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Introduction

Invariant differential equations play a very im-
portant role in the description of physical sym-
metries - recall, e.g., the examples of Dirac,
Maxwell equations, (for more examples cf., e.g.,
[BR]).

It is important to construct systematically such
equations for the setting of quantum groups,
where they are expected as (multiparameter)
q-difference equations.



In the present talk we consider the construc-
tion of deformed multiparameter analogs of
some conformally invariant equations, in par-
ticular, the Maxwell equations, following the
approach of [D].

We start with the classical situation and we
first write the Maxwell equations in an index-
less formulation, trading the indices for two
conjugate variables z, z.

This formulation has two advantages. First, it
IS very simple, and in fact, just with the intro-
duction of an additional parameter, we can de-
scribe a whole infinite hierarchy of equations,
which we call the Maxwell hierarchy .

Second, we can easily identify the variables
z,z and the four Minkowski coordinates with
the six local coordinates of a flag manifold of
SL(4) and SU(2,2).



Next we need the deformed analogs of the
above constructions. The specifics of the ap-
proach of [D] is that one needs also the com-
plexification of the algebra in consideration.

Thus we have used the multiparameter de-
formations Uy q(gl(m)) and Uy q(sl(m)) in the
case m = 4. We know that these multiparam-
eter deformations depend maximally on

(m?2 —m 4+ 2)/2 parameters.

Thus, we obtain initially a 7-parameter defor-
mation of Minkowski space-time. Under vari-
ous conditions we consider several variants with
less parameters.

Using the corresponding representations and
intertwiners of deformed U(si(4)) we also de-
rive infinite hierarchies of deformed Maxwell
and related equations.



Classical setting

It is well known that Maxwell equations may
be written in several equivalent forms:

MFy = J,, OMFu = 0 (1)
or,

oL, = Jo (= 4mp),

0Lk — ekomOpHm = Ji (= —4mjy),

O H, = O,

OoHy + €pprO¢Emn = 0, (2)
where Ep = Fio, Hy = (1/2)eppmFpm,,
or

OF; = Jo, OoF LiekumOFy = Jp, (3)
where
Ff = Ep+iHy, . (4)

Not so well known is the fact that the eight
equations in (3) can be rewritten as two con-
jugate scalar equations in the following way:



IT FT(2) = J(z,3%2), (5a)

I" F(2) = J(z72), (5b)
204 + Oy — (62)
— %(szh. + 20y + 205 + 8_>8z ;
20,y + 05 — (6D)
1

. (Zz8_|_ + 20y + 205 + (9_)(95 |

T+ =x0 X3, V=x1—1T2, V=I]+ 1T,
0+ =0/0x4, Oy=0/0v, 0Ozy=039/0v, (T7)

Ft(2)
(2

J(z,2)

22(F 4+ i) — 22FF —

- (= iFy) (8)
Z2(F] —iFy) — 2ZF; —

zz(Jo + J3) + 2(J1 —iJo) +
+ 2(J1 F+1iJ2) + (Jg — J3)



where we continue to suppress the x,, resp.,
x4,v,v, dependence in F' and J. (The conju-
gation mentioned above is standard and in our
termsitis: IT +— 1, FT(2) +— F(2).)

It is easy to recover (3) from (5) - just note
that both sides of each equation are first order
polynomials in each of the two variables z and
z, then comparing the independent terms in
(5) one gets at once (3).

Writing the Maxwell equations in the simple
form (5) has also important conceptual mean-
ing. The point is that each of the two scalar
operators I+,I— IS indeed a single object,
namely, It I~ are intertwiners of the con-
formal group, while the individual components
in (1) - (3) do not have this interpretation.
This also is a restatement of the well known
fact that the Maxwell equations are confor-
mally invariant.



Let us be more explicit. The physically rele-
vant representations TX of the 4-dimensional
conformal algebra su(2,2) may be labelled by
x = [n1,no;d], where ny,no are non-negative
integers fixing finite-dimensional irreducible rep-
resentations of the Lorentz subalgebra, and
d is the conformal weight (or dimension, or
energy). (In the literature these Lorentz repre-
sentations are labelled also by (j1,j2) = (n1/2,n5/2).)



