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e Chang, Qing & Yang formula for 6D [J. Math. Sci. 149, 1755
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Holographic Renormalization

¢ Gubser, Klevanov, Polyakov; Witten (AdS/CFT)

Zcrr o] ~ explilgrav[®]) |y,

e For Asymptotically AdS (AAdS) spacetimes, Fefferman-Graham (FG)
form of the metric
a2 = L Ly dx’ dx/
st = dz +Z—2gU(x,z) x' dx:
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e For Asymptotically AdS (AAdS) spacetimes, Fefferman-Graham (FG)
form of the metric

2
1 o
ds® = 5—2 dz% + -2 8ij (x,z) dx"dx/

e the boundary of the spacetime is at z =0

* gji(x,z) accepts a regular expansion in powers of z

8ij (%, 0) = 8(0);j(x) + 28(2); (x) + ZZg(4)ij(X) +

* g(0);j is the boundary data for the holographic reconstruction of the
spacetime, i.e., solving g as a covariant funtional of g,
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Counterterm method

e Renormalized AdS gravity action (Holographic Renormalization)

len = [d9ix /=& (R—2A) — —— f d¥%v/—hK+
167'(G
+ [ d9Le(h R, VR)
oM
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Counterterm method

e Renormalized AdS gravity action (Holographic Renormalization)

_ d+1 _ d
lren = 167‘(Gf x+/—& (R—2A) f d9%/—hK+
+ [ d9xLet(h, R, VR)
oM
_d(d-1)
A= 2(2

e Renormalized quasi-local stress tensor: T/,[h] = \/% eqen
- Ul

e Holographic stress tensor T¥ [800)) = Iim0 (zd%l T’J[h])
z—
Contains the holographic information of the theory (e.g., Weyl anomaly)
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Counterterm method in AdS gravity

_ d— (N —h d
Lee = SPAV=h+ 03 R + 55 ﬁ 7 (RRi — s R?)
65V—h 3d—2 ii d(d+2)
° AR CEAHCENICED) (4(d 1)RR Rij — 16(d—1)2 > R?

—ORIRMR .y — V/,RVIR +V Ruka,-j) ¥
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Counterterm method in AdS gravity
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Topological Invariants in AdS Gravity

e EH+GB in D =4

1 p
- / d*x /& [(R—2A) + a(Ryuup R — 4Ry, R™ + R)]
M
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Topological Invariants in AdS Gravity

EH4+GB in D=4

1 p
- / d*x /& [(R—2A) + a(Ryuup R — 4Ry, R™ + R)]
M

Euclidean action for Sch-AdS black hole:

M 4 r’ 4
_p-1E _ :
G=p""1 = <1+£2“>_T5+r|£noo4(;£2 <1—£2zx>

Correct black hole thermo = GB coupling &« = %2,
[0lea, JHEP 0506: 023 (2005)]

Entropy S = % + S
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Kounterterms

e Euler Theorem in D = 4 dimensions

/ d*x GB = 32722 x (M / d3x B
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Kounterterms

e Euler Theorem in D = 4 dimensions

/ d*x GB = 32722 x (M / &3x By

o Extrinsic counterterms lrep = gy +cy [ d¥xBy(h K, R)
oM

e Kounterterms = counterterms of unusual sort (depend on Kj; and RZ/(h))

B; = 4\/?[’1’2’3] Kh (1 RJ213( ) 1 KJz KJ3)

[j1j243] 213 13 .
=4v—h [—2(73,’- — $0IR) K] — %KJ-’K{(K,-’( +K(KIK! - %KZ)}
3= €2/647TG
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Kounterterms

e D = 2n dimensions

[i1-jan— 1]

1
Byp 1 = 2n\/—h/dt glivian=1l e < RED — t2KIJ§K{;> x

2n— 2’2n 1 R2n—2  I2p—1

( RJ2n 2021 _ £2 K_']‘2n72 Kj2n1>

cono1 = (—£?)""1 /(167 Gn(2n — 2)!)
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From extrinsic to intrinsic regularization

e AdS gravity action + KTs

/d3X e 5[’1’2’3] ( R_/213( ) 3K12KI3)

[111213] i3

h=le 16G
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From extrinsic to intrinsic regularization

e AdS gravity action + KTs

I=1le 16 G [111213] 213

e Adding zero...

1
I = I —%/d3xx/—hK+/d3cht.
oM oM

£2
Lee = 167G [iLjos3]

ini3 3 i Vi3

/d3X e 5[’1’2’3] ( R_/213( ) 3 KJZ KI3) _

[l//]
/—hoLnis i1 < RJ2J3( ) — KJ2KJ3+ 5]2&]3)_
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From extrinsic to intrinsic regularization

e AdS gravity action + KTs

/d3X e 5[’1’2’3] ( R_/213( ) 3 KJZ KI3) _

| =
[111213] i3

16G

e Adding zero...

