="+XWNMziEamvhy/H+U3TsHmGWjQo="></latexit>

 Lax pairs given by

L = a�J + b� ? J
<latexit sha1_base64="JISURszzRNnhs4mF3T6SeE+h6Wc="></latexit>

dL+ L ^ L = 0
<latexit sha1_base64="J9uKD1jafYfH0C6VAllZ8Kbq1KI="></latexit>

cf: conventions in [Ricci,Tseytlin,Wolf-2007]

a� =
1

2
(1� cosh�) ,

b� =
1

2
sinh�

<latexit sha1_base64="1RPAi4VBqZR/Uv2t46tr5FqcS+M="></latexit>

spectral 
parameter

15

•  Having an infinite number of conserved charges (generated e.g. by Lax pairs) 
 is referred to as classical integrability.



☆ Lax pairs are flat                                        on-shell.

2.1 Terminology
•  Having an infinite number of conserved charges (generated by Lax pairs) 

 is referred to as classical integrability.

•  Given a       satisfying                        and                                    ,J
<latexit sha1_base64="Tj70ey3WHt6kNatWklOEmh8uNmc="></latexit>

d ? J = 0
<latexit sha1_base64="dW5OLkP6NoLWhOtsxVg4J1rTr5M="></latexit>

dJ + J ^ J = 0
<latexit sha1_base64="+XWNMziEamvhy/H+U3TsHmGWjQo="></latexit>

 Lax pairs given by

L = a�J + b� ? J
<latexit sha1_base64="JISURszzRNnhs4mF3T6SeE+h6Wc="></latexit>

dL+ L ^ L = 0
<latexit sha1_base64="J9uKD1jafYfH0C6VAllZ8Kbq1KI="></latexit>

•  An infinite number of charges generated by the monodromy matrix

T (t;�) = Pexp


�
Z

dx0Lx(x
0)

�

= 1 +
X

n=0

�n+1Q(n)(t)
<latexit sha1_base64="gVNhvpP5WJJ2mU4wbcetqyBtH6E="></latexit>

d

dt
Q(n)(t) = 0

<latexit sha1_base64="+bCHU9X2gcNKenzg+c/6M6hyPGk="></latexit>

T (t;�)
<latexit sha1_base64="I2wCXbA7MRl81eGVwgfE6lYa2IY="></latexit>

a� =
1

2
(1� cosh�) ,

b� =
1

2
sinh�

<latexit sha1_base64="1RPAi4VBqZR/Uv2t46tr5FqcS+M="></latexit>

spectral 
parameter

8n 2 Z�0
<latexit sha1_base64="80jQcOcYbzuAicPuHaTk5nHBLOA="></latexit>

16
cf: conventions in [Ricci,Tseytlin,Wolf-2007]



☆ Lax pairs are flat                                        on-shell.

2.1 Terminology
•  Having an infinite number of conserved charges (generated by Lax pairs) 

 is referred to as classical integrability.

•  Given a       satisfying                        and                                    ,J
<latexit sha1_base64="Tj70ey3WHt6kNatWklOEmh8uNmc="></latexit>

d ? J = 0
<latexit sha1_base64="dW5OLkP6NoLWhOtsxVg4J1rTr5M="></latexit>

dJ + J ^ J = 0
<latexit sha1_base64="+XWNMziEamvhy/H+U3TsHmGWjQo="></latexit>

 Lax pairs given by

L = a�J + b� ? J
<latexit sha1_base64="JISURszzRNnhs4mF3T6SeE+h6Wc="></latexit>

dL+ L ^ L = 0
<latexit sha1_base64="J9uKD1jafYfH0C6VAllZ8Kbq1KI="></latexit>

•  An infinite number of charges generated by the monodromy matrix

T (t;�) = Pexp


�
Z

dx0Lx(x
0)

�

= 1 +
X

n=0

�n+1Q(n)(t)
<latexit sha1_base64="gVNhvpP5WJJ2mU4wbcetqyBtH6E="></latexit>

d

dt
Q(n)(t) = 0

<latexit sha1_base64="+bCHU9X2gcNKenzg+c/6M6hyPGk="></latexit>

T (t;�)
<latexit sha1_base64="I2wCXbA7MRl81eGVwgfE6lYa2IY="></latexit>

a� =
1

2
(1� cosh�) ,

b� =
1

2
sinh�

<latexit sha1_base64="1RPAi4VBqZR/Uv2t46tr5FqcS+M="></latexit>

spectral 
parameter

8n 2 Z�0
<latexit sha1_base64="80jQcOcYbzuAicPuHaTk5nHBLOA="></latexit>

Q(0) =
1

2

Z
dxJt(t, x)

