Primary Fields in Free CFTy4

Based on RdAMK, P.Rabambi, R.Rabe and S.Ramgoolam, Phys. Rev. Lett. 119, no.
16, 161602 (2017) [arXiv:1705.04039 [hep-th]], JHEP 1708, 077 (2017)
[arXiv:1705.06702 [hep-th]] and RAMK, P.Rabambi and H.J.R.Van Zyl, JHEP 1804,
104 (2018) [arXiv:1801.10313 [hep-th]].

Robert de Mello Koch

Workshop on Quantum Geometry, Field Theory and Gravity

September 20, 2019

Robert de Mello Koch ( VVOrKS Op [¢ Primary Fields in Free CFT, September 20, 2019 1/40



Motivation

CFT's defined by a list of CFT data = list of primary operators and OPE
coefficients. Attempts (conformal boostrap) to constrain this data and

even classify the complete set of possible CFTs. Can we list the CFT data
for a free boson /fermion? Simplest example we can possibly contemplate.

Free CFT useful starting point for interacting CFT (WF fixed point).
[Rychkov, Tan]

Extension to vector model will already have relevance for holographic
descriptions of higher spin theories. [Polyakov, Klebanov]

Relevant to classify the possible terms on low energy effective field theory.
[Henning, Lu, Melia, Murayama]
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Summary

Consider counting primaries constructed using n fields. We will obtain
explicit generating functions for theories of a free boson, free bosonic
vector, free bosonic matrix and a free fermion.

Introduce a polynomial representation of the conformal group and reduce
the problem of constructing primaries to the problem of constructing

translation invariant, harmonic and symmetric polynomials.

Give explicit expressions for families of primary operators.
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Counting

Free scalar is in representation Vi (A =1, (ji,jr) = (0,0)) of SO(2,4).
Primary is ¢(0). Descendants are traceless symmetric polynomials in
derivatives acting on ¢(0). There is a null state 9%¢(0) = 0.

Products of n scalar fields transform in Sym”(V.) which can be
decomposed into (unique) sum of irreps, each built on a primary.

To enumerate primaries constructed using n fields: (1) compute
Xsym"(v,)(M) and (2) decompose this into a sum of characters of irreps.

Robert de Mello Koch ( VVOrksnop ¢ Primary Fields in Free CFT, September 20, 2019 4/40



Computation of xgym~(v,)(M)

Consider M € G in irrep R. A useful formula: (special case of Cauchy
identity)

t" n
det(1 — tM) 1 —tM) Z Xsym (%) (M)
Apply this to R = V4 with

M = sPxiiy ik € S0(2,4)

to obtain

3 1 o
H 1— tsatixayb — Z t"Xsymn(v4) (S %, ¥)

G=0a=—9 b=—1 n=0
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Decomposing Sym”( V) into irreps
Unique decomposition

Xsym"(v+)(5,X,}/) = Z N[AJlJz]X[AJlJQ](SaXaY)
AN
Nia i, j») = number of primaries constructed from n free boson fields with
dimension A and spin (j1,/2). Relevant character is [Dolan]

SAX' X)X,y
X[AJ1J2](5aX7Y): Jl( ) J2( )

L=y -5/ - s/D0 - 5)

No information in denominator - remove it by considering

Zo(s, %) = Y N s xa ()X () where
Ajiif2
Zsox) = (1515, )15y D= ) xsyur 50
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Generating function for the number of primaries

We have

Zo(s, %) = Y Majiis™xi ()% ()
A1
Simplify final result using [Newton, Spradlin]

Gn(s,x,y) ZZ Nintd i jo]S ntd 2
d=0 j1.2

_ [(1 Y- %)Zn(s,x,y)]

>

Subscript > is an instruction to keep only positive x, y powers.

