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Interaction via deformation

Interaction via deformation

example: relativistic particle in einbein formalism

S =

∫
dτ

(
1

2e
gµν(x)ẋµẋν − 1

2
em2 + Aµ(x)ẋµ

)
 pµ =

1

e
gµν ẋ

ν+Aµ

SH =

∫
pµdx

µ−1

2
e
(
(pµ − Aµ)2 + m2

)
dτ ← pµ: canonical momentum

SH =

∫
(pµ + Aµ) dxµ − 1

2
e
(
p2
µ + m2

)
dτ ← pµ: physical momentum

ω′ = d
(
pµ + Aµ

)
∧ dxµ  

{pµ, pν}′ = Fµν , {xµ, pν}′ = δµν , {xµ, xν}′ = 0

{pλ, {pµ, pν}′}′ + cycl. = (dF )λµν = (∗jm)λµν ← magnetic 4-current

magnetic sources ⇔ non-associativity



Interaction via deformation

Quantization

I canonical? depends. . . (X)

I deformation quantization X

I path integral X

Deformed CCR:

[pµ, pν ] = i~Fµν , [xµ, pν ] = i~δµν , [xµ, xν ] = 0, [γµ, γν ]+ = 2gµν

Let p = γµpµ and H = 1
2p

2  correct coupling of fields to spin

H = 1
8

(
[γµ, γν ]+[pµ, pν ]+ + [γµ, γν ][pµ, pν ]

)
= 1

2p
2 − i~

2 S
µνFµν

Lorentz-Heisenberg equations of motion (ignoring spin)

ṗµ = i
~ [H, pµ] = 1

2 (Fµν ẋ
ν + ẋνFµν) with ẋν = i

~ [H, xν ] = pν

this formalism allows dF 6= 0: magnetic sources, non-associativity



Interaction via deformation: monopoles

local non-associativity: 1
3 [pλ, [pµ, pν ]] dxλdxµdxν = ~2dF = ~2 ∗jm

jm 6= 0 ⇔ no operator representation of the pµ!

spacetime translations are still generated by pµ, but magnetic flux Φm

leads to path-dependence with phase e iφ; where φ = iqeΦm/~
globally:

Φm =

∫
S

F =

∫
∂S

A ↔ non-commutativity

Φm =

∫
∂V

F =

∫
V

dF =

∫
V

∗jm = qm ↔ non-associativity

global associativity requires φ ∈ 2πZ ⇒ qeqm
2π~

∈ Z Dirac quantization

non-relativistic version: Jackiw 1985, 2002



Graded spacetime mechanics

Graded Poisson algebra on T ∗[2]⊕ T [1]M

{θ
1

µ, θ
1

ν} = 2g
0

µν(x) {p
2
µ, x

0

ν} = δ
0

ν
µ {pµ, f (x)} = ∂µf (x)

associativity/Jacobi identity ⇔ metric connection

{p
2
µ, θ

1

α} = ∇µθα = Γαµβθ
1

β

{pµ, {θα, θβ}} = 2∂µg
αβ = {{pµ, θα}, θβ}+ {θα, {pµ, θβ}}

and curvature

{{pµ, pν}, θα} = [∇µ,∇ν ]θα = θβRβ
α
µν

⇒ {p
2
µ, p

2
ν} = 1

4θ1
βθ

1

αRβαµν



Graded spacetime mechanics

symmetries = canonical transformations

I generator of degree 2 (degree-preserving):

vα(x)pα + 1
2 Ωαβ(x)θαθβ  local Poincare algebra

I generators of degree 1:

V = Vα(x)θα  {V ,W } = 2g(V ,W ) Clifford algebra

I generators of degree 3:

Θ = θαpα (+ 1
6Cαβγθ

αθβθγ)

I generators of degree 4:

H = 1
2g

µν(x)pµpν + 1
2 Γβµν(x)θµθνpβ + 1

16Rαβµν(x)θαθβθµθν

 SUSY algebra 1
4{Θ,Θ} = H



Graded spacetime mechanics

Graded Poisson algebra on T ∗[2]M ⊕ T [1]M: {pµ, xν} = δνµ

{θµ, θν} = 2gµν(x) {pµ, θα} = Γαµβθ
β {pµ, pν} = 1

2θ
βθαRβαµν

Equations of motion with Hamiltonian (Dirac op.) Θ = θµpµ

dA

dτ
= 1

2{Θ, {Θ,A}} = 1
2{{Θ,Θ},A} −

1
2{Θ, {Θ,A}} =: {H,A}

and derived Hamiltonian

H = 1
4{Θ,Θ} = 1

2g
µνpµpν + 1

2θ
µθνΓβµνpβ + 1

16θ
αθβθµθνRαβµν

For a torsion-less connection, only the first term is non-zero.

Derived anchor map applied to V = Vα(x)θα:

h(V )f = {{V ,Θ}, f } = Vα(x)gαβ∂βf



Graded spacetime mechanics

Equations of motion (cont’d)

dxµ

dτ
= 1

2{Θ, {Θ, x
µ}} = { 1

2g
αβpαpβ , x

µ} = gµνpν

dpν
dτ

= { 1
2g

αβpαpβ , pν} = 1
2 (∂µg

αβ)pαpβ = gΓµ
αβpαpβ

with any metric-compatible connection gΓ; pick a WB connection. . .

