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INTRODUCTION AND MOTIVATION

Exact (3-functions and non-perturbative symmetries

1. Inarenormalizable field theory, its quantum behaviour is encoded within the RG flows
pr = dA
dln p?

which are usually determined perturbatively.
2. Can we obtain the all-loop 3-function?
3. Any non-perturbative symmetries?

4. New fixed points towards the IR?

We study the above in the non-Abelian Thirring model
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NON-ABELIAN THIRRING MODEL

Consider the WZW action Witten (1983):

k 2 -1 -1 k —14.\?
Swzw,k(g) =—-— | d°aTr (g 0+88 a,g) + = Tr (g dg) )

27 127t Jp
invariant under the left-right current algebra symmetry: g — Q' (04 ) g Q(o_).
The non-abelian Thirring model is defined through

A
S = Swzw () + k =2 J d’ose
s
The currents and the adjoint action are defined through
JU=—iTr(ta01gg™"), J@=—iTrltag ' 3-8), Dup=Trltagtog™ '),

where DucDpe = Sap, [tay tp] = ifupete, Tr(taty) = dap and fuca foca = €G Sap -



NON-ABELIAN THIRRING MODEL

Symmetries of the non-abelian Thirring model:

A
S = Swzwi(g) +k Tb J d?ore Jb

1. The left-right current algebra symmetry is broken for a generic matrix A,

2. Itis invariant under the generalized parity symmetry:

A= AT, g gt oF —oF

3. The operator driving the perturbation is marginally relevant Kutasov (1989)

A cgN? 1
— SN L o(=), Aw=Ab
B 2k(1+>\)2+ (kz , b b

4. The corresponding “effective action” is invariant under the inversion of the coupling
Kutasov (1989)
A=A ke —k—cg

How about an effective action?
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THE EFFECTIVE ACTION

By a gauging procedure we can construct the following action Sfetsos (2013)

_ k 2 _qa —1 T\ = b
Sk,a(8) = Swzwk(g) + - Jd cJ4 ()\ D )ub Jo

Interpolating between a WZW at A, = 0 and the non-Abelian T-dual of the PCM at A, — dyp-

Properties

1. For Ay < 845 we get the non-Abelian Thirring model

A
S = Swzw’k(g] +k%b J dz()'.]z_ Jli

2. Invariance under the generalized parity symmetry: g — g~ !, ot — oF

3. Explicit weak-strong duality: S_; 5 1 (g7") =Skalg)

4. Interesting limits around A,, = £, — non-Abelian T-dual of PCM and pseudo-chiral
model



ONE LOOP

Consider a 1+1-dimensional non-linear o-model with action

2
=5 Jd 0Euv 04 X9_XY, Euv = Guv + Buv

The one-loop (-functions for G and By~ read:

Ecker—Honerkamp 71, Friedan 80, Braaten—Curtright—Zachos 85

dEuv
dlnpu?
with and the last term corresponds to field redefinitions (diffeomorphisms).

:R;v+vw+/£uv

Generalities

» The Ricci tensor and the covariant derivative include torsion terms, i.e. H = dB
» The o-model is renormalizable within the zoo of metrics and 2-forms

» Not given that the RG flows will retain the form at hand of G, and B+
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AN EXAMPLE

Consider the effective action for g € SU(2) case and A\, = diag(A, A, 1)

(cos @dw + sin @ cot wdp)?, 0< A< 1

1—A
2 2 2 2
ds 7k1 )\(dw + cot” wde )+4k1 e

describing the A-deformed su(2)/u(1) coset CFT Sfetsos (2013)
The RG flow at one-loop in !/k expansion reads Itsios—Sfetsos—KS (2014)

A 1
BA:,E O(ﬁ)’ Eu =00, @ =-2Insinw

where k does not run with the energy scale.

Properties of the 3-function:

1. Itis linear on A, the operator driving the perturbation is relevant with A = 2 — 2/k
2. RG flows: UV (coset CFT) A = 0 towards the IR (strongly coupled) A — 1~
3. It respects the weak-strong duality

AoATY, ko =k, k>

How about beyond one-loop order?




TwO LOOP

Consider again the 1+1-dimensional non-linear o-model with action

S

= el szcEw 3+ X"3_X", Euv =Gpuv +Buv

The two-loop 3-functions for G,y and By~ read:
Ecker—-Honerkamp 71, Friedan 80, Braaten—Curtright—Zachos 85, Metsaev—Tseytlin 87,
Hull-Townsend 87, Osborn 90

dE,y
dln p?

1 1
— — —KA —A 2\KA p—
=Ry +R (R Py — SR "Kv> S H)TR o+ Vi

Comments:
1. At first glance as a two-loop result it could be scheme dependent.

2. However, this is the only scheme which gives vanishing (3-function for WZW models.
Metsaev—Tseytlin 87



BACK TO THE EXAMPLE

Consider again the A-deformed SU(2);/U(1); coset CFT

1—A
1+A
‘Working out the two-loop RG flows we find that the model is NOT renormalizable.

A
ds? = k—=(dw? + cot? wd(p1]+4k1 e (cos<pdw+sm(pcotwd(p) 0<AL1

More accurately:
1. The metric does not retain its form under two-loop RG flows.
2. One needs to add counterterms?
3. Doing so, k is running under the energy scale and needs to be redefined
Hoare, Levine, Tseytlin (2019)

Puzzling... can we take a detour of the problem? Use another (equivalent) effective action?