L 1 (.2 11 , 1
(1_;)X2(X):(1_;)<X+X+1+;+;>—X——
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Summary

q q
00 2 2
H H H 1— tsq+1Xa Zt XSym”(V+)(5 X y)
q=0 3= b=—72

_5 — n=0

Zisxn) = -5, ) -/ )= ) xsym (5500

1 1
Gn 5, XY = |:1__ 1__Zn SaX7y:|
(s, x,¥) (1= 2= T)2n(s x.y) §
- ZZ N["+d,j1J2]5n+delyj2
d=0 j1.j2
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Leading Twist Primaries

[A,j1,52) = [n+ q, 2, 4]; each primary is a spin multiplet of (g + 1)?
operators. Choose state with highest spin. Corresponding generating
function is G"**(s, x, y). Modify previous results in three ways:

o0 o0

H g anaxsxy)

i tsq“xzy

n=0
(1s@><1sﬁ)<1sﬂ)<1ﬁ> N
(1-a-1) =1

Corresponds to using a single holomorphic derivative to generate primaries

Gy (s, %, ) = X (5%, ¥)(1 = sv/xy)
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Leading Twist Primaries

(A1, o] = [n+q,3, 3]

Don't need to track the dependence on x and y since once n and the
dimension of operator is specified, spins are determined.

o0

> 6 (s) = Yo et - () = (1) []
n=0

_ tsq+1
= 1—ts

n

G™(s) = (1—s2)(1—s3)---(1—s")

Counting suggests a freely generated ring with n — 1 generators.
Robert de Mello Koch ( VVOFKSNOP (
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Hilbert Series: Polynomials in d variables
Hilbert series are used to count the number of polynomials that can be

formed from “basic letters”. The letters may be organized by a grading.
Consider d = 2 letters, given by x and y. Possible polynomials are:
]-7X7y7X27Xy7y27X37X2y7Xy27y37 T

This is counted by the Hilbert series

1
W:1+2$+3S2+453+554+655+0(56)

Consider d = 2 letters, given by the variables x and y?. The possible
polynomials are:

]-aX’Xz’y27x37xy2aX41X2y2ay4> T
This is counted by the Hilbert series

1

-1 22 23 4 5 6
) +5+25°+25°+ 35" +35° + O (s°)
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Leading Twist Primaries

Our formula for the counting of leading twist primaries

G (s) = (1—s2)(1—s3)---(1—s")

suggests a freely generated ring with n — 1 generators.

A big goal of this work is to explain what this ring is and to show
how it can be used to construct the primary operators explicitly.
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Hilbert Series: Polynomials in d variables on the sphere

The ring is no longer freely generated - there is a constraint at level 2
Ca)® + () + - () =1

This ring is the ring of spherical harmonics.

1— 2

a 2)2:1-|-2s+252+2s3-|-2s4-|-255—|-0(s6)
1—s2 2 3 4 5 6
W:1+35+55 +75% 4+ 9s5* + 115> + O (s°)
1-s° 2 3 4 5 6
a s)4:1—|—4s-|—9s + 165> + 255" 4 365> + O (s°)
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Hilbert Series: Take away messages

1-—52
(1—s)*

The denominator tells us about the letters being used to produce the
polynomials in the ring.

=1+ 45+ 95 + 165> + 25s* + 365> + O (s°)

The numerator tells us about relations between these letters.

n

max — s
G,, (5) = (1 — 52)(1 _ 53) .. (]_ — 5”)

There is a single letter of grading 2,3,--- , n.

There are no relations between these letters.
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Primary problem

50(2,4) algebra:

(K., P)] =2M,, —2D6,,

[[)afju] = F%J

[[):’(u] = “;(u

[Mp.ua Ka] = 5uaKu - 5[,&04KV
[M;Wa Pa] = 5uaP,u - 6,uaP1/

Primary:

(K., 0] =0
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Polynomial Representation

0

w= 8_XM P = (Xzau — 2xux - 0 — 2x,,)

D=(x-0+1) M, = x,0, — x,0,

For n fields, introduce n coordinates XL with I =1,2,....n

.9
IZ_;E)X/L

[dMK, Ramgoolam]
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Primary Polynomials

