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NC space-time from the angular twist

Twist is used to deform a symmetry Hopf algebra
Twist F is invertible bidifferential operator from the universal
enveloping algebra of the symmetry algebra

We work in 4D and deform the space-time by the following twist

F— efgeabxacg)xb

[X2,XP] =0, ab=12 X1 = 0o and Xo = x9, — ydx
F = e%m(80®(X8y*}’BX)*(Xay*an)(@aO)
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Commutation relations between coordinates are:

[0, %] = iay, All other commutation relations are zero
[£0,y] = —iax

Our approach: deform space-time by an Abelian twist to obtain
commutation relations

Angular twist in curved coordinates X; = 9y and Xo = 0,
-supose that metric tensor g, does not depend on t and ¢ coordinates
-Hodge dual becomes same as in commutative case
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e Deformation of differential calculus

f*gz,u]-"_l(f®g) w1 /\*wgz/\]:_l(wl ® wy).
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e Deformation of differential calculus
f*g:,u]-"_l(f®g) w1 /\*wgz/\]-'_l(wl ® wy).

e Action of the vector field on the differential forms is given by the
Lie derivative along that vector field X4 > w = £x,w

e Twisted Hopf algebra is
[t2,th] = ifebte,
AF(t7) FA(t)F 1,
e(t?) 0, Sr(t?) =fS(f,)S(t?)S(f%)ts.

where is

F=f"®f,, Fl=f*wf,
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Angular noncommutativity

e Product of two plane waves is

e~ IPX 4 Tiax — e—l(p+*q)~x

where is p 4+, g = R(qo)p + R(—po)g and

1 0 0 0

_ | 0 cos(%) sin(ZF) 0
R(t) = 0 —sin (%) cos(%) 0
0 0 0 1
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Angular noncommutativity

o o Xy @TiaX 4 @irX — @ i(PTaqtar) X giyes

p+xq+sr=R(r0+ qo)p+ R(—po + r0)g + R(—po — qo)r
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Angular noncommutativity

o o Xy @TiaX 4 @irX — @ i(PTaqtar) X giyes

p+xq+sr=R(r0+ qo)p+ R(—po + r0)g + R(—po — qo)r

e General case

j=1 1<k<;j J<k<N
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Deformation of the coproduct of translation
generators

e Coproducts for Py and P3 are undeformed
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Deformation of the coproduct of translation
generators

e Coproducts for Py and P3 are undeformed

Py ®@cos (3Pg) +cos (3Py) ® P1+ P ®sin (3Pg) —sin (3Py) @ P»
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Deformation of the coproduct of translation
generators

e Coproducts for Py and P3 are undeformed

Py ®@cos (3Pg) +cos (3Py) ® P1+ P ®sin (3Pg) —sin (3Py) @ P»
[ ] A‘T_P2 =
P, ®cos (5Po) +cos (5Po) ® P> — Py ®@sin (5Pg) +sin (3P) @ Py
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Deformation of the coproduct of translation
generators

e Coproducts for Py and P3 are undeformed
o« ATP; =
Py ®@cos (3Pg) +cos (3Py) ® P1+ P ®sin (3Pg) —sin (3Py) @ P»
° A}—P2 =
P, ®cos (5Po) +cos (5Po) ® P> — Py ®@sin (5Pg) +sin (3P) @ Py
e Suppose that a field (or a state) ¢, is an eigenvector of the
momentum operator P, with the eigenvalue p,: P,¢, = pu.¢p

o Then Py(¢p * ¢q) = N*{Afpu(ﬁbp ® ¢g)t = (P +x q)(p * ¢q)
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Particle decay

e Application of the x-sum of momenta to the kinematics of
particles decay

Nikola Konjik (University of Belgrade) Corfu 18 - 25 September 2019 10 / 25



Particle decay

e Application of the x-sum of momenta to the kinematics of
particles decay

e Dispersion relation is undeformed because propagator is
undeformed
E?— # + m?
and because Casimir operators are undeformed (twist does not
change the algebra structure)
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Particle decay

e Application of the x-sum of momenta to the kinematics of
particles decay

e Dispersion relation is undeformed because propagator is
undeformed
E?— # + m?

and because Casimir operators are undeformed (twist does not
change the algebra structure)

e We will look at kinematically decay of one particle in the rest to
the two other particles. Momentum law conservation is

pA+(=q)++(—r) = R(—qo—r0)-p—R(—po—10)-g—R(—po-+qo)-r
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Particle decay

e These four equations are

M=Eq+E

0=gqg,+r;
0= coS(g(M + E;))qx—sin (g(l\/l + Er))qy""cos(%Er)rx—sin (aZE,)ry
0 = cos (3 (M + E,))ay-+sin (5(M + E))axctcos (357)r-+sin (5)r
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Particle decay

e These four equations are

M=Eq+E
0=gqg,+r;
0= coS(g(M + E;))qx—sin (g(l\/l + E’))qy""cos(%Er)rx—sin (aZE,)ry
0 = cos (3 (M + E,))ay-+sin (5(M + E))axctcos (357)r-+sin (5)r

e NC effects are obviousy in the xy-plane
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Particle decay

~

Figure: Decay of particle in rest with its mass M in xy-plane.