Then the intertwining properties of the opera-
tors in (6) are given by:

T C+—>CO,

IToTT = 706711 . (9a)
I~ C‘—>CO,
I—oT~ = TY0Tl |, (9b)

where T¢=TX" a=0,4,—, C*=CX" are
the representation spaces, and the signatures
are given explicitly by:

Xt =102,02], x =I[0,22], x°=[1,1,3],

(10)
as anticipated. Indeed, (n1,no) = (1,1) is the
four-dimensional Lorentz representation, (car-
ried by J, above), and (ni,np) = (2,0),(0,2)
are the two conjugate three-dimensional Lorentz
representations, (carried by F,;t above), while
the conformal dimensions are the canonical di-
mensions of a current (d = 3), and of the
Maxwell field (d = 2).



We see that the variables z,z are related to
the spin properties and we shall call them 'spin
variables’. More explicitly, a Lorentz spin-tensor
G(z,z) with signature (n1,n5) is a polynomial
in z,z of order nqy,no, resp.

The intertwining properties of the operators in
(6) and some more, namely,

x(¢) =[0,0;0], x(®)=1[0,0;4], x(Ay) =1I[1,1;1]

are presented in the following diagram:



9, o

F;L%’)ﬁ

Simplest example of diagram with conformal invariant operators
(arrows are differential operators, dashed arrows are integral operators)

Oy = % , A, electromagnetic potential, 09, ¢ = A,
F = F* @ F~ electromagnetic field, A, = 0\A, — 0, Ay = F,

J,, electromagnetic current, O*Fy, = J,, O*J, = ®

d19, do3 linear invariant operators corresponding to the roots a;s, aog



Formulae (9), (10) are part of an infinite hi-
erarchy of couples of first order intertwiners.
Explicitly, instead of (9), (10) we have [D]:

Igj" : Cﬁ"—>C’g,

IT_L'_OTJ_ = TTE)OI;J_, (11a)
I, Cg—>02,
I70T; = TPo1I; , (11b)

where T2 = TXn, (C% = CXn, and the signa-
tures are:

X =Mh+2n2, x,=I[hn+22],
xn=I+1n+13], nezy, (12)
while instead of (5) we have:

I7 Ff(z,2) = Ju(z,2), (13a)
I7 F7(2,2) = Jn(z,2),  (13b)



where (n € Z4)

o= e (za+ + av> _ (14a)
_ %(zzaJr + 28y + 705 + a_>az ,
o= " JQF 2 (z8_|_ + a@) _ (14b)

1

_ 5(2284_ + 20, +zag+a_> _
while Ff (z,2), F(z,2), Ju(z,2), are polyno-
mials in z,z of degrees (n+ 2,n), (n,n 4+ 2),
(n+1,n+ 1), resp., as explained above.

If we want to use the notation with indices as in (1),
then F¥ (z,z) and F,; (z,z) correspond to F,.q,...a, Which
is antisymmetric in the indices u, v, symmetric in a;, . .., oy,
and traceless in every pair of indices, while J,(z,z) cor-
responds to J, a,,..«, Which is symmetric and traceless in
every pair of indices. Note, however, that the analogs
of (1) would be much more complicated if one wants

to write explicitly all components.



The crucial advantage of (13) is that the op-
erators I,,g,t are given just by a slight general-
ization of I+ =13 .

We call the hierarchy of equations (13) the
Maxwell hierarchy. The Maxwell equations
are the zero member of this hierarchy.