/:/EH——/dE‘X\/ K—i—/dect

& [’1’2’3] J2J3 J2 ye i3 2 53
Let = 16nc‘/_h‘5[mzm ; < RE2 (h) — 3 K,2 Kl + 7 (51 &f >
e And expanding...
1. .
K] = 50— 15](h) + O(R?)
1 ; 1

Sj(h) = g3 (Rj(0) — 37— R (M)
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From extrinsic to intrinsic regularization

L J1
_ 2 Jgslaii] (% ch
Let = 1676 "3 5[]1]2]3] ‘ fSh X

.. (51:2 ) 51:3 . ..
X (; RED (h) — (; —éSj;) (; —éSj;) + ;251,;5{.§> +..
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From extrinsic to intrinsic regularization

— 167G Z3 [jUQ_]?,]

( RJ2J3( ) 1 (51’5_55’2) (513_55/'3> 1 5]2513>
i3 3 l J3 i3

e Kounterterms turn into counterterms [O. Miskovic and R.O., arXiv:0902.2082]

Lo = ﬁ(ﬂ R(h )>+o<z)

Lot = 2 LE gl (; (st

8nG 23
1 2 !
LT (e + zR(h)>
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Topological terms and Wald charges

e Wald charges for an action | = ﬁ V&L

1 ®
QwalalC] = ﬁ/dSﬁ VI Bl
2

oL
EYf — %~
nv
SRYg
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Weyl tensor at the boundary

o Weyl tensor

ap _ pap  clapl
Wy = Ry — 5[5‘%]

1 1
x x o
St = 53R~ 5=y oR)
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Weyl tensor at the boundary

o Weyl tensor
VV"‘]//5 — R"‘IS _ 5[35‘5]

' W (17v]
Sp = ﬁ(ﬁ’ﬁ - 2(Dl—1)‘5ﬁR)-
e Weyl tensor for Einstein spaces Ry, = _%gyv
W(af:?)uv = Rb + eiz(sm
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Weyl tensor at the boundary

o Weyl tensor
VV"‘]//5 — R"‘IS _ 5[35‘5]

' W (17v]
Sp = ﬁ(ﬁ’ﬁ - 2(Dl—1)‘5ﬁR)-
e Weyl tensor for Einstein spaces Ry, = _%gyv
W(af:?)uv = Rb + eiz(sm

e Conformal (Ashtekar-Magnon-Das) Mass in 4D
Kofinas, Jatkar, Miskovic and RO, [1404.1411]

Wald charges+ Top. terms = AMD charges
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Renormalized AdS Action and Conformal Gravity

¢ Renormalized AdS action is the Einstein part of Conformal Gravity
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Renormalized AdS Action and Conformal Gravity

¢ Renormalized AdS action is the Einstein part of Conformal Gravity

G e
len = G | 45 VB W s W)
M

¢ Einstein gravity from CG with Neumann bc’s
[J. Maldacena, arXiv:1105.5632]
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Renormalized AdS Action and Conformal Gravity

¢ Renormalized AdS action is the Einstein part of Conformal Gravity

G e
len = G | 45 VB W s W)
M

¢ Einstein gravity from CG with Neumann bc’s
[J. Maldacena, arXiv:1105.5632]

lee ~ / 04X /= Wy WHP
M

¢ Fefferman-Graham expansion for AAdS spaces in CG
d2—§d2+i i(x, z) dx' dx/
57 = 5 dz" + — gjj(x, 2) dx'dx

gi(x.0) = &oy(x)+2280)(x)+ -
+28(1)(x) + -
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AdS gravity in D=2n dim

e Renormalized Action

1 ~
2 — 16nG/d2"x\/—g[R—2A—
M

(_EZ)n—l
_ [V1--v2n] RMk2 Rﬂ2n71’42n]
2rn(2n — 2)1 g, v Ruantivag ]
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AdS gravity in D=2n dim

e Renormalized Action

1 ~
2 — 16nG/d2"x\/—g[R—2A—
M

(_EZ)n—l
_ [V1--v2n] RMk2 Rﬂ2n71’42n]
2rn(2n — 2)1 g, v Ruantivag ]

¢ In terms of fully-antisymmetric objects

1 "
2 — 20, /g slvrevan] [ pitia slisia] | o[Han-1it2n]
Iren - 2"+47TG(2n — 2)' Al d Xﬁ&[ﬂl"'ﬂgn] [Rv11/2 5[1/31/4] (5[1/2/7—11/2;7]

+ (n— 1)(5“‘1#2] .. '5[142%1#2"] + (_1)n£2n_2

nf2  vive] [Van—1V2n]

V1v2 V2p—1V2n

Rt RH2n71V2n:|
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AdS gravity in D=2n dim

e Schematically represented by the polynomial

() (-1 + "Lk (- 1))
' 2n+471Gn(2n — 2)!
= (x+y)?Q(xy)
_ p*P _ slp]
where x = Ry and y =4 W]/€2
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AdS gravity in D=2n dim

e Schematically represented by the polynomial

£2n—2 n._n n—1 n
I(x,y) 2 Gn(an — 21 ((—1) x"+nxy" "+ (n—1)y )
= (x+y)?Q(xy)
_ p*B _ sleBl 2
where x = Ry;, and y = (5MU]/€
e Miskovic, RO and Tsoukalas, [arXiv:1404.5993]
2"=2(n—1)
2n  __ 2n [vg-- V2n] F‘1P‘2 H3Ha
fen = ZrtaG(an—2) / IV =800,y ) WiE 10, W(E s
1
X /dt tENSPO () x - - x Ep2r (¢
0
where
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Six-dim AdS gravity

e Renormalized AdS Action

04 -
/r6en ~ 167G / d6X\/§P[W(E)}
Mg

e Polynomial in the Weyl tensor

P [We)| = —2| W | + Th—Sh+ (4~ b)