Geodesic equation:

d2xµ

dτ 2
= { 1

2g
αβpαpβ , g

µνpν} = −dxα

dτ
LCΓαβ

µ dx
β

dτ

Nice warmup example and useful in its own right. For the grander scheme
with B-field, dilaton, stringy symmetries, we need to double up . . .



Graded geometry

Graded Poisson manifold T ∗[2]T [1]M

I degree 0: x i “coordinates”

I degree 1: ξα = (θi , χi )

I degree 2: pi “momenta”

symplectic 2-form

ω = dpi ∧ dx i +
1

2
Gαβdξ

α ∧ dξβ = dpi ∧ dx i + dχi ∧ dθi

even (degree -2) Poisson bracket on functions f (x , ξ, p)

{x i , x j} = 0, {pi , x j} = δji , {ξα, ξβ} = Gαβ

metric Gαβ : natural pairing of TM, T ∗M:

{χi , θ
j} = δji , {χi , χj} = 0 , {θi , θj} = 0



Graded geometry

degree-preserving canonical transformations

I infinitesimal, generators of degree 2:

vα(x)pα + 1
2M

αβ(x)ξαξβ  diffeos and o(d , d)

I finite, idempotent (“coordinate flip”): (χ̃, θ̃) = τ(χ, θ) with τ 2 = id

 generating function F of type 1 with F (θ, θ̃) = −F (θ̃, θ):

F = θ · g · θ̃ − 1
2 θ · B · θ + 1

2 θ̃ · B · θ̃

χ =
∂F

∂θ
= θ̃ · g + θ · B , χ̃ = −∂F

∂θ̃
= θ · g + θ̃ · B

⇒ τ(χ, θ) = (χ, θ) ·
(

g−1B g−1

g − Bg−1B −Bg−1

)
 generalized metric



Generalized geometry

Generalized geometry as a derived structure

Cartan’s magic identy:

LX = [iX , d ] ≡ iXd + d iX

Lie bracket [X ,Y ]Lie of vector fields as a derived bracket:

[[iX , d ], iY ] = [LX , iY ] = i[X ,Y ]Lie
with [d , d ] = d2 = 0



Generalized geometry

Generalized geometry as a derived structure

degree 3 “Hamiltonian”: Dirac operator

Θ = ξαhiα(x)pi + 1
6Cαβγξ

αξβξγ︸ ︷︷ ︸
twisting/flux terms

For e = eα(x)ξα ∈ Γ(TM ⊕ T ∗M) (degree 1, odd):

I pairing: 〈e, e′〉 = {e, e′}
I anchor: h(e)f = {{e,Θ}, f }
I bracket: [e, e′]D = {{e,Θ}, e′}



Generalized geometry

Generalized geometry as a derived structure
Courant algebroid axioms from associativity and {Θ,Θ} = 0:

h(ξ1) 〈ξ2, ξ2〉 = {{Θ, ξ1}, {ξ2, ξ2}}
= 2{{{Θ, ξ1}, ξ2}, ξ2} = 2 〈[ξ1, ξ2] , ξ2〉 (axiom 1)

= 2{ξ1, {{Θ, ξ2}, ξ2}} = 2 〈ξ1, [ξ2, ξ2]〉 (axiom 2)

[ξ1, [ξ2, ξ3]] = {{Θ, ξ1}, {{Θ, ξ2}, ξ3}}

= [[ξ1, ξ2], ξ3] + [ξ2, [ξ1, ξ3]] +
1

2
{{{{Θ,Θ}, ξ1}, ξ2}, ξ3}.

{Θ,Θ} = 0 ⇔ [ , ]-Jacobi identity (axiom 3)



Generalized differential geometry

generalized Lie-bracket (involves anchor h : E → TM)

[[V ,W ]] = −[[W ,V ]] , [[V , fW ]] = (h(V )f )W + f [[V ,W ]]

generalized connection and miracoulus identity

∇V (fW ) = (h(V )f )W + f∇VW , ∇fVW = f∇VW

〈∇VW ,Z 〉 = 〈[W ,Z ],V 〉 − 〈[[W ,Z ]],V 〉

generalized curvature and torsion

R(V ,W ) = ∇V∇W −∇W∇V −∇[[V ,W ]]

T (V ,W ) = ∇VW −∇WV − [[V ,W ]]



Deformation

deformation by generalized vielbein E

Ω = dx i ∧ dpi + dθi ∧ dχi

deformation by change of coordinates in the odd (degree 1) sector
two choices:(

θ
χ

)
7→
(

1 0
g + B 1

)
·
(
θ
χ

)
and

(
1 Π + G

−g + B 1

)
·
(
θ
χ

)
Boffo, PS 1903.09112 and in preparation

now crank the “machine” (deformed derived bracket, connection, project,
Riemann, Ricci)  (effective) gravity actions . . .



