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k-Minkowski

[X07Xi] = i)‘Xi7 [Xivxj] =0,
ij€{1,2,3}

0

where x” = ct, sometimes A = 1/k, hence the name
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Introduction

k-Minkowski not invariant under Poincaré
Invariant under non commutative generalization: k-Poincaré

k-Poincaré, k-Minkowski = group manifold becomes a n.c. space

4

Principle of Non Localizability

AxOAXT > %](x’)]

Somehow similar to Heisenberg principle
- _h
ApiAq > >
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Representing x-Minkowski

Operator Representation for x-Minkowski

We introduce the following representation as operators on L?(IR3)
KY(x) = XY(x),

26 = iA (Zxaw )W) A(r0r+ 3 ) vt

which is compatible with k-Minkowski commutators.

Other representation are allowed. We want to consider those in

future works.
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The Time Eigenvalue Equation

0

Since X° commutes with all spherical harmonics, we adopt polar

basis (r, 6, ¢) and we solved eigenvalue equation.

iA (r@, + g) r* =iXa+ g)ra =Llar®, Lo =iNa+ g)

We want eigenvalues to be real!

{ﬁaeR}@{a:—g—iT,TeR}

The adimensional 7 is related to time t = %7’
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Representing x-Minkowski

Between Time and Space

Eigenfunction of Time

_3_
A

)\—iT

d = r_%e_iT Iog(ﬁ)

T r] =

Self-adjointness of operators allow us to expand ¥(r, 6, ) on
functions { T[r]}

P(r,0,9) = \/% /_OO drr2e imo8(3)y(r, 0, )
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Representing x-Minkowski

Between Time and Space

Eigenfunction of Time

_3_
A

)\—iT

d = r_%e_iT Iog(ﬁ)

T r] =

Self-adjointness of operators allow us to expand ¥(r, 6, ) on
functions { T[r]}

P(r,0,9) = \/% /_OO drr2e imo8(3)y(r, 0, )

Of course this is not a Fourier transform...
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Representing x-Minkowski

...it is a Mellin transform!

* d 3 ry ~ ~
wlroe) = [ e e )0 0,0) = M7 [0 0.6),

dr

J(Tﬁ,w):/ooom

rie e (5)y(r, 0, 0) = M [@b(r, 0, ), g + iT]
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Representing x-Minkowski

...it is a Mellin transform!

w(r.0,¢) :/oo d:T riemoe(R)(r,0,0) = M7 [(7.0,0), 1]

3(r,0,0) = /0 jzr—ﬂr%e”'%(i)w(r,e,so):M [¢(r,9,¢) >

,§+IT:|

Good News: It is still an isometry!

The above transformation preserves the norm

| ar R = [ ariop
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Representing x-Minkowski

Physical Interpretation

Our Conjecture
We assume the usual theory of measurements and
observables to stand in this framework.

As an example, the average time measured by an observer would be

800 =an [ Fariteia (ro.+ 3 ) u0)
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Points at the origin of space

We recall space-time uncertainty

AxPAX >

(x|

N | >
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Representing x-Minkowski

Points at the origin of space

We recall space-time uncertainty

AxOAXT > %|<x'>|

(x') on the right hand side suggests spatial localized states to be

possible at spatial origin.

We have to search for states that saturate uncertainty bound.

13/32
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Representing x-Minkowski

Gaussian —  log-Gaussian

log-Gaussians play the role of coherent states

_ (log r—log r0)2
L(r,r0) = Ne 2
L(1.r0) | rozexp(-207)
20
— o=1
15 — og=15
— 0=1.75
— g=2
10
— 0=2.25
5
— T N —— I
0.1 0.2 0.3 04 0.5
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Representing x-Minkowski

The average values of r" and (£0)" are

0 n odd

2
an\  _ . Z-n(n+6) .n. 0ymy 1 (A"
(FM)L=es ro's ()= 4n (a) { (n—1)N n even

Eigenstate of the origin

There is a localized state |o) localized at origin (7 =0, r =0).

Multiplication by i7" shifts time

We have a one parameter family of states localized at spatial origin
at different time

{lo),} :=={]o), is localized at r =0, 7 # 0}
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A representation of the k-Poincaré quantum group

k-Poincaré quantum group

The noncommutative algebra of functions P, generated by A*,
and a* that leave xk-Minkowski commutation relations invariant

under the transformation:
x5 Xt =N, @x"+a'®1.