P.P, = x*0,0,
Primaries at dimension n + k are degree k polynomials W(x, ) that obey
K.V = Z i,w =0
8x
L= Z axl, axl =0
W(x,) = W( ﬂ('))

Leading twist and extremal primaries correspond to holomorphic
polynomials.
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Polynomials to momenta

Pan+++ Py 6(0) = (= 1) 2 K1 (SO)2 2 -1

g ik k

Introduce the complex coordinates

z=x1+ ix w = x3+ ixq
Z=x1— IXp W = X3 — X

that have SO(4) quantum numbers

11 _ 1 1
z< (51’ 5)1 z (—E,—Fi
wer (5-3) we(—55)

Prp < (—1)K2kkiZK PPl g < (—1)K K (k4 1)iZ<w!
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Solving translation invariance constraint

| of x/'“ with 1 < | < n, transforms in natural representation, V;a4 of S,.
Vnat = VO S VH

Vo is 1-dimensional and corresponds to a single row Young diagram. Vg
has dimension (n — 1) and corresponds to hook Young diagram.

1 <& 1
X= o3 Xh= o = A)
ﬁlz_; A(A+1) *

X} spans V. X for Ae {1,2,---,n—1} spans V.

Large simple class of primaries = holomorphic S, invariant polynomials in
XH
"
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Constructing Leading Twist Primaries

Use Za = X} + iX3. Polynomials of degree k in Z:
VCom(SnXSk)

k _ (Sn) (Sk)
Vf? - @ V/\l ® V/\z A1,z
/\ﬂ—n,/\z)—k

Project to trivial of S,,. Also A, = trivial = single row
Com(S,,XSk))

2icileg—1) K
2 H l—qhb ZqDlm A1,z

[Brown, Heslop, Ramgoolam]

Zsh(giM)=(1—q) q

length of the /'th column in A1, b runs over boxes in A1, hy is the
"(s,x,y) we have

hook length. For the generating function Z,
Gy (s, x,y) = s"Zsp(sv/xy, M)

September 20, 2019 20 /40
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Constructing Leading Twist Primaries: Higher Spin
Currents

For n = 2 fields primary polynomials are
(Zy — Z,)%
Translating (these vanish if s is odd)
Os = (4—-2)°

sl & —1)k _
© gszﬁ Kook

k=0

reproducing the higher spin currents of [Craigie, Dobrev, Todorov]|.

September 20, 2019
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Constructing Leading Twist Primaries

Consider n = 3 for example. Hook variables are

X = ) Xf = (4~ 2)

|

, use (o) = FBj(a X FBj(a) Projector
onto the trivial irrep A1 = 3 20653 Mk(o). Primary is

Use Zy = X}\ + iXE\. Rep is given by

10

_ 1
SRR r53<(23)):[3§

To act on Zy, Za, -+ Za

L
NI W

Paar-ne = O Th(0)ayar-p.8:8,-8, 28,78, - Zs,
0ES3
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Constructing Leading Twist Primaries: Ring Structure

Recall the generating function

G,ITnaX(S) = (1 — 52)(1 _ 53) - (1 — Sn)

The n — 1 generators are S, invariant version of Hook variables.
n =2 is generated by (Z; — 2,).

n =3 is generated by (Z1 — 22)? + (Z1 — Z3)?> + (Z2 — Z3)? and
(Zl + 2> — 223)(23 + 2> — 221)(21 + Z5 — 222).

New generator at n =4 is
(Zl + 2o+ 23— 3Z4)(Z3 + 2o+ 24— 321)(21 + 23+ 24— 322)(21 + 2o+ 2y — 323).
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Future directions

Have displayed a new algebraic structure: primaries of free field theory
close a ring. Product of ring is NOT usual OPE. Coherence of products?
Will we learn something about OPE coefficients?

Write down the primaries for small numbers of fields for free matrix and
vector models.

Extension to free Dirac fermions? Free gauge fields?
Interacting CFT?

Applications to effective field theory?
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Thanks for your attention!

