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Motivation

CFT’s defined by a list of CFT data = list of primary operators and OPE
coefficients. Attempts (conformal boostrap) to constrain this data and
even classify the complete set of possible CFTs. Can we list the CFT data
for a free boson/fermion? Simplest example we can possibly contemplate.

Free CFT useful starting point for interacting CFT (WF fixed point).
[Rychkov, Tan]

Extension to vector model will already have relevance for holographic
descriptions of higher spin theories. [Polyakov, Klebanov]

Relevant to classify the possible terms on low energy effective field theory.
[Henning, Lu, Melia, Murayama]
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Summary

Consider counting primaries constructed using n fields. We will obtain
explicit generating functions for theories of a free boson, free bosonic
vector, free bosonic matrix and a free fermion.

Introduce a polynomial representation of the conformal group and reduce
the problem of constructing primaries to the problem of constructing
translation invariant, harmonic and symmetric polynomials.

Give explicit expressions for families of primary operators.
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Counting

Free scalar is in representation V+ (∆ = 1, (jL, jR) = (0, 0)) of SO(2, 4).
Primary is φ(0). Descendants are traceless symmetric polynomials in
derivatives acting on φ(0). There is a null state ∂2φ(0) = 0.

Products of n scalar fields transform in Symn(V+) which can be
decomposed into (unique) sum of irreps, each built on a primary.

To enumerate primaries constructed using n fields: (1) compute
χSymn(V+)(M) and (2) decompose this into a sum of characters of irreps.
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Computation of χSymn(V+)(M)

Consider M ∈ G in irrep R. A useful formula: (special case of Cauchy
identity)

1

det(1− tM)
=
∞∑
n=0

tnχSymn(R)(M)

Apply this to R = V+ with

M = sDxJ3,LyJ3,R ∈ SO(2, 4)

to obtain

∞∏
q=0

q
2∏

a=− q
2

q
2∏

b=− q
2

1

1− tsq+1xayb
=
∞∑
n=0

tnχSymn(V+)(s, x , y)

(State Pµ1 · · ·Pµqφ(0) in V+ has ∆ = q + 1 and spin
(q

2 ,
q
2

)
)
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Decomposing Symn(V+) into irreps
Unique decomposition

χSymn(V+)(s, x , y) =
∑

∆,j1,j2

N[∆,j1,j2]χ[∆,j1,j2](s, x , y)

N[∆,j1,j2] = number of primaries constructed from n free boson fields with
dimension ∆ and spin (j1, j2). Relevant character is [Dolan]

χ[∆,j1,j2](s, x , y) =
s∆χj1(x)χj2(y)

(1− s
√
xy)(1− s

√
x
y )(1− s

√
y
x )(1− s√

xy )

No information in denominator - remove it by considering

Zn(s, x , y) ≡
∑

∆,j1,j2

N[∆,j1,j2]s
∆χj1(x)χj2(y) where

Zn(s, x , y) = (1− s
√
xy)(1− s

√
x

y
)(1− s

√
y

x
)(1− s

√
xy

) χSymn(V )(s, x , y)
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Generating function for the number of primaries

We have
Zn(s, x , y) ≡

∑
∆,j1,j2

N[∆,j1,j2]s
∆χj1(x)χj2(y)

Simplify final result using [Newton, Spradlin]

Gn(s, x , y) =
∞∑
d=0

∑
j1,j2

N[n+d ,j1,j2]s
n+dx j1y j2

=

[
(1− 1

x
)(1− 1

y
)Zn(s, x , y)

]
≥

Subscript ≥ is an instruction to keep only positive x , y powers.