Graded/generalized geometry and gravity

generalized Koszul formula for nonsymmetric G = g + B

2g(∇ZX ,Y ) = 〈Z , [X ,Y ]′〉′

= XG(Y ,Z )− YG(X ,Z ) + ZG(X ,Y )

−G(Y , [X ,Z ]Lie)− G([X ,Y ]Lie,Z ) + G(X , [Y ,Z ]Lie)

= 2g(∇LC
X Y ,Z ) + H(X ,Y ,Z )

⇒ non-symmetric Ricci tensor

Rjl = RLC
jl −

1

2
∇LC

i H i
jl −

1

4
H i

lm H m
ij R = Gijg ikg jlRkl

⇒ gravity action (closed string effective action) after partial integration:

SG =
1

16πGN

∫
ddx
√
−g
(
RLC − 1

12
HijkH

ijk

)
Khoo, Vysoky, Jurco, Boffo; PS



Graded/generalized geometry and gravity

This formulation consistently combines all approaches of Einstein:
Non-symmetric metric, Weitzenböck and Levi-Civita connections,
without any of the usual drawbacks.

The dilaton φ(x) rescales the generalized tangent bundle. The
deformation can be formulated in terms of vielbeins

E = e−
φ
3

(
1 0

g + B 1

)
E−1∂iE =

(
− 1

3∂iφ 0
∂i (g + B) − 1

3∂iφ

)
Going through the same steps as before we find in d = 10

S =
1

2κ

∫
d10x e−2φ√−g

(
RLC − 1

12H
2 + 4(∇φ)2

)
Boffo, PS



More deformation

Link to gauge theory:
deformation of symplectic form Ω′  gauge field A

Moser’s lemma

Let Ωt = Ω + tF , with Ωt symplectic for t ∈ [0, 1].

dΩt = 0 ⇒ dF = 0 ⇒ locally F = dA

Ω′ ≡ Ω1 and Ω are related by a change of phase space coordinates
generated by the flow of a vector field Vt defined up to gauge
transformations by the gauge field iVt Ωs = A, i.e. Vt = θs(A,−).

Proof: LVt Ωt = iVtdΩt + d iVt Ωt = 0 + dA = d
dt Ωt . Moser 1965

Quantum and Poisson versions of the lemma: Jurco, PS, Wess 2000-2002



More deformation

our initial example:

deformation by a gauge field A

Ω′ = dx i ∧ dpi + 1
2Fij(x)dx i ∧ dx j , dF = 0, locally F = dA

Ωt = Ω + t dA , A = Ai (x)dx i

Vt = Ai (x)
∂

∂pi
, LVt  ρ[A](p) = p + A

{pi , x j}t = δji

{pi , pj}t = t Fij(x)

gauge transformation δA = dλ ↔ δρ[A]: canonical transformation

non-abelian versions: Aαi (x)`αdx
i and Ab

ia(x)θaχbdx
i

 Abelian and non-abelian gauge theory



More deformation

deformation by a spin connection ω

Ω = dx i ∧ dpi + 1
2ηabdθ

a ∧ dθb θa = eai θ
i , gij = eai e

b
j ηab

Ωt = Ω + t dω , ω = ωi (x , θ)dx i = 1
2ωiab(x)θaθbdx i

Vt = ωi∂pi , LVt  ρ[ω](p) = p + ω

{pi , x j}t = δji {θa, θb}t = ηab

{pi , θa} = t ηabωibc(x) θc ωibc = −ωicb

{pi , pj}t = t Rij R = dω + tω ∧ ω

gauge transformation δω = dλ ↔ δρ[ω]: canonical transformation

 Einstein-Cartan gravity



More deformation

deformation by a general connection Γ

Ω = dx i ∧ dpi + dθi ∧ dχi

Ωt = Ω + t dΓ , Γ = Γidx
i = Γij

k(x)θjχkdx
i

Vt = Γi∂pi , LVt  ρ[Γ](p) = p + Γ

{pi , x j}t = δji {χi , θ
j}t = δji

{pi , θj} = t Γj
ikθ

k {pi , χj} = −t Γk
ijχk

{pi , pj}t = t Rk
l
ijθ

kχl Rk
l
ij = ∂iΓ

l
jk − ∂jΓl

ik + Γm
ikΓl

jm − Γm
jkΓl

im

gauge transformation δΓ = dΛ ↔ δρ[Γ]: canonical transformation

 General relativity and alternative gravity theories



Non-associativity, non-metricity, gravitipoles

Non-associativity
The Jacobi identity playes a pivotal role; its violation has drastic effects:

I {pµ, θα, θβ} 6= 0 ⇒ non-metricity of connection ∇
I {pα, pβ , pγ} 6= 0 ⇒ gravito-magnetic sources, mass quantization

Shifted orbit in the presence of a gravitipol:



Conclusion

I deformation: combines best aspects of Lagrange and Hamilton

I generalized geometry provides a perfect setting for the formulation
of theories of gravity

I our approach is based on deformed graded geometry and is algebraic
in nature: almost everything follows from associativity as unifying
principle (which can be generalized)

I non-associativity ⇒ non-metricity, gravitipoles, mass quantization

Thanks for listening!