Formulae (13),(11),(12) are part of a much
more general classification scheme [D], involv-
ing also other intertwining operators, and of
arbitrary order:



pUn pUn

N> A

pUn prn

n p p n
12 d23 d23 12

A// — A//_|_

pUn pUNn

The general sextet of invariant differential operators valid for
so(4,2), so(5,1) and so(3,3) = sl(4,R).
p,v,n  are three natural numbers, the shown simplest case is when p=v =n =1,
dy,dy; linear invariant operators of order v corresponding to the roots aw, a3

d, dby linear invariant operators of order n,p corresponding to the roots v, a3



But first we go back and we rewrite (14) in
the following form:

1
L= 5(<n +2) 1 — (n+ 3)1211),

I, = %((n + 2)I31> — (n+ 3)1213) (15)

where

Il = az, 12 — Zza_|_—|—zav—|—285—|—8_, ]3 = 82
(16)

It is important to note that group-theoretically
the operators 1[I, correspond to the right ac-
tion of the three simple roots «q,a9,a3 oOf
sl(4), while the operators IT¥ are obtained
from the lowest possible singular vectors cor-
responding to the two non-simple non-highest

roots ayo = a1 + an, asz = as + a3 [D]



This is the form that we generalize for the de-
formed case. In fact, we can write at once the
general form, which follows from the analysis
of [D]:

-~ 1 ~ o - -
= S(+2uhk - [+ 3000,

-~ 1 ~ - -

I, = 5([TL—|— 2]¢l31 — [n + 3]q[213)17)

Here IF are obtained from the lowest possible
singular vectors of Ug(sl(4)), corresponding
(as above) to the two non-simple non-highest
roots [D].

e In addition to the differential operators on the
last sextet diagram there are operators arising
from singular vectors in doublets :



—
|
A
\\
—~
~
—_
\}
~
i)
Y
p—
+

_ Dy T

2Apn ) // 2Apn

A / (125)" A—l—

3 vn = / 3 rvn
where p,v,n are natural numbers, Dpyn IS

an invariant differential operator of order p-+n.

The above sextets and doublets exhaust the
so(4,2) invariant differential operators arising
from singular vectors. Besides those there are
invariant differential operators arising from Casimirs
and from subsingular vectors (two cases for
so(4,2)).



Multiparameter quantum Minkowski space-
time

The variables z+,v,v,2z,z have definite group-
theoretical meaning, namely, they are six local
coordinates on the flag manifold

Y = GL(4)/B = SL(4)/B,

where B, B are the Borel subgroups of GL(4),
SL(4), respectively, consisting of all upper di-
agonal matrices. Under a natural conjugation
(cf. also below) this is also a flag manifold of
the conformal group SU(2,2).



Explicitly, for this is used the triangular Gauss
decomposition:

gii1
g21
g31
941

gi2
g22
g32
9442

gd13
923
933
g43

N~ OO

gdi14
924
g34
ga4

= O O

O O O *

O O % O

O ¥ OO

¥ O OO

oCoowr

O O %

O ¥ ¥

(18)

= X % X



In the deformed case we use the same decom-
position which gives us the commutation rela-
tions of the non-commutative coordinates on
the multiparameter )V, q flag manifold. There
IS a technicality here, namely, that we start
from the multiparameter deformation GLgq(m)
of GL(m) (given by Sudbery) which depends
on the maximal possible number of parame-
ters, i.e., on the (m?2 —m+2)/2 parameters
g, 1l<i1<jg<m.

(The parametrisation is such that the standard
one-parameter deformation is obtained for all
%i; =4q.)

Thus, the flag manifold YV, q = GLg,q(m)/Bgq(m)
depends on the same number of parameters.



Thus, for m = 4 we have a seven parame-
ter qguantum MinkowskKi space-time the explicit
relations being (A =q — ¢ 1):

__ 423434 - . Q14 _
L4V — vr4 vr4 = T ,
424 4124924
_ 913 — _ 913934  _
r—-v — vxr — Vr - — r—v ,
412923 d14
412924
q 424 __ 4912924
4T

_ = r_xry —+ v,
423434 + qd414 +



The commutation relations involving the spin
variables z,z are:

5, = A3®4 o (20)
4144923
— 49134934 —
R4 — L4z,
d14
Ze. = 2B 4w,
q=424
—— Q423434 __
Zv = vZ
424
Zv = Q123Q34'UZ + Az,
q=qd14
L4z — q14 R
Q].QQQQ4
rT_z = d q13zx_ — v,
d12423
_ q13
vz = ZU
d12423
_ Pqia
vz = 2V — ATy .
4124924

Now we point out several special cases:



e \When all deformation parameter are phases,
i.e., |q/ =1, |g;;| = 1, and in addition holds
the following relations:

2

g13 = CI12924, a4 = CI12C]247 (21)
434 4234934

then the commutation relations (19) and (20)

are preserved by an anti-linear anti-involution

w acting as :

wlry) = 2+, wl) = v, wlkz) = z.
(22)

e Further, we recall from [DoPa] that the
dual quantum algebra Ugq(gi(m)) has the
quantum algebra Ugq(sl(m)) as a commu-
tation subalgebra, but not as a co-subalgebra.
In order to achieve the latter we have to im-
pose some relations between the parameters,
thus the genuine multiparameter deformation
Uq,q(sl(m)) as co-subalgebra of GLgq(m) de-
pends on (m2—3m—|—4)/2 parameters.



Thus, in the case of m = 4 for the genuine
Uqgq(sl(4)) we have four parameters instead
of seven. Explicitly, we achieve this by impos-
ing that the parameters g¢; ;471 are expressed
through the rest:

g ¢ g
q12 — y (g3 — y (434 —
d134914 41349144924 d14424
(23)

Thus, the four-parameter quantum MinkowskKi
space-time and the embedding quantum flag
manifold Y,q are given by (19) and (20) with
(23) enforced.

e If we would like to enforce also the conjuga-
tion (22) then there are more relations between
the deformation parameters, namely, we get:

g12 = @23 = ¢34 = ——, Q13 = q24 = (.
(24)



Thus, we have a two-parameter deformation
the analogs of (19) and (20) becoming:

T4pv = pvry , vry = p_lczz_|_1_),
r_v = p_lv:r;_, Ve = px_v ,
VUV = VU,
q _ b —
~rTyr_ = —xT_xTy4 + AU, (25)
p q
zZz = zz, (26)
Zry = pryz,
Zo. = SaZ 4+ A\,
q
Zv = puvz,
_ P _
2V = —5vZ + Az,
q
x4z = p Tzry ,
2
r_z = q—za:_ — v,
p
vz = p_lzv ,
q2
vz = —2U0 — Argy
p

where p=q3/q3,.



Quantum Maxwell equations hierarchy

The order of variables hinted in (19),(20) is re-
lated to the normal ordered basis of the quan-
tum flag manifold Y,;q considered as an as-
sociative algebra:

@ijkzﬁmn — Zi Uj xli ajﬂ- ’l_)m En? 7:7j7k7£7m7n€z—|—.

(27)

We introduce now the representation spaces
CX corresponding to the signatures x = [n1,n5;d].
The elements of CX , which we shall call
(abusing the notion) functions, are polynomi-
als in z,z of degrees ni,no, resp., and formal
power series in the quantum Minkowski vari-
ables. Namely, these functions are given by:

~ . _ n1,my -~
i7j7k7£7manez—'—
1<ni, n<no

(28)



where Y denotes the set of the six coordinates

on Vyq . Thus the quantum analogs of FT,
Jn, cf. (13), are :
anjl_ — @n—l—Q,n(Y/)a Fn_ — @n,n—I—Q(Y)a
Jn = Opg1a+1(Y) . (29)

Using the above machinery we can present a
deformed version of the Maxwell hierarchy of
equations. First, we mention that the explicit
form of the operators I, in (16) is obtained by
the infinitesimal right action of the three sim-
ple root generators of si(4) on the flag mani-
fold ) (following the procedure of [D]). Thus,
in the deformed case for the right action of
Uqgq(sl(4)) on Y4q We have:

I, = WR(Xa_) (30)

From this we obtain the multi-parameter quan-
tum Maxwell hierarchy of equations by substi-
tuting the operators of (30) in (17), i.e., the



final result is:

Lf BF = Jn, (31a)
n Fn = Jn. (31b)

The reason that we can use (17) is that the
multiparameter Uy q(sl(4)) depends only on ¢ as
a commutation subalgebra, while the depen-
dence on the other parameters is exhibited only
in its co-algebra structure and in the explicit
expressions of wr(X, ).