3

_ apAv Bu

h = W(E)'XﬁHVW(E) W(E)p A
ho= WP oW W

(E)pv " (E)or "7 (E)ap
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Six-dim AdS gravity

e Identity by Osborn and Stergiou

2
4h — b = W’XﬁyVDWaﬁyv + 10 ‘ W(E)’
e Integrating by parts
2 2
4l — b = — ’VW(E)‘ +1O’W(E)‘
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Six-dim AdS gravity

e Chang, Qing and Yang

JIW] = —|VW]2+8|W|*+

7 «p Ap v 4 A
3 Wi W W, T S W WP WYY
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Renormalized Volume: a la physicist

[ Draw a square around it
Draw a circle Perimetet

Remove corners.
imeter is still 4!

Remove more corners.
Perimeter is still 4!

Problem Archimedes?
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Renormalized Volume: a la physicist

¢ In 2n-dim Einstein gravity

(2n—1)

Ien [Man] = T enCR2

VO/bare [M2n]
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Renormalized Volume: a la physicist

¢ In 2n-dim Einstein gravity

~(2n

81 ng) Volare [M2n]

len [Ma,] =

¢ In 4D, by the addition of Chern form

87t G (2
Volyen [M4] = - 3 ren [M4]
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Renormalized Volume: a la physicist

¢ In 2n-dim Einstein gravity

~(2n

81 ng) Volare [M2n]

len [Ma,] =

¢ In 4D, by the addition of Chern form

87t G (2
Volren [M4] = - 3 ren [M4]
e Or using the GB theorem
Volyen [Ma] = €4n2)( /d“x\fW (1)

[M.T. Anderson, Math.Res. Lett. 8, 171 (2001)]
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Renormalized volume

e 6D case
[Anastasiou, Araya, Arias and RO, arXiv:1806.10708]

830
Volen [M5] = —=—x [Ms] +%/d6fo )
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Renormalized volume

e 6D case
[Anastasiou, Araya, Arias and RO, arXiv:1806.10708]

830
Volen [M5] = —=—x [Ms] +%/d6fo )

e Polynomial in the Weyl tensor + 6-derivative term (Einstein part of 6D CG)
J[w] = |VW| t |W| +

W “ﬁW

Ap 4 A
*3 Wi " S Wi WP WY A

Ap 3

[Chang, Qing and Yang, J. Math. Sci. 149, 1755 (2008)]
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Holographic Entanglement Entropy

e Vi.n = Standard BH Thermodynamics
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Holographic Entanglement Entropy

e Vi.n = Standard BH Thermodynamics

e Topological terms and Holographic Entanglement Entropy
[Anastasiou, Araya and RO, arXiv:1712.09099, 1803.04990]
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Holographic Entanglement Entropy

e Vi.n = Standard BH Thermodynamics

e Topological terms and Holographic Entanglement Entropy
[Anastasiou, Araya and RO, arXiv:1712.09099, 1803.04990]

e Interpretation as Renormalized Volume/Area
[Anastasiou, Araya, Arias and RO, arXiv:1806.10708]

27102

Tan T Voben =]

VO/ren I:MZ(IIX,,)] = VO/ren [Mz(i) /Z] - (]_ — D{)
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Holographic Entanglement Entropy

e Vi.n = Standard BH Thermodynamics
Topological terms and Holographic Entanglement Entropy
[Anastasiou, Araya and RO, arXiv:1712.09099, 1803.04990]

Interpretation as Renormalized Volume/Area
[Anastasiou, Araya, Arias and RO, arXiv:1806.10708]

27102

Tan T Voben =]

VO/ren I:MZ(IIX,,)] = VO/ren [Mz(i) /Z] - (]_ — D{)

For constant-curvature entangling surfaces, HEE is purely topological
(Euler characteristic)

See ~ x(2).
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Conclusions: Renormalization with Topological Terms

¢ Volume Renormalization =—> Area Renormalization (in cod-dim 2)
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Conclusions: Renormalization with Topological Terms

¢ Volume Renormalization =—> Area Renormalization (in cod-dim 2)

¢ Renormalized AdS Action —> Einstein part of Conformal Gravity in
4D and 6D

e Conformal Gravity in D> 8 dim 777
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Conclusions: Renormalization with Topological Terms

Volume Renormalization =—> Area Renormalization (in cod-dim 2)

Renormalized AdS Action —> Einstein part of Conformal Gravity in
4D and 6D

Conformal Gravity in D> 8 dim 777
Renormalization of Gravitational Free Energy for Squashed Spheres

Odd-dim case and HEE: Anastasiou, Araya, Guijosa & RO
[1908.11447]
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