Robert de Mello Koch ( VVOrksnop ¢ Primary Fields in Free CFT, September 20, 2019 25/40



Constructing Extremal Primaries

Use Za = X} + iX3 and W = X3 + iX3. Polynomials of degree k in Z
and degree [ in W:

V[?k — @ V/sfn) ® V/sfk) ® VCom(Sn><5k)

A1,
Ak Aokk
®1 _ (Sn) (S1) Com(S,xS))
Vil= @ W e v, oV
Askn gkl

Project to diagonal S, = A1y = A3. Also Ay = A4 = trivial.
2icileg=1) 1
sh(gM)=(1-q) g > |b| 1= g

¢; = length of the i'th column in Ay, b runs over boxes in A1, hy is the
hook length. For the generating function Z;"" (s, x, y) we have

X
Z2¥(s,x,y) =" > Zsu(sv/xy, Al)ZSH(S\/;7 A1)

Aibn
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Constructing Extremal Primaries
For n = 3 here is an example of a family of primary polynomials
— — — — - — 2n
Vo= (Ws(Ze = 22) + WalZs = Z3) + Wi(Zs — 20)

The translation into the free field language is

A=4n+3 _

[1=2n,/>=0]
SR o
S S os o =it (s—u)lul(2n—r—s—v)lv!

X (PRI S PEFSUg) (P L0+ g)(PY, PRI g)
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Complete Class of Primaries

Harmonic condition must be accounted for. Use Hook variables and write
Harmonic conditions (one in each of the n sets of coordinates) in terms of
the hook variables.

There is again a ring structure. Star product on harmonic polynomials.
Associative.

Construction algorithm given.
[dMK, Ramgoolam]
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Vector Model

To construct a primary, distribute derivatives among

OLOLPLPL - DL,

I, are summed from 1 to N.

The symmetry is broken from Sy, to the wreath product S,[S2] = must
project foﬂ” to trivial of S,[S,].

1

2Mnl

XH, (5, x,y) = Z Trys2. (0 M®2")

O'GSn[SQ]

M = SAXJé-yJ3R
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Vector Model

(S

oo 3
z:: t"X2, (s, %, ¥) H II NG s2q+2x2ay2b)

n=0 q=0a=—% b=—1
2
S 2
1L 1111
q2=0 o=

1 1
]_ _ tSQ1+¢72+2X31+22yb1+b2)

2
a1 a1

i
X y s
G 5x )1 = sy 5, [5)1 - s/ D - =)

- o N
Z Z N[2f(7+21711 B2)° s® +dXJl ()X ()

d=0 j1.j

W
I
l\‘ z BN

N‘N
m\,\,

Zz,—,(S,X,_y)

GO Oo(N P 1 1
20 (s.x,y) = 30 S NI,y - Da-Dzusxn)|

d=0 ji.j2
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Vector Model

s4(1 — s5x3)3)

G40(N),max( 3 3
(1—s2xy)?(1 = $3x2y2)(1 — s*x?y?)

s,X,y) =

G6O(N),max(s’ X, y) —

SO(1 — sy /Xy + s3x3y2 —sTxzy? + $9x2y2 — s10x5y5)
(1 - sy/&7)(1 — s2xy)3(1 — s3x3y2)(1 — s%x2y2)(1 — s6x3y3)

By tracing over projectors to the trivial of S,[S2] we have

G;(N),ma)c(q) — g2n Z ZSH(q’A)

A-2n
Neven

[Caputa, dMK, Diaz]
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Matrix Model

Primaries obtained by derivatives on (Tr¢?)Tr(¢), we have an S, x S
invariance = project to trivial (CIJ,00) of S2 x S1. Sp permutes (z1, wy)

and (zz, wn). This rep is subduced by [TT] and by Hj
ZTegyTeie) = 53ZSH(SW7DE)ZSH(S\/§7DE)
25°Z z x
+ 28 Zolay57 ) Zons) [ )
+ S3ZSH(5W7@)ZSH(5\/§7E)
4 z X
b 2oy T Zonlsy [ )
3z V4 x
+ Zosy ) Zonts) [ 07T
3 Zsu(s /X Z x @
+ s SH(S\/77B:|) SH(S\/;7 )
i, @ 5 \/X
S Zonlsvxy, ) Zsn(s\ | 7o)

s°(1 4 s°)
(1= syxy)?(1+ sy/xy) (=1 + sy/xy)*(1 + s/xy)
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Matrix Model