Formulae (31) are part of a much more gen-
eral classification scheme (mentioned above,
cf. [D]) involving also other intertwining oper-
ators, and of arbitrary order. A subset of this
scheme are two infinite two-parameter families
of representations which are intertwined by the
same operators (14), cf. [D]. Explicitly:



I++ 4o C++ +—>Coj_' © (32a)

nq Mo nq Mo nq Mo
O+ +
I+ oT+ = T ol
nfnd Tl nd nfnd  nfnd’
I— _ :C_ _—0Cc% _ | (32b)
USRI, USRI, USRI,
I _oT _ _ = TO___OI__ o,
X%y 4 Xy 4
where T¢ L, =T "t>"2, (C%. | = C "1"2,
USRI USRI

a= =+, or a = 0=+, and
+ +

x;&,n; = [fnfi 22 +1  (339)

Xgli,n; = [n1+—1,n3+1;”1+;”2++2],
n1|_ e IN, n;_ € Zy ,

X = nyonyi 2" 4] (330)

O = -5 M),

ny € Z4, ny, € IN .



Then instead of (13) in the ¢ = 1 case and
(31) in the g-deformed case, we have:

N OO R A CDRCED
I_ F— (z,z) = J_ _(z,2),(34b)
! N CRUSY LSRG’

where ql"' qI _,aregiven by (17), whlleF ni(z,Z),
nq no 1’ 2

+
Jnf nE—L(Z ,z), are polynomials in z,z of degrees

(nl, ), (nl = 1,n2 + 1), resp.

The crucial feature which unifies these repre-

sentations is the form of the operators ,IT,
which is not generalized anymore in equations
(34).

We call the hierarchy of equations (34) the
generalized q - Maxwell hierarchy. The g

- Maxwell hierarchy is obtained in the partial

case when x T OF L =x°2 _=x9 which fixes



three of the four parameters: n1|_ — 2 = n;_ =

e Another one parameter subhierarchy of the
generalized g-Maxwell hierarchy involves the
two signatures of X;L" = [n+2,n;2], x;, =

[n,n + 2; 2], and in addition

= [n+1,n+1;1] = {n+2,—-1—n,n+2},
(35)
(n € Z4). The intertwining relations are:

i, :c% —c, (36)
IT . o790 = 7067t

I, 00 —cor, (37)
I 10T = Trol .,  (38)

where TO00 = TXa° (90 = OXa’. Here the
equations are:



where qlff are given by (17), 4An has the sig-
nature x99,

This hierarchy will be called the potential g-
Maxwell hierarchy . The reason is that the
lowest member obtained for n =0 and g=1
IS just:

Ay = Fuv . (40)



q - d’Alembert equations hierarchy

Here we consider another one parameter sub-
hierarchy of the generalized g-Maxwell hierar-
chy which is obtained from (33) for ni|_ =
no, =1 € IN, nfzng_zO, i.e.

Xt = ir,o;g+1], (41a)
X0t = 1r—1,1;g+2], re N,
X o= ZO,r;g-l—l], (41b)
0T = [Lr-1 42, ren,

where the two conjugated equations follow from
(34):

i T (42a)
Iy FTo= i, (42b)
where I+ are given by (17).

For the minimal possible value of the param-
eter r =1 we obtain the two conjugate g -
Weyl equations.



The case r = 2 gives the g-Maxwell equations
(note that Jg"' = Jg_). This is the only in-
tersection of the present hierarchy with the g-
Maxwell hierarchy.