Q(1) = �1

4

Z
dxJx(t, x) +

1

2

Z
dx

Z x

dx0Jt(t, x)Jt(t, x
0)

<latexit sha1_base64="7ByAXequoKj0OBZcxohomYpQJVk="></latexit>

... infinitely many non-local charges

17
cf: conventions in [Ricci,Tseytlin,Wolf-2007]



2.2 Basics of �  WZNW on �  w/ � -fluxSU(2) S3 H
•  The WZNW action

S[g] = �1

4

Z

⌃2

Tr
⇥
g�1dg ^ ?g�1dg

⇤
+

i

3!

Z

V3

Tr
�
g�1dg

�^3

<latexit sha1_base64="LOH0TLzGnXOOXBdqVdLKgX7CMB4="></latexit>
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2.2 Basics of �  WZNW on �  w/ � -fluxSU(2) S3 H
•  The WZNW action

S[g] = �1

4

Z

⌃2

Tr
⇥
g�1dg ^ ?g�1dg

⇤
+

i

3!

Z

V3

Tr
�
g�1dg

�^3

<latexit sha1_base64="LOH0TLzGnXOOXBdqVdLKgX7CMB4="></latexit>

•  For                            , six Lax pairs can be constructed.g 2 SU(2)
<latexit sha1_base64="IU+GJCvY3oR9WRq3KGalCetuH3U="></latexit>

JL = (1� i?) g�1dg, JR = (1 + i?)
�
�dgg�1

�
<latexit sha1_base64="UggrQ65oO3dO0Fppiu1lOoVvuyc="></latexit>

 has conserved and flat currents

•  Monodromy matrix, and then non-local charges…..
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2.3 Gauged Lax pairs
•  Lax connections are equivalent up to gauge transformations:

L ! L̂ = h�1Lh+ h�1dh
<latexit sha1_base64="hu/ctgHUtF6LE23dPvdm+YOru7Q="></latexit>
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2.3 Gauged Lax pairs

g = e�Z+T2eY T1e+Z�T2

= e�(Z1+Z2)T2eY T1e+(Z1�Z2)T2
<latexit sha1_base64="eUE7Cn0PezC5s752fytRmQz5fs4="></latexit>

•  Lax connections are equivalent up to gauge transformations:

L ! L̂ = h�1Lh+ h�1dh
<latexit sha1_base64="hu/ctgHUtF6LE23dPvdm+YOru7Q="></latexit>

•  For a specific                                                                  with                                 ,[T↵, T� ] = ✏↵��T�
<latexit sha1_base64="QLRuYS0iCUnBGvnvzTjvGQqSI5E="></latexit>

using the gaugings                                      , our proper starting point ishL = e�(Z1�Z2)T2

hR = e�(Z1+Z2)T2
<latexit sha1_base64="8X4oSAI6sH/bR0Mz6Tlp/D++ElE="></latexit>

}
L̂1
L = +F1(�)dY,

L̂2
L = �F1(�) [dZ1 � dZ2 � cosY (dZ1 + dZ2)]� (dZ1 � dZ2) ,

L̂3
L = +F1(�) sinY (dZ1 + dZ2) ,

L̂1
R = +F2(�)dY,

L̂2
R = +F2(�) [dZ1 + dZ2 � cosY (dZ1 � dZ2)]� (dZ1 + dZ2)

L̂3
R = +F2(�) sinY (dZ1 � dZ2)

<latexit sha1_base64="T7VBwN5Oazf+relEg6vfV9JKZE4="></latexit> No explicit dep. on �(Z1, Z2)
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F1(�) = [(ib� � a�) + (ia� � b�) ? ]

F2(�) = [(ib� + a�) + (ia� + b�) ? ]
<latexit sha1_base64="isMFOlLnazcLXo5xMWLXLJ0xCJk="></latexit>



2.3 Gauged Lax pairs and �  deformed Lax pairsO(2,2)
•  Lax pairs should depend on the U(1) isometric directions  

 only through their derivatives (cf: T-duality, Buscher rule).