AN EFFECTIVE ACTION

An equivalent yet simpler effective action

A
Ska = Swzw,k(g1) + Swzw k(g2) +k %b J o, J5_
Georgiou, Sfetsos (2016)

Properties:

1. Interesting limits around A, = £0,, — PCM and pseudo-chiral model Nappi (1980)

2. Itis canonically equivalent to the A-deformed action Georgiou, Sfetsos, Siampos (2017)

_ ko 10 (y—1_pr b
Sk (8) = Swzw,k(8) + - Jd oJi (7\ -D >ab J2

3. Identical 3-function and (current, composite current, etc) anomalous dimensions.
Georgiou, Sagkrioti, Sfetsos, Siampos (2017)

4. Same Zamolodchikov metric for the composite operator driving the perturbation.
Sagkrioti, Sfetsos, Siampos (2018)

5. Weak-strong duality: S—k—cc,)\*l = Skyy\ Kutasov (1989)



BACK TO THE EXAMPLE

Consider g1 » € SU(2) and A, = diag(A A, 1).

This case corresponds to a parafermionic deformation of the coset CFT %

Guadagnini, Martellini, Mintchev (1987)

kA _ _
Scoset = ScrT + ; szco , O= (W + WTWT)

E

where the metric and the two-form read

k
de = o ((chp + cos 91d@| + cos Drd@s)? + dd? + sin? D1de? + dd3 + sin® szd@g)

and

k
B= o (d + cos¥1de) A (d + cos Dd@s)
7

Zayas-Tseytlin (2000)
In addition, (W, V) are the parafermion operators

W= (049 +isind; dupy) e (W/2FP) Y = (3_9, + isin®, 0_y) e (W27

and their complex conjugates Wt and W1 respectively.

Here 1 represents a non-local function of (9;, @;), which dresses the operators to ensure
conservation 0¥ =0 =0, ¥



BACK TO THE EXAMPLE

Properties:
1. Its two-loop RG flow reads

A4 N 1

A
=————=——+0(=]<0
B k k21—7\2+ ( )

and k is not running with the energy scale.
2. The {3-function is covariant under the symmetry
A= AT k— —k—cg

to order 1/42.



BACK TO THE EXAMPLE

3. Using CFT input, the non-perturbative symmetry and well-defined limits around A = £1
(0) _ _ 1 P(A)
§K) =P C Y (O L, 51Ol o)y = 757 (1 *%ﬁ)

4. Anomalous dimension of the parafermion bilinear

21422 8 A2(3+A%)

(©) —29,B(A K Ak)oxIng(Ak) = —=
Y Aﬁ(v)+ﬁ(v)hng(v) kl*)\z kz (17)\2)2

at the UV CFT point A = O we find A =2 +vy(©) =2 — 2k



BACK TO THE EXAMPLE

5.

Using the c-theorem

dc
din = BroNC =24g(N KB > 0

we find the C-function

12 1 24 1—2A% 1
cA)=5-——= + = +0 (=
*) k1—A2 k2 (1—A2)2 ( )

with C(0) = coy =2 x 2m6 — 1 =521 21 0 ()

Analogously we can also work out the C-function for the A-deformed SU(2);/U(1)x

61+A2 121—2A2—2*
C=2—- + = ,
k1—A2 k2 (1—A2)2

withC(O):cUV:é’;ﬂrz‘g’71:27%+%+o<k%)
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CONCLUSION

We studied a relevant A-deformation of the coset CFT %, namely

Aab .
Sk A = Swzw k(g1)+Swzw k(g2)+k f J d*0J{, J5_, g12 €SUQ2), A =diag(A A1)

1. Using gravitational techniques, we find its two-loop (3-function

A4 N 1

A

=—-—-——— _+0(=)xo0
B K RIoa <k3)

which is exact in A and to order 1/x?
2. The {3-function is invariant under the (exact) symmetry
A=A k— —k—cg
to order 1/42.

3. We worked out the Zamolodchikov metric and the anomalous dimension of the composite
operator driving the perturbation.

4. We evaluated its C-function which satisfies Zamolodchikov’s c-theorem.

5. This deformation shares the same quantum properties as the A-deformed SU(2),/U(1)x

Other deformations? )




OTHER DEFORMATIONS
Similarly, we may also consider the isotropic A-deformed case
A
Ska = Swzw k(g1) + Swzw k(g2) + & fb J doli I, g12€G, Aw =N

interpolating between a UV Gy X Gy at A = 0 towards a PCM (strongly coupled) A — 1~

1. Using gravitational techniques, we find its two-loop (3-function

gh_ <o A2 & M1-2)
2k (1+A)2 " 2k2 (1—A)(1+A)S

2. Itis invariant under the symmetry

1 6 1—A
Ao (1-9C " 72) | ko —k—cg
A kK 1+A

etc

Other extensions involve different levels k; > for the WZWs, non-trivial IR fixed points
UVa—o: le X sz - IR?\:AO : Gk27k1 X le s )\0 = — <1
2

The corresponding symmetry in this case

1
Ao (1 . Cff()\,xo)) . k= —ky—cgy, kn — —ki —cG



PARAFERMIONS IN SU(2);/U(1);

The A-deformed SU(2)/U(1)x

1—A
ds* = kI—(du)2 + cot? wd(p%) + 4k (cos @dw + sin @ cot wdp)?, 0K A1

+A 1—A2
It can be understood as a parafermionic perturbation of the coset CFT
kA _ _
S = Scpr + = szo (W+WTWT)
g

where X
ScrT = — szc (6+wa,w + cot? wa+(pa,<p)
s

and (¥, V) are the parafermion operators
V=@ w+icotwdi)e (et®) W= (3 _w+icotwd_ g)e (¢-?)

with Wt and W1 their complex conjugates respectively.

Here @ represents a non-local function of (w, ¢), which dresses the operators to ensure
conservation 0¥ =0 =0,¥
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