We call this hierarchy q - d’'Alembert hier-
archy following the classical case, (cf. [D]),
due to the following. We consider the repre-
sentations x%+ for the excluded above value
r = 0, when they coincide. Thus, we set:
Y& = chi)i = [0,0;1] = x(Aqg). Then the rel-
evant equation is the g-d'Alembert equation
[D]:

where x(Jy) = [0,0; 3],
Oy = (DeDu— DDy T3 | AT T (44)

where D,, T, are standard g-difference, g-
shift, operators.



d - Weyl gravity equations hierarchy

Here we study another hierarchy which is given
as follows:

ch cr (45)
N\ /!

where m € IN, and the corresponding signa-
tures are:

b = [2m,0;2], x;, = [0,2m;2], (46)
P = [m,m;2-m], xL = [m,m;2+ m]

For future reference we give also the Dynkin
labels x = {m1,m>,m3} oOf these representa-
tions:

b= 2m+1,-m-1,1},  (47)
Xm = {1,-m—1,2m 4 1},
X,,}% = {m+1,—-1,m+4 1},

X = {m+1,-2m—1,m+1}



The arrows on (45) represent invariant differ-
ential operators of order m. It is a partial case
of the general conformal scheme parametrized
by three natural numbers p,v,n, (cf. Fig. 2),
setting here:. v =1, p=n = m. This hi-
erarchy intersects with the Maxwell hierarchy
for the lowest value m = 1. Here we consider
the linear conformal (Weyl) gravity which is
obtained for m = 2.



d - Linear conformal gravity

We start with the ¢ = 1 situation and we first
write the linear conformal gravity equations, or
Weyl gravity equations in our indexless formu-
lation, trading the indices for two conjugate
variables z, z.

Weyl| gravity is governed by the Weyl tensor
Cuvor Which is given in terms of the Riemann
curvature tensor R;usr, RICCi curvature tensor
R,y , scalar curvature R :

C,LLI/O‘T — R,uVO'T — %(QMO'RI/T + gl/TR,ua —
— Q,LLTRVJ — gl/O'R,uT) +
+ %(g/wgw — QMTQI/O)R ) (48)

where g, IS the metric tensor. Linear confor-
mal gravity is obtained when the metric ten-
sor is written as: gy = nMuv + huv, Where n,y
is the flat Minkowski metric, hy, are small so



that all quadratic and higher order terms are
neglected. In particular:

R,ul/m' — %(auaThua+auaahuT—auaahuT _al/aTh,uU)

The equations of linear conformal gravity are:

8V8TCMI/O'T — T,ua ; (49)

where T}, is the energy-momentum tensor. From
the symmetry properties of the Weyl tensor
it follows that it has ten independent compo-
nents. These may be chosen as follows (intro-
ducing notation for future use):

Co=Cp123, C1=02121, C=Cp202
C3=0C3012, Ca=0Cr21, Cs5=Ci012,;
Ce = Co023, C7=03132, Cg=02123,
Co = C1213 - (50)

Furthermore, the Weyl tensor transforms as
the direct sum of two conjugate Lorentz irreps,
which we shall denote as C* (cf. (46) for m =
2). The tensors Ty, and hy,, are symmetric and
traceless with nine independent components.



Further, we shall use again the fact that a
Lorentz irrep (spin-tensor) with signature (nq,no)
may be represented by a polynomial G(z,z) in
z,z of order n1,n»o, resp. More explicitly, for the
Weyl| gravity representations mentioned above

we use.

ct(2) Aol + 2Bt + 2o + 20 +of
C~(z) = z'C; +2°C5 +7°C5 +2C] +Cf |

T(2,2) = 2°2°Thy + 2°2Thy + 2°Thg +

+27°T 5 4 22T 1 + 2T +

+2°To + 2Th1 + Too (51)
h(z,2) = 2°Z°hhy + 2°Zhh1 + 2%hhg +

+272%h 5 4 2Zhy 1 + zhy +
+2°ho + Zho1 + hgo -



The components C;F are given in terms of the
Wey!| tensor components as follows:

1 1
Cq =Co— 5¢1—Ce+ i(Co + 503t C7)
Cy = 2(Cs — Cg +i(Cg — Cs))
CH =3(C1 —iC3) (52)
C3 =8(C4+ Cg +1i(Cy + Cs))

1 1
CZ;F = (o — 501 + Ce + i(Cp + 503 - C7)

_ 1 , 1
Co =C2—-5C1-Cs —Z(Co-i-EC:s-I-C?)