L̂1
L = +F1(�)dY,

L̂2
L = �F1(�) [dZ1 � dZ2 � cosY (dZ1 + dZ2)]� (dZ1 � dZ2) ,

L̂3
L = +F1(�) sinY (dZ1 + dZ2) ,

L̂1
R = +F2(�)dY,

L̂2
R = +F2(�) [dZ1 + dZ2 � cosY (dZ1 � dZ2)]� (dZ1 + dZ2)

L̂3
R = +F2(�) sinY (dZ1 � dZ2)

<latexit sha1_base64="T7VBwN5Oazf+relEg6vfV9JKZE4="></latexit>

☆ The strategy at �  (in the basis of � ) deformed Lax pairs:O(2,2) (Z1, Z2)

1.  Build a map (�  transf. rule) for � : O(2,2) (dZ1, dZ2)

2.  Check the flatness (on-shell = EoMs in the deformed model).

L0 = L̂(dZ ! D(dZ 0))
<latexit sha1_base64="SxnQUXVbiF5wCW4HsWOXiKYdh3c="></latexit>

Gµ⌫dX
µdX⌫ =

1

4
dY 2 + sin2

✓
Y

2

◆
dZ2

1 + cos2
✓
Y

2

◆
dZ2

2

Bµ⌫dX
µ ^ dX⌫ = cos2

✓
Y

2

◆
dZ1 ^ dZ2.

<latexit sha1_base64="Yl0wpHGEyAejLYw6AYA+61Boxs8="></latexit>
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2.3 Gauged Lax pairs and �  deformed Lax pairsO(2,2)
•  Lax pairs should depend on the U(1) isometric directions  

 only through their derivatives (cf: T-duality, Buscher rule).

L̂1
L = +F1(�)dY,

L̂2
L = �F1(�) [dZ1 � dZ2 � cosY (dZ1 + dZ2)]� (dZ1 � dZ2) ,

L̂3
L = +F1(�) sinY (dZ1 + dZ2) ,

L̂1
R = +F2(�)dY,

L̂2
R = +F2(�) [dZ1 + dZ2 � cosY (dZ1 � dZ2)]� (dZ1 + dZ2)

L̂3
R = +F2(�) sinY (dZ1 � dZ2)

<latexit sha1_base64="T7VBwN5Oazf+relEg6vfV9JKZE4="></latexit>

☆ The strategy at �  (in the basis of � ) deformed Lax pairs:O(2,2) (Z1, Z2)

1.  Build a map (�  transf. rule) for � : O(2,2) (dZ1, dZ2)

2.  Check the flatness (on-shell = EoMs in the deformed model).

L0 = L̂(dZ ! D(dZ 0))
<latexit sha1_base64="SxnQUXVbiF5wCW4HsWOXiKYdh3c="></latexit>

cf: [Ricci,Tseytlin,Wolf-2007]
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�O(d, d)
3. Apply doubled formalism

�Xi X̃ i



3.1 Action and constraint of the doubled sigma model

•  Doubled formalism based on the doubled torus fibration over a base manifold.

 To �  fiber of the physical sigma model description, we add a dual torus �Td T̃d

•  For the doubled coords.                                , the doubled sigmaXI = (Xi, X̃i)
<latexit sha1_base64="JOsA5NlsKL2ircbXwuYjiM211to="></latexit>

 model reads Y
<latexit sha1_base64="WVU/rguBOyPdggqAy0xotWDmqdM="></latexit>

Xi
<latexit sha1_base64="IrgHKjfkLTvBq2dw1JHAvk40PFE="></latexit>

 �  invariance:O(d, d)

S =

Z
1

2
HIJdXI

^ ?dXJ + L(Y )...
<latexit sha1_base64="peMq6LLHvoTgrraR2T3LKHS9GOM="></latexit>

H ! ht
Hh, dX ! h�1dX

<latexit sha1_base64="WM5rhGCCSf+9Bvhxf2acqY8Jpe0="></latexit>

[Hull-2004]

 so the fiber becomes the doubled torus � .T2d
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X̃i
<latexit sha1_base64="nef9t0vy6nv4mn7p6WbY9lJVzV0="></latexit>



3.1 Action and constraint of the doubled sigma model

•  Doubled formalism based on the doubled torus fibration over a base manifold.