(1− 1

x
)χ2(x) = (1− 1

x
)

(
x2 + x + 1 +

1

x
+

1

x2

)
= x2 − 1

x3
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Summary

∞∏
q=0

q
2∏

a=− q
2

q
2∏

b=− q
2

1

1− tsq+1xayb
=
∞∑
n=0

tnχSymn(V+)(s, x , y)

Zn(s, x , y) = (1− s
√
xy)(1− s

√
x

y
)(1− s

√
y

x
)(1− s

√
xy

) χSymn(V )(s, x , y)

Gn(s, x , y) =

[
(1− 1

x
)(1− 1

y
)Zn(s, x , y)

]
≥

=
∞∑
d=0

∑
j1,j2

N[n+d ,j1,j2]s
n+dx j1y j2
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Leading Twist Primaries

[∆, j1, j2] = [n + q, q2 ,
q
2 ]; each primary is a spin multiplet of (q + 1)2

operators. Choose state with highest spin. Corresponding generating
function is Gmax

n (s, x , y). Modify previous results in three ways:

∞∏
q=0

1

1− tsq+1x
q
2 y

q
2

=
∞∑
n=0

tnχmax
n (s, x , y)

(1− s
√
xy)(1− s

√
x

y
)(1− s

√
y

x
)(1− s

√
xy

)→ (1− s
√
xy)

(1− 1

x
)(1− 1

y
)→ 1

Corresponds to using a single holomorphic derivative to generate primaries

Gmax
n (s, x , y) = χmax

n (s, x , y)(1− s
√
xy)
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Leading Twist Primaries

[∆, j1, j2] = [n + q, q2 ,
q
2 ]

Don’t need to track the dependence on x and y since once n and the
dimension of operator is specified, spins are determined.

∞∑
n=0

tnGmax
n (s) =

∞∑
n=0

tn(1− s)χmax
n (s) = (1− s)

∞∏
q=0

1

1− tsq+1

Gmax
n (s) =

sn

(1− s2)(1− s3) · · · (1− sn)

Counting suggests a freely generated ring with n − 1 generators.
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Hilbert Series: Polynomials in d variables
Hilbert series are used to count the number of polynomials that can be
formed from “basic letters”. The letters may be organized by a grading.
Consider d = 2 letters, given by x and y . Possible polynomials are:

1, x , y , x2, xy , y2, x3, x2y , xy2, y3, · · ·

This is counted by the Hilbert series

1

(1− s)2
= 1 + 2s + 3s2 + 4s3 + 5s4 + 6s5 + O

(
s6
)

Consider d = 2 letters, given by the variables x and y2. The possible
polynomials are:

1, x , x2, y2, x3, xy2, x4, x2y2, y4, · · ·

This is counted by the Hilbert series

1

(1− s)(1− s2)
= 1 + s + 2s2 + 2s3 + 3s4 + 3s5 + O

(
s6
)
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Leading Twist Primaries

Our formula for the counting of leading twist primaries

Gmax
n (s) =

sn

(1− s2)(1− s3) · · · (1− sn)

suggests a freely generated ring with n − 1 generators.

A big goal of this work is to explain what this ring is and to show
how it can be used to construct the primary operators explicitly.
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Hilbert Series: Polynomials in d variables on the sphere

The ring is no longer freely generated - there is a constraint at level 2

(x1)2 + (x2)2 + · · · (xd)2 = 1

This ring is the ring of spherical harmonics.

1− s2

(1− s)2
= 1 + 2s + 2s2 + 2s3 + 2s4 + 2s5 + O

(
s6
)

1− s2

(1− s)3
= 1 + 3s + 5s2 + 7s3 + 9s4 + 11s5 + O

(
s6
)

1− s2

(1− s)4
= 1 + 4s + 9s2 + 16s3 + 25s4 + 36s5 + O

(
s6
)
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Hilbert Series: Take away messages

1− s2

(1− s)4
= 1 + 4s + 9s2 + 16s3 + 25s4 + 36s5 + O

(
s6
)

The denominator tells us about the letters being used to produce the
polynomials in the ring.

The numerator tells us about relations between these letters.

Gmax
n (s) =

sn

(1− s2)(1− s3) · · · (1− sn)

There is a single letter of grading 2, 3, · · · , n.