Cl_ — 2(04 — (Cg — i(C9 — 05))
Cy =3(C1 +1iC3)
C3 =2(Cs4+Cg—i(Cg+Cs))
_ 1 . 1
Cq =C2—5C1+Co —Z(Co+§C3—C7)



while the components T,L.’j are given in terms of
Ty as follows:

T3 = Too + 27103 + T33

T11 = Too — 133

Too = Too — 2To3 + T33

T51 = To1 + iTo2 + T13 + iT>3

Ti5 = To1 — iTp2 + Thz — T3

T1o = To1 + iToo — T13 — T3

Tor = Tor — iTo2 — T13 + iT23

T5o = Th1 + 2iT12 — Too

Too = T11 — 2iT12 — Too (53)

and similarly for hgj in terms of h,y .



In these terms all linear conformal Weyl gravity
equations (49) (cf. also (45)) may be written
in compact form as the following pair of equa-
tions:

ITCt(z) = T(z %), I C7(2) = T(z2),
(54)



where the operators I* are given as follows:
It = (;;2225& + 2202 + 3202 4 02 +

+22220,04 + 22720 05 +
+222(9-04 + 0u05) +
+230_05 + zzava_>a§ _

~6(25207 + 202 + 223000, + 720, 05 +

F2(0-04 + 0,05 + 0,0 ) s +

4—12(5283r + 82 + QEavaJr) , (55)
I~ = (%zzai + 2202 + 2202 + 8% +

+22220y04 + 22720, 95 +
+222(0_04 + 8u05) +
127005 + 22&08_>8§ _

6 (%za%r + 302 + 2230, 85 + 220,04 +
+2(0-04 + 0v05) + 3—35) Oz +

4-12(%83r 1+ 02 + 2za+85>,



To make more transparent the origin of (54)
and in the same time to derive the quantum
group deformation of (54), (55) we first intro-
duce the following parameter-dependent oper-
ators:

1
o= S(nt-DRB - 22 - HRBL +
+ n(n + 1)131%), (56)

1
I, = 5( (n—1)I215 — 2(n? — 1)I31513 +

+ n(n + 1)I§I§) ,

I3 = 03, are from (16).

The operators Iﬁ? correspond to the singular
vectors for the two non-simple non-highest si(4)
roots. More precisely, the operator Iqj' corre-
sponds to the singular vector of weight 2a1qo,
while the operator I, corresponds to weight
2ap3. The parameter n = max(2j1,272).



It is easy to check that we have the following
relation:

=1y, (57)

i.e., (54) are written as:
Iy et (z) = T(z72), I; C7(2) = T(z7%2).
(58)

Using the same operators we can write down
the pair of equations which give the Weyl ten-
sor components in terms of the metric tensor:

I h(z,2) = C(3), 15 h(z,2) = CT(2).
(59)

The above equations are immediately general-
izable to the deformed case.

Using the Uy(sl(4)) formula for the singular
vector given in [D] we obtain for the g-analogue



of (56):

1
JT = 5([”](1 [n—1lq oIf I35 —
— [Q]q [n — 1]q [n + 1]q qfl qu qll +
+[nlg In+ g aB3 417 ) (60)
_ 1
glp, = 5([“]6][”— 1]qql?2>qI§ —

— [2lg[n — 1]g[n + 1]qqI3 ¢I5 413 +
+[nlq[n + 1¢I5 qI?%) a

where the g-deformed I, were given above.

Then the g-Weyl gravity equations are (cf.

(58)):

Ji CT(z) = T(z2), Jdr C(2) = T(z,%),
(61)

while g-analogues of (59) are:

J3 h(z,2) = C(3), 5 h(z,2) = CT(2).
(62)



THANK YOU !