•  For the doubled coords.                                , the doubled sigmaXI = (Xi, X̃i)
<latexit sha1_base64="JOsA5NlsKL2ircbXwuYjiM211to="></latexit>

 model reads Y
<latexit sha1_base64="WVU/rguBOyPdggqAy0xotWDmqdM="></latexit>

Xi
<latexit sha1_base64="IrgHKjfkLTvBq2dw1JHAvk40PFE="></latexit>

X̃i
<latexit sha1_base64="nef9t0vy6nv4mn7p6WbY9lJVzV0="></latexit>

 �  invariance:O(d, d)

S =

Z
1

2
HIJdXI

^ ?dXJ + L(Y )...
<latexit sha1_base64="peMq6LLHvoTgrraR2T3LKHS9GOM="></latexit>

H ! ht
Hh, dX ! h�1dX

<latexit sha1_base64="WM5rhGCCSf+9Bvhxf2acqY8Jpe0="></latexit>

• It is equipped with the self-duality constraint:

dXI = LIJ
HJK ? dXK

<latexit sha1_base64="zrVT3GllFZLCx7CYDFWysDw76lg="></latexit>

truncates the doubled formalism to the standard sigma model.

L =

✓
0 1d

1d 0

◆

<latexit sha1_base64="hWpEWXLHBZW5rSFfzqR5ZC5x4Ik="></latexit>

[Hull-2004]

 To �  fiber of the physical sigma model description, we add a dual torus �Td T̃d

 so the fiber becomes the doubled torus � .T2d
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3.2 Winding coords and �  mapO(d, d)
•  Unpackaging the self-duality constraint, the winding coords. 

 turn into (dual of) Noether currents for � -isometry: U(1)

dX̃i = ? (Gij +Bij?) dX
j = ?Ji

<latexit sha1_base64="z2qzwaFIDDzIS51bD3dyKICSU+I="></latexit>

d2X̃i = 0 = d ? Ji
<latexit sha1_base64="r6J4EWrzSSYAVblsrLpkEnNNooI="></latexit>

[Rennecke-2014]
[Orlando,Reffert,Y.S.,Yoshida-2019]
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3.2 Winding coords and �  mapO(d, d)
•  Unpackaging the self-duality constraint, the winding coords. 

 turn into (dual of) Noether currents for � -isometry: U(1)

dX̃i = ? (Gij +Bij?) dX
j = ?Ji

<latexit sha1_base64="z2qzwaFIDDzIS51bD3dyKICSU+I="></latexit>

•  Therefore, the �  transformation by                              leads toO(d, d) g =

✓
↵ �
� �

◆

<latexit sha1_base64="vg04nkYXeViYrMh9f8IWeE73pKc="></latexit>

(undeformed) = (deformed)

d2X̃i = 0 = d ? Ji
<latexit sha1_base64="r6J4EWrzSSYAVblsrLpkEnNNooI="></latexit>

�  map:O(d, d) = D(dX 0)
<latexit sha1_base64="61Qew4MbKNMzO79YM9qjRJSjKk8="></latexit>

[Rennecke-2014]
[Orlando,Reffert,Y.S.,Yoshida-2019]

dXi = ↵i
jdX

0j + �ik ? J 0
k

<latexit sha1_base64="lHwPm4XB0PeXp+9eBEs1Gm+JDbQ="></latexit>
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3.2 Winding coords and �  mapO(d, d)
•  Unpackaging the self-duality constraint, the winding coords. 

 turn into (dual of) Noether currents for � -isometry: U(1)

dX̃i = ? (Gij +Bij?) dX
j = ?Ji

<latexit sha1_base64="z2qzwaFIDDzIS51bD3dyKICSU+I="></latexit>

•  Therefore, the �  transformation by                              leads toO(d, d) g =

✓
↵ �
� �

◆

<latexit sha1_base64="vg04nkYXeViYrMh9f8IWeE73pKc="></latexit>

(undeformed) = (deformed)

d2X̃i = 0 = d ? Ji
<latexit sha1_base64="r6J4EWrzSSYAVblsrLpkEnNNooI="></latexit>

�  map:O(d, d)

•  This map results in the �  deformed Lax pairs asO(d, d)

L0(dX 0) = L̂(dX ! D(dX 0))
<latexit sha1_base64="tgonX/BqSKAjtV35WmSYQEiIW54="></latexit>