There are no relations between these letters.
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Primary problem

SO(2, 4) algebra:

[Kµ,Pν ] = 2Mµν − 2Dδµν
[D,Pµ] = Pµ
[D,Kµ] = −Kµ
[Mµν ,Kα] = δναKµ − δµαKν
[Mµν ,Pα] = δναPµ − δµαPν

Primary: [
Kµ,O

]
= 0

[
Pµ,

[
Pµ, φ(0)

]]
= 0
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Polynomial Representation

Kµ =
∂

∂xµ
Pµ = (x2∂µ − 2xµx · ∂ − 2xµ)

D = (x · ∂ + 1) Mµν = xµ∂ν − xν∂µ

For n fields, introduce n coordinates x Iµ with I = 1, 2, ..., n

Kµ =
n∑

I=1

∂

∂x Iµ

Pµ =
n∑

I=1

(
x Iρx Iρ

∂

∂x Iµ
− 2x Iµx

I
ρ

∂

∂x Iρ
− 2x Iµ

)
[dMK, Ramgoolam]
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Primary Polynomials

PµPµ = x4∂µ∂µ

Primaries at dimension n + k are degree k polynomials Ψ(x Iµ) that obey

KµΨ =
∑
I

∂

∂x Iµ
Ψ = 0

LIΨ =
∑
µ

∂

∂x Iµ

∂

∂x Iµ
Ψ = 0

Ψ(x Iµ) = Ψ(xσ(I )
µ )

Leading twist and extremal primaries correspond to holomorphic
polynomials.
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Polynomials to momenta

Pµ1 · · ·Pµk · φ(0) = (−1)k2kk!(S (k))ν1···νk
µ1···µkxν1 · · · xνk · 1

Introduce the complex coordinates

z = x1 + ix2 w = x3 + ix4

z̄ = x1 − ix2 w̄ = x3 − ix4

that have SO(4) quantum numbers

z ↔ (
1

2
,

1

2
) z̄ ↔ (−1

2
,−1

2
)

w ↔ (
1

2
,−1

2
) w̄ ↔ (−1

2
,

1

2
)

Pk
z φ↔ (−1)k2kk!zk Pk

z P
l
wφ↔ (−1)k+l2k+l(k + l)!zkw l
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Solving translation invariance constraint

I of x Iµ, with 1 ≤ I ≤ n, transforms in natural representation, Vnat of Sn.

Vnat = V0 ⊕ VH

V0 is 1-dimensional and corresponds to a single row Young diagram. VH

has dimension (n − 1) and corresponds to hook Young diagram.

Xµ
0 =

1√
n

n∑
I=1

xµI Xµ
A =

1√
A(A + 1)

(xµ1 + xµ2 + · · ·+ xµA − AxµA+1)

Xµ
0 spans V0. Xµ

A for A ∈ {1, 2, · · · , n − 1} spans VH .

Large simple class of primaries = holomorphic Sn invariant polynomials in
Xµ
A .
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Constructing Leading Twist Primaries

Use ZA = X 1
A + iX 2

A. Polynomials of degree k in Z :

V⊗kH =
⊕

Λ1`n,Λ2`k
V

(Sn)
Λ1
⊗ V

(Sk )
Λ2
⊗ V

Com(Sn×Sk )
Λ1,Λ2

Project to trivial of Sn. Also Λ2 = trivial = single row.

ZSH(q; Λ1) = (1− q) q
∑

i ci (ci−1)

2

∏
b

1

(1− qhb)
=
∑
k

qkDim(V
Com(Sn×Sk )
Λ1,Λ2

)

[Brown, Heslop, Ramgoolam]
ci = length of the i ’th column in Λ1, b runs over boxes in Λ1, hb is the
hook length. For the generating function Z z,w

n (s, x , y) we have

Gmax
n (s, x , y) = snZSH(s

√
xy ,Λ1)
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Constructing Leading Twist Primaries: Higher Spin
Currents

For n = 2 fields primary polynomials are

(Z1 − Z2)2k

Translating (these vanish if s is odd)

Os = (Z1 − Z2)s

↔ s!