[x" x| =i\ (5“0 X" — 8% X/'LL)

k-Poincaré commutation relations

[a*,a"] = i\ (0¥g @ — 6%p a") , D ] =1
[A,, 8] = iX [(AV5070 — 6"0) A, + (A7,6% — 8°,) nt] .
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A representation of the k-Poincaré quantum group

Hopf Algebra Structure

Coproduct A : Py, — P @ Py
A(@")=a" N, +1®a", AN)) =N, N,
Antipode S : P — Ps
S(a)=—a" (N, S(V) = (AR,
Counit e : P, — C,
e(a") =0, e(A\*) = oMy,

Have to be homorphisms with respect to the commutation relations
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A representation of the k-Poincaré quantum group

A representation for k- Poincare

Long story short, a representation on L?(so(3,1)) turns out to be
non faithful. Thus we enlarged the Hilbert space with 3 more
coordinates g’ € R3:L2(SO(3,1)) = L?(s0(3,1) x R?)
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A representation of the k-Poincaré quantum group

A representation for k- Poincare

Long story short, a representation on L?(so(3,1)) turns out to be
non faithful. Thus we enlarged the Hilbert space with 3 more
coordinates g’ € R3:L2(SO(3,1)) = L?(s0(3,1) x R?)

A faithful (although complicated) representation

_ 3 ; 09 '
P = (v = I_- MI”
¢ 1)\50<2¢>(q,w)+qaq,>+5 q ¢
0
. woso su p o 0 <0 HoT AV ;
I [(W567 — 8P0) Ay + (A7,0% — 6%) n }Aaawua'¢’

/\“uqb = /\Mu(w)gb = (exp W)MV¢’

where ¢ = ¢(q,w) with g € R and w € s0(3,1).
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Observers and Reference Frames

Observers and Reference Frames

Algebra of %/ 20 and its states-represent position and time in

r-Minkowski.
Question: Who is the observer?
We have been implicitly assumed that measurement are carried out
by an observerin the origin.
Symmetry is the quantum. x-Poincaré, it_is impossible to locate the
position of transformed observer (translation do not commute).

Question:How do we change the observer?

State of the observer!

Algebra of a's and A's represent the state of a translated and

Lorentz transformed observer
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Observers and Reference Frames

Identity Transformation state

We define the state o), of Py such that
p{olf(a,A)|o)p = &(f)

The state returns the value of the function on the identity

transformation.

It describes the Poincaré transformation between two coincident

observers
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Observers and Reference Frames

Physical Interpretation

Consider two different observers

Alice Bob
(at the origin)  (in relative motion)
1®x¥ AN, @x"+ a1

both coordinates are x#, X" € P, @ M,
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Observers and Reference Frames

Physical Interpretation

Consider two different observers

Alice Bob
(at the origin)  (in relative motion)
1®x¥ AN, Rx¥+a*®1

both coordinates are x#, X" € P, @ M,

We take direct sum of the
representation of P, and M,.
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Observers and Reference Frames

States of a transformed observer

lg) € L2 (50(3,1) x R?) lv) € L2 (R3)
(related to the observer) (related to the event)

Generic element of Hilbert space

&, ¥) = lg) ©[¢)
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Observers and Reference Frames

States of a transformed observer

lg) € L2 (50(3,1) x R?) lv) € L2 (R3)
(related to the observer) (related to the event)

Generic element of Hilbert space

&, ¥) = lg) ©[¢)

Expectation values measured by Bob are related to those measured
by Alice through relation

(M) =(gl® @M, @x"+a"®1)|g) @)
= (g|N"]g) (®|x" ) + (gla"|g)

(averages transforms with averaged r-Poincaré transformation rule) =



Observers and Reference Frames

Example: Transforming the origin state

The origin state for Alice is:

1, 0) = [o)p @ o)
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Observers and Reference Frames

Example: Transforming the origin state

The origin state for Alice is:
1,0) = |o)p @ o)

...and for Bob:
lg,0) =|g) ® o)

We want to know what Bob measures with the coordinates centred

on his reference frame

(x") = (gIN"|g){olx"|o) + (g|a"|g) (o]0},
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Observers and Reference Frames

(x") = (gIN",|g){olx" o) + (gla"|g){olo),

Since (0| x” |o) = 0 and (o|o) =1 we have:

(x") = (gla"lg)
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Observers and Reference Frames

(x") = (gIN",|g){olx" o) + (gla"|g){olo),

Since (o] x" |o) =0 and (o|o) = 1 we have:

(x'M) = (gla"|g)

The expectation value of coordinates x’ is fully determinated by

the expectation value of translation a
This is natural: the different observers are comparing positions, not
directions.
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Conclusions and Outlooks

onclusions ans Outlooks

o We gave representation of x-Minkowski algebra as operators
on Hilbert space L?(R3)

o We adopted observables interpretation and discussed physical
meaning

o We gave representation of x-Poincaré group as operators on
Hilbert space L? (SO(3,1) x R3)

o We implemented all the above results to introduce
transformations between different observers

o We developed a new framework based on a representation of
P ® M, as operators on L? (50(3,1) x ]R{g x R®) in which a
state has informations about both the event and the observer

who is staring at it.
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Conclusions and Outlooks

Future Perspectives

o Introduce the whole phase space or at least some notion of
momentum space

o Introduce dynamics and evolution parameter for observers

and events

o Better understand the role of Xy and time t in the dynamics.
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ANY QUESTIONS?



	Introduction
	Representing -Minkowski
	A representation of the -Poincaré quantum group
	Observers and Reference Frames
	Conclusions and Outlooks