= D(dX 0)
<latexit sha1_base64="61Qew4MbKNMzO79YM9qjRJSjKk8="></latexit>

→ Flatness ON-SHELL (=EoMs in the deformed model) to be checked →

[Rennecke-2014]
[Orlando,Reffert,Y.S.,Yoshida-2019]

dXi = ↵i
jdX

0j + �ik ? J 0
k

<latexit sha1_base64="lHwPm4XB0PeXp+9eBEs1Gm+JDbQ="></latexit>
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3.4 Maps for on-shell conditions
•  Start from the undeformed (gauged) Lax pairs adapted coords.

kX = @X
<latexit sha1_base64="HNdFSrV6EgTwgRX4GUiouYgOcys="></latexit>

dL̂+ L̂ ^ L̂ /
X

i

(EoMs for dX,Y )i
<latexit sha1_base64="m316W/C8vxdNh2yHxkAJVOhodVE="></latexit>

[Orlando,Reffert,Y.S.,Yoshida-2019]
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3.4 Maps for on-shell conditions
•  Start from the undeformed (gauged) Lax pairs adapted coords.

kX = @X
<latexit sha1_base64="HNdFSrV6EgTwgRX4GUiouYgOcys="></latexit>

L0(dX 0) = L̂(dX ! D(dX 0))
<latexit sha1_base64="tgonX/BqSKAjtV35WmSYQEiIW54="></latexit>

dL̂+ L̂ ^ L̂ /
X

i

(EoMs for dX,Y )i
<latexit sha1_base64="m316W/C8vxdNh2yHxkAJVOhodVE="></latexit>

dL0 + L0 ^ L0 ?/
X

j

(EoMs for dX 0, Y )j
<latexit sha1_base64="pMvxgmcmSKTF22cMi4Szhpt3+sE="></latexit>

1. The �  transformation for the (diff. of) winding coords. by                        is O(d, d) g =

✓
↵ �
� �

◆

<latexit sha1_base64="RXari4rZzFOr020XjIVNHhVJ9kU="></latexit>

dX̃i = �ijdX
0j + �i

kdX̃ 0
k

<latexit sha1_base64="MgKmul1DSlRzQ+fL0+R7gjTvpXc="></latexit>

[Orlando,Reffert,Y.S.,Yoshida-2019]
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3.4 Maps for on-shell conditions
•  Start from the undeformed (gauged) Lax pairs adapted coords.

kX = @X
<latexit sha1_base64="HNdFSrV6EgTwgRX4GUiouYgOcys="></latexit>

L0(dX 0) = L̂(dX ! D(dX 0))
<latexit sha1_base64="tgonX/BqSKAjtV35WmSYQEiIW54="></latexit>

dL̂+ L̂ ^ L̂ /
X

i

(EoMs for dX,Y )i
<latexit sha1_base64="m316W/C8vxdNh2yHxkAJVOhodVE="></latexit>

dL0 + L0 ^ L0 ?/
X

j

(EoMs for dX 0, Y )j
<latexit sha1_base64="pMvxgmcmSKTF22cMi4Szhpt3+sE="></latexit>

?Ji = �ijdX
0j + �i

k ? J 0
k

<latexit sha1_base64="eS2raLUOIXgCLuInEm+vaoTR/tY="></latexit>

[Orlando,Reffert,Y.S.,Yoshida-2019]
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1. The �  transformation for the (diff. of) winding coords. by                        is O(d, d) g =

✓
↵ �
� �

◆

<latexit sha1_base64="RXari4rZzFOr020XjIVNHhVJ9kU="></latexit>



3.4 Maps for on-shell conditions
•  Start from the undeformed (gauged) Lax pairs adapted coords.

kX = @X
<latexit sha1_base64="HNdFSrV6EgTwgRX4GUiouYgOcys="></latexit>

L0(dX 0) = L̂(dX ! D(dX 0))
<latexit sha1_base64="tgonX/BqSKAjtV35WmSYQEiIW54="></latexit>

dL̂+ L̂ ^ L̂ /
X

i

(EoMs for dX,Y )i
<latexit sha1_base64="m316W/C8vxdNh2yHxkAJVOhodVE="></latexit>

dL0 + L0 ^ L0 ?/
X

j

(EoMs for dX 0, Y )j
<latexit sha1_base64="pMvxgmcmSKTF22cMi4Szhpt3+sE="></latexit>