2s

s∑
k=0

(−1)k

(k!(s − k)!)2
∂s−kz φ∂kz φ

reproducing the higher spin currents of [Craigie, Dobrev, Todorov].
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Constructing Leading Twist Primaries

Consider n = 3 for example. Hook variables are

Xµ
1 =

1√
2

(xµ1 − xµ2 ) Xµ
2 =

1√
6

(xµ1 + xµ2 − 2xµ3 )

Use ZA = X 1
A + iX 2

A. Rep is given by

Γ ( (12) ) =

[
−1 0
0 1

]
Γ ( (23) ) =

[
1
2

√
3

2√
3

2 −1
2

]

To act on ZA1ZA2 · · ·ZAk
use Γk(σ) = Γ (σ)× · · · × Γ (σ) Projector

onto the trivial irrep P = 1
3!

∑
σ∈S3

Γk(σ). Primary is

PA1A2···Ak
=
∑
σ∈S3

Γk(σ)A1A2···Ak ,B1B2···Bk
ZB1ZB2 · · ·ZBk
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Constructing Leading Twist Primaries: Ring Structure

Recall the generating function

Gmax
n (s) =

sn

(1− s2)(1− s3) · · · (1− sn)

The n − 1 generators are Sn invariant version of Hook variables.

n = 2 is generated by (Z1 − Z2)2.

n = 3 is generated by (Z1 − Z2)2 + (Z1 − Z3)2 + (Z2 − Z3)2 and
(Z1 + Z2 − 2Z3)(Z3 + Z2 − 2Z1)(Z1 + Z3 − 2Z2).

New generator at n = 4 is
(Z1 +Z2 +Z3−3Z4)(Z3 +Z2 +Z4−3Z1)(Z1 +Z3 +Z4−3Z2)(Z1 +Z2 +Z4−3Z3).
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Future directions

Have displayed a new algebraic structure: primaries of free field theory
close a ring. Product of ring is NOT usual OPE. Coherence of products?
Will we learn something about OPE coefficients?

Write down the primaries for small numbers of fields for free matrix and
vector models.

Extension to free Dirac fermions? Free gauge fields?

Interacting CFT?

Applications to effective field theory?
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Thanks for your attention!
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Constructing Extremal Primaries
Use ZA = X 1

A + iX 2
A and WA = X 3

A + iX 4
A. Polynomials of degree k in Z

and degree l in W :

V⊗kH =
⊕

Λ1`n,Λ2`k
V

(Sn)
Λ1
⊗ V

(Sk )
Λ2
⊗ V

Com(Sn×Sk )
Λ1,Λ2

V⊗lH =
⊕

Λ3`n,Λ4`l
V

(Sn)
Λ3
⊗ V

(Sl )
Λ4
⊗ V

Com(Sn×Sl )
Λ3,Λ4

Project to diagonal Sn ⇒ Λ1 = Λ3. Also Λ2 = Λ4 = trivial.

ZSH(q; Λ1) = (1− q) q
∑

i ci (ci−1)

2

∏
b

1

(1− qhb)

ci = length of the i ’th column in Λ1, b runs over boxes in Λ1, hb is the
hook length. For the generating function Z z,w

n (s, x , y) we have

Z z,w
n (s, x , y) = sn

∑
Λ1`n

ZSH(s
√
xy ,Λ1)ZSH(s

√
x

y
,Λ1)
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Constructing Extremal Primaries

For n = 3 here is an example of a family of primary polynomials

Ψn =
(
W3(Z̄2 − Z̄1) + W2(Z̄1 − Z̄3) + W1(Z̄3 − Z̄2)

)2n

The translation into the free field language is

O∆=4n+3
[j1=2n,j2=0] =

2n∑
r=0

2n−r∑
s=0

r∑
t=0

s∑
u=0

2n−r−s∑
v=0

(2n)!(−1)t+u+v

(r − t)!t!(s − u)!u!(2n − r − s − v)!v !
×

×(P2n−r−s
w Pt+s−u

z̄ φ)(Ps
wP

r−t+v
z̄ φ)(P r

wP
2n+u−r−s−v
z̄ φ)
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Complete Class of Primaries

Harmonic condition must be accounted for. Use Hook variables and write
Harmonic conditions (one in each of the n sets of coordinates) in terms of
the hook variables.

There is again a ring structure. Star product on harmonic polynomials.
Associative.