Primaries obtained by derivatives Tr(¢3), we can take o = (123) which is
Z3 invariant. Need to project to the trivial of Z3. Subduced by [TT7 and

by@Thus
Iy = S3ZSH(S\/7,D33)ZSH(5\/§DE)
+ 2s3st(s\/x7,Hﬂ)25H(s\/ij)
+ S Zsu(sy Dzt [ )
+ 53ZSH(5\/x7,Djj)ZSH(s\/§ﬁ)
n s3ZSH(sﬁ,@)ZsH(sﬁ7m)

S (1455 = (svx + 553G + V) + 2x(L +34))
(1= s\ /3200 = sym)(25 + 5[5 + DL+ sy + s2y)
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Robert de Mello Koch ( VVOFKSNOP (

Free Fermions

The basic formula we will use is

det(l + tM) = Z tnX(ln)(M

Since we consider fermions we must put them into the antisymmetric 1"

representation. Simple computation shows

0o %1 % 5 00
H H H (1+ ts§+qxayb) = ZtnX(l”)(saxay)
q=0 a:—%l bzfg n=0

To count the primaries we again need to decompose

X(1n) (55 %, ¥) Z Na g1 21 X(8 121 (85 %, ¥ ) -
[A,j1.2]
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Free Fermions

To count the primaries we again need to decompose
Xan(5:%Y) = Y Niagy il Xiasl (5%, ) -
[A1.42]
Simpler to study

Zn(s,x,y) = Z N[A,j1,j2]SAXJ'1(X)X_iz(y)v
A1

Zo(s.xy) = (1 - s/3)(1 - s\/§)(1 ~sy/H- ) ).

and finally

Gn(s,x,y) Z N[A,Juz]S Xyl |
A2

Robert de Mello Koch ( VVOrksnop ¢ Primary Fields in Free CFT, September 20, 2019 35/40



Free Fermions
Leading twist

n

max (g (s /x n("2—1) S% )" ;
G (e ) = (o) 5 sV [ 7=y

Extremal primaries

s2x3(1+svxy?)
G3* (s, x,y) = 3 3
(e xy) (1 —5*x2)(1 — s2xy)(1 — s3x2y2)
Z(sxy) = sixt (Zsnloy. ) Zon(s )
+ Zonley5y ) Zsn(s) [ )
-+ ZSH(S\/X_)G@)ZSH(S\/§7D:D)>
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Free Fermions

0 0 3
k=50 D=(x53)
0 0
MMV:XMW_ 8 ’u—l_MMV
0 0 y
P, = (XZW — 2x,X - Fv 3x, — 2x" M)
where 1
M=o () = 1 (05" — 05",

Primary conditions:
(K, 0] =0 = [¢"Py, O]

Holomorphic translation invariant polynomials are a simple class.
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Free Fermions

(Zl _ Z2)2s+1 o
2s5+1 ( 1)k

Z ((2s — k + 1)1k!)2 (01 + i02) 1 (x) (01 + i02) ¥ T1ap(x)

[Craigie, Dobrev, Todorov]

Two more

$(0)Pz4(0)Pup(0)

S PuP2(0) Pyt (0)(0) + 3 Pob(0)P2 Pari(0)4(0)

+ 5 PLU(0)P2U(0)(0) + 2P P (0) P (0) Puti(0)
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Future directions

Have displayed a new algebraic structure: primaries of free field theory
close a ring. Product of ring is NOT usual OPE. Coherence of products?
Will we learn something about OPE coefficients?

Write down the primaries for small numbers of fields for free matrix and
vector models.

Extension to free Dirac fermions? Free gauge fields?
Interacting CFT?

Applications to effective field theory?
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Thanks for your attention!
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