d ? Ji = �i
kd ? J 0

k
<latexit sha1_base64="woM86HZtSk/OVuXRe9ewCx7mr0o="></latexit>

[Orlando,Reffert,Y.S.,Yoshida-2019]
33

1. The �  transformation for the (diff. of) winding coords. by                        is O(d, d) g =

✓
↵ �
� �

◆

<latexit sha1_base64="RXari4rZzFOr020XjIVNHhVJ9kU="></latexit>



3.4 Maps for on-shell conditions
•  Start from the undeformed (gauged) Lax pairs adapted coords.

kX = @X
<latexit sha1_base64="HNdFSrV6EgTwgRX4GUiouYgOcys="></latexit>

L0(dX 0) = L̂(dX ! D(dX 0))
<latexit sha1_base64="tgonX/BqSKAjtV35WmSYQEiIW54="></latexit>

dL̂+ L̂ ^ L̂ /
X

i

(EoMs for dX,Y )i
<latexit sha1_base64="m316W/C8vxdNh2yHxkAJVOhodVE="></latexit>

2. Using the �  invariance of the doubled action 
  and the self-duality constraint,

O(d, d)

�S[dX,Y ]

�Y
=

�S0[dX 0, Y ]

�Y
<latexit sha1_base64="ekP+LqiZSmn5bN+aizRg7qitHoE="></latexit>

unchanged

dL0 + L0 ^ L0 !/
X

j

(EoMs for dX 0, Y )j
<latexit sha1_base64="FlQTKh/BuxnasFSWlI5j2yKY0GA="></latexit>

d ? Ji = �i
kd ? J 0

k
<latexit sha1_base64="woM86HZtSk/OVuXRe9ewCx7mr0o="></latexit>

[Orlando,Reffert,Y.S.,Yoshida-2019]
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1. The �  transformation for the (diff. of) winding coords. by                        is O(d, d) g =

✓
↵ �
� �

◆

<latexit sha1_base64="RXari4rZzFOr020XjIVNHhVJ9kU="></latexit>



3.4 Maps for on-shell conditions
•  Start from the undeformed (gauged) Lax pairs adapted coords.

kX = @X
<latexit sha1_base64="HNdFSrV6EgTwgRX4GUiouYgOcys="></latexit>

L0(dX 0) = L̂(dX ! D(dX 0))
<latexit sha1_base64="tgonX/BqSKAjtV35WmSYQEiIW54="></latexit>

dL̂+ L̂ ^ L̂ /
X

i

(EoMs for dX,Y )i
<latexit sha1_base64="m316W/C8vxdNh2yHxkAJVOhodVE="></latexit>

2. Using the �  invariance of the doubled action 
  and the self-duality constraint,

O(d, d)

�S[dX,Y ]

�Y
=

�S0[dX 0, Y ]

�Y
<latexit sha1_base64="ekP+LqiZSmn5bN+aizRg7qitHoE="></latexit>

unchanged

dL0 + L0 ^ L0 !/
X

j

(EoMs for dX 0, Y )j
<latexit sha1_base64="FlQTKh/BuxnasFSWlI5j2yKY0GA="></latexit>

→ Flat on-shell 
   after �O(d, d)

d ? Ji = �i
kd ? J 0

k
<latexit sha1_base64="woM86HZtSk/OVuXRe9ewCx7mr0o="></latexit>

[Orlando,Reffert,Y.S.,Yoshida-2019]
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1. The �  transformation for the (diff. of) winding coords. by                        is O(d, d) g =

✓
↵ �
� �

◆

<latexit sha1_base64="RXari4rZzFOr020XjIVNHhVJ9kU="></latexit>



3.5 Recipe summarized

1. Find flat Noether currents       to construct Lax pairs      .J
<latexit sha1_base64="Tj70ey3WHt6kNatWklOEmh8uNmc="></latexit> L

<latexit sha1_base64="+wquADGfaP00GC0LTBPDsCvfkCE="></latexit>

2. Find gauged Lax pairs       explicitly indep. of adapted coords.

3. Apply the �  map from the doubled formalism to      to obtain       .O(d, d)

★ Flatness guaranteed .