Construction algorithm given.
[dMK, Ramgoolam]
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Vector Model

To construct a primary, distribute derivatives among

φI1φI1φI2φI2 · · ·φInφIn

Ia are summed from 1 to N.

The symmetry is broken from S2n to the wreath product Sn[S2] ⇒ must
project V⊗2n

+ to trivial of Sn[S2].

χHn(s, x , y) =
1

2nn!

∑
σ∈Sn[S2]

TrV⊗2n(σM⊗2n)

M = s∆xJ
L
3 yJ

R
3
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Vector Model

∞∑
n=0

tnχHn(s, x , y) =
∞∏
q=0

q
2∏

a=− q
2

q
2∏

b=− q
2

1√
(1− ts2q+2x2ay2b)

×
∞∏

q2=0

q2
2∏

a2=− q2
2

q2
2∏

b2=− q2
2

∞∏
q1=0

q1
2∏

a1=− q1
2

q1
2∏

b1=− q1
2

1√
(1− tsq1+q2+2xa1+a2yb1+b2 )

Z2n(s, x , y) = χHn(s, x , y)(1− s
√
xy)(1− s

√
x

y
)(1− s

√
y

x
)(1− s

√
xy

)

=
∞∑
d=0

∑
j1,j2

N
O(N)
[2n+d,j1,j2]s

2n+dχj1 (x)χj2 (y)

G
O(N)
2n (s, x , y) =

∞∑
d=0

∑
j1,j2

N
O(N)
[2n+d,j1,j2]s

2n+dx j1y j2 =

[
(1− 1

x
)(1− 1

y
)Z2n(s, x , y)

]
≥
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Vector Model

G
O(N),max
4 (s, x , y) =

s4(1− s6x3y3)

(1− s2xy)2(1− s3x
3
2 y

3
2 )(1− s4x2y2)

G
O(N),max
6 (s, x , y) =

s6(1− s
√
xy + s3x

3
2 y

3
2 − s7x

7
2 y

7
2 + s9x

9
2 y

9
2 − s10x5y5)

(1− s
√
xy)(1− s2xy)2(1− s3x

3
2 y

3
2 )(1− s4x2y2)(1− s6x3y3)

By tracing over projectors to the trivial of Sn[S2] we have

G
O(N),max
2n (q) = s2n

∑
Λ`2n
Λeven

ZSH(q,Λ)

[Caputa, dMK, Diaz]
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Matrix Model
Primaries obtained by derivatives on (Trφ2)Tr(φ), we have an S2 × S1
invariance ⇒ project to trivial ( , ) of S2 × S1. S2 permutes (z1,w1)
and (z2,w2). This rep is subduced by and by .

Z zw
(Trφ2)Tr(φ) = s3ZSH(s

√
xy , )ZSH(s

√
x

y
, )

+ 2s3ZSH(s
√
xy , )ZSH(s

√
x

y
, )

+ s3ZSH(s
√
xy , )ZSH(s

√
x

y
, )

+ s3ZSH(s
√
xy , )ZSH(s

√
x

y
, )

+ s3ZSH(s
√
xy , )ZSH(s

√
x

y
, )

+ s3ZSH(s
√
xy , )ZSH(s

√
x

y
, )

+ s3ZSH(s
√
xy , )ZSH(s

√
x

y
, )

=
s3(1 + s2x)

(1− s
√
xy)2(1 + s

√
xy)(−1 + s

√
xy)2(1 + s

√
xy)
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Matrix Model
Primaries obtained by derivatives Tr(φ3), we can take σ = (123) which is
Z3 invariant. Need to project to the trivial of Z3. Subduced by and

by Thus

Z zw
(Trφ3) = s3ZSH(s

√
xy , )ZSH(s

√
x

y
, )

+ 2s3ZSH(s
√
xy , )ZSH(s

√
x

y
, )

+ s3ZSH(s
√
xy , )ZSH(s

√
x

y
, )

+ s3ZSH(s
√
xy , )ZSH(s

√
x

y
, )

+ s3ZSH(s
√
xy , )ZSH(s

√
x

y
, )