L̂
<latexit sha1_base64="vmLtGXwB6zsDP1ciCM8uWUAyrxI="></latexit>

L̂
<latexit sha1_base64="vmLtGXwB6zsDP1ciCM8uWUAyrxI="></latexit>

L0
<latexit sha1_base64="Ld+C/EwX/mF0t+RQlhJhJh1s7Wk="></latexit>

Recipe for �  deformed Lax pairsO(d, d)

[Orlando,Reffert,Y.S.,Yoshida-2019]
extended from [Ricci,Tseytlin,Wolf-2007]
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�JJ4. Example 
(,time permitting)



4.1 Examples of �  deformationsO(2,2)
•  Imagine the �  backgroundS3

Gµ⌫dX
µdX⌫ =

1

4
dY 2 + sin2

✓
Y

2

◆
dZ2

1 + cos2
✓
Y

2

◆
dZ2

2

Bµ⌫dX
µ ^ dX⌫ = cos2

✓
Y

2

◆
dZ1 ^ dZ2.

<latexit sha1_base64="Yl0wpHGEyAejLYw6AYA+61Boxs8="></latexit>

•  Gauged Lax pairs are given by

L̂1
L = +F1(�)dY,

L̂2
L = �F1(�) [dZ1 � dZ2 � cosY (dZ1 + dZ2)]� (dZ1 � dZ2) ,

L̂3
L = +F1(�) sinY (dZ1 + dZ2) ,

L̂1
R = +F2(�)dY,

L̂2
R = +F2(�) [dZ1 + dZ2 � cosY (dZ1 � dZ2)]� (dZ1 + dZ2)

L̂3
R = +F2(�) sinY (dZ1 � dZ2)

<latexit sha1_base64="T7VBwN5Oazf+relEg6vfV9JKZE4="></latexit>

•  Use the doubled formalism based on �ℤ = (Z1, Z2, Z̃1, Z̃2)
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•  Whatever �  element you choose, e.g. , O(2,2)

4.2 Examples of �  deformationsO(2,2)

g =

0

BBBB@

1 0 0 tan↵
0 1

1+tan↵ � tan↵
1+tan↵ 0

0 1
1+tan↵

1
1+tan↵ 0

�1 0 0 1

1

CCCCA

<latexit sha1_base64="WPer5ctEgF3IrtJ5LT2O9fVPiJ0="></latexit>

(current-current deformation)

•  Write down the �  mapO(2,2) dZ1 = D1(dZ
0) = 1 · dZ 0

1 + tan↵ ? J 0
2

dZ2 = D2(dZ
0) =

1

1 + tan↵
dZ 0

2 �
tan↵

1 + tan↵
? J 0

1
<latexit sha1_base64="0iIu/4SYnKc/2aV+8MDgqBHCOaY="></latexit>

L01
L = +F1(�)dY,

L02
L = �F1(�) [D1(dZ

0)�D2(dZ
0)� cosY (D1(dZ

0) +D2(dZ
0))]� (D1(dZ

0)�D2(dZ
0)) ,

L03
L = +F1(�) sinY (D1(dZ

0) +D2(dZ
0)) ,

L01
R = +F2(�)dY,

L02
R = +F2(�) [D1(dZ

0) +D2(dZ
0)� cosY (D1(dZ

0)�D2(dZ
0))]� (D1(dZ

0) +D2(dZ
0)) ,

L03
R = +F2(�) sinY (D1(dZ

0)�D2(dZ
0)) .

<latexit sha1_base64="J6vBSeHsfEqUBXMV3xbkaJ9McjU="></latexit>

•  Then,

dL0 + L0 ^ L0 = 0
<latexit sha1_base64="HCVluv2Pkm45V+wLRfixi2g18G8="></latexit>

still holds.
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5. Conclusions and Outlook



6. Conclusions and outlook: O(d,d) is not odd

☆ This work completed the classical integrability of ANY global  
  �  transformation using the doubled formalism from the bottom.O(d, d)

[I’m just saying] (What would be a collective T-duality invariant framework…(if any) ?)

→ Using our recipe, we can extract all the Lax pairs for the symmetry 
  hidden by the �  deformations.O(d, d)

☆ Some (technical) things to do:
✦ Algebra of non-local charges…
✦ �  map interpreted as deformations on the spectral parameter?O(d, d)

☆ Doubled formalism based on the Abelian isometries
→ Any extension?

→ All the current-current deformations are integrable.

[work in progress]
[Kawaguchi,Yoshida-2010]…
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✦ Local �  deformations… O(d, d)

→ �  deformed Lax pairs involve windings = �  currentsO(d, d) U(1)

cf: [Beisert-2009]



Thank you! 

Ευχαριστώ 