=
s3
(

1 + s4x2 − (s
√
x + s3x

3
2 )( 1√

y +
√
y) + s2x( 1

y + 3 + y)
)

(1− s
√

x
y )2(1− s

√
xy)2(s2 x

y + s
√

x
y + 1)(1 + s

√
xy + s2xy)
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Free Fermions

The basic formula we will use is

det(1 + tM) =
∞∑
n=0

tnχ(1n)(M) ,

Since we consider fermions we must put them into the antisymmetric 1n

representation. Simple computation shows

∞∏
q=0

q+1
2∏

a=− q+1
2

q
2∏

b=− q
2

(1 + ts
3
2

+qxayb) =
∞∑
n=0

tnχ(1n)(s, x , y)

To count the primaries we again need to decompose

χ(1n)(s, x , y) =
∑

[∆,j1,j2]

N[∆,j1,j2]χ[∆,j1,j2](s, x , y) .
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Free Fermions

To count the primaries we again need to decompose

χ(1n)(s, x , y) =
∑

[∆,j1,j2]

N[∆,j1,j2]χ[∆,j1,j2](s, x , y) .

Simpler to study

Zn(s, x , y) ≡
∑

∆,j1,j2

N[∆,j1,j2]s
∆χj1(x)χj2(y) ,

Zn(s, x , y) = (1− s
√
xy)(1− s

√
x

y
)(1− s

√
y

x
)(1− s

√
xy

) χ(1n)(s, x , y) .

and finally

Gn(s, x , y) ≡
∑

∆,j1,j2

N[∆,j1,j2]s
∆x j1y j2 .

Robert de Mello Koch ( Workshop on Quantum Geometry, Field Theory and Gravity)Primary Fields in Free CFT4 September 20, 2019 35 / 40



Free Fermions
Leading twist

Gmax
n (s, x , y) = (s

√
xy)

n(n−1)
2 (s

3
2
√
x)n

n∏
k=2

1

1− (s
√
xy)k

Extremal primaries

G ext
3 (s, x , y) =

s
13
2 x

5
2 (1 + s

√
xy

3
2 )

(1− s4x2)(1− s2xy)(1− s3x
3
2 y

3
2 )

Z ext
3 (s, x , y) = s

9
2 x

3
2

(
ZSH(s

√
xy , )ZSH(s

√
x

y
, )

+ ZSH(s
√
xy , )ZSH(s

√
x

y
, )

+ ZSH(s
√
xy , )ZSH(s

√
x

y
, )

)
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Free Fermions

Kµ =
∂

∂xµ
D =

(
x · ∂

∂x
− 3

2

)
Mµν = xµ

∂

∂xν
− xν

∂

∂xµ
+Mµν

Pµ = (x2 ∂

∂xµ
− 2xµx ·

∂

∂x
+ 3xµ − 2xνMµν)

where

Mµν = σµν (σµν)α
β =

1

4
(σµσ̄ν − σν σ̄µ)α

β ,

Primary conditions: [
Kµ,O

]
= 0 =

[
σµPµ,O

]
Holomorphic translation invariant polynomials are a simple class.
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Free Fermions

(z1 − z2)2s+1 ↔
2s+1∑
k=0

(−1)k

((2s − k + 1)!k!)2
(∂1 + i∂2)kψ(x)(∂1 + i∂2)2s−k+1ψ(x)

[Craigie, Dobrev, Todorov]

Two more
ψ(0)Pzψ(0)Pwψ(0)

1

3
PwP

2
zψ(0)Pwψ(0)ψ(0) +

1

3
Pzψ(0)P2

wPzψ(0)ψ(0)

+
1

4
P2
wψ(0)P2

zψ(0)ψ(0) + 2PwPzψ(0)Pzψ(0)Pwψ(0)
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Future directions

Have displayed a new algebraic structure: primaries of free field theory
close a ring. Product of ring is NOT usual OPE. Coherence of products?
Will we learn something about OPE coefficients?

Write down the primaries for small numbers of fields for free matrix and
vector models.

Extension to free Dirac fermions? Free gauge fields?

Interacting CFT?

Applications to effective field theory?
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Thanks for your attention!
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