_ aM
Ago—aT
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Scalar U(1), gauge theory

If a one-form gauge field A = Au * dx* is introduced to the model
through a minimal coupling, the relevant action becomes

A n Ao a A A
Slg, Al = /(d¢—’A*¢> /\**H<d¢—1A*¢)
T T
I¢+ * Q€abed e? A« eb Ay €° Ay ed

_ / dx /g * (8"« Db % Db — 125" 5 )
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After expanding action and varying with respect to &+ EOM is
1
g" (Duqus - rwam) - Zeaﬁgﬂ”(ou(mw) — T FapDro

—2D,,(FavDgo) + 2F;>,/Fa>\DB¢ — 2D5(FQ#D,,¢>)) =0
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Scalar field in the Reissner—Nordstrom

background
RN metric tensor is
f 0 0 0
o -1 o0 0
Ew=10 0 -2 0
0 0 0 —r?sin%0

with f =1 — 2’\fG + T which gives two horizons (ry and r_)
Q-charge of RN BH

M-mass of RN BH

Non-zero components of gauge fields are Ay = —ﬁ i.e. Fro= 1—9
g-charge of scalar field
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EOM for scalar field in RN space-time

1 2I\/IG 2Q?
(?8,_?—A+(1—f)62 0, +2i9Q at "rf; )¢>
aqQ /, MG G02
+ 2 (- 25009, +rf88)¢

where a is 6%¢
Assuming ansatz ¢m(t, r,0,¢) = Rim(r)e “tY™(0, ¢) we got
equation for radial part

L2, MG 0+1) 1, qQ.

Rin+ (1= )R = (T2 = 7 = 57 Rin
2

ima 7<("LG cQ =3 )Rim + 1R}y ) =0

(1)
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NC QNM solutions

QNM

-Detection of the gravitational waves can help better understanding of
structure of space-time

-Dominant stage of the perturbed BH are dumped oscillations of the
geometry or matter fields (Quasinormal modes) -special solution of
equation

-damped oscillations of a perturbed black hole

A set of the boudary condition which leads to this solution is the
following: at the horizon, the QNMs are purely incoming, while in the
infinity the QNMs are purely outgoing
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Continued fraction method

To get form
d%y
— + V¢ =0
dy? vy

y must be

r{ . r— .
y = r—|——<r+—laqu> In(r—r+)——<r_—laqu> In(r—r_-)
ry—r- ry—r-

y is modified Tortoise RN coordinate
Asymptotic form of the eq. (1)

; 1 ;waQ—pPM
Zouteley 1—i 9 amqQS2 zay — o0

R(r) —

. —i<w—‘z—Q) <1+iam‘Z—Q>y
Z'"e + + zay — —00
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Combining assymptotic forms, we get general solution in the form

R(r) _ eiQr(r o r,)e i an<w)n+6 (2)

r—r_
n=0
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Combining assymptotic forms, we get general solution in the form

R(f)zeiQr(l’—r)Eian<r_r+)n+6 (2)

r—r_
n=0

5:—/L<w_£>, e=—-1-igQ= +’+2-|g-1 (Q2+w2>,
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Putting general form (2) to eq (1) we get 6-term recurrence relations
for a,:

Anany1 + Bpan + Chan—1 + Dpap2 + Epan-3 + Fran—4 =0,
Aszag + Bzas + Czap + Dza; + Ezap = 0,

Asaz + Boas + Coay + Drag =0,

Aiay + Bia; + Ciag = 0,

Apar + Bpag = 0,
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An = rj:a,,,
Bp, = riﬁ,, — iamqQ(ry — r—)ry(n+8) — %iaqu(q. +r_)ry
+ iamqQryr_ — 3rir, an_1,
Cp = fi’Yn +3r oy + iamqQ(ry — r—)(2ry +r_)(n+ 48 — 1)
—iamaQry — r e ~iamqQlr +r)(2rs + 1)
— 3iamqQryr— + amqQQ(ry — r_ )zmr - 3rir, Bn—1+,
Dn=—r2ap_3+3rr2 oz — 3’;3'—’%—1 + l'aqu(qz_ — 2 )e + 3iamqQry r_
— amqQQ(ry — r_)?r_ — iamqQ(ry — r_)(ry +2r_)(n+ 6 — 2)
- %iaqu(u +ro)(ry +2r2),
E, = 3r+ri Y2 — 2 Bn—3 +iamqQ(ry — r_)r—(n+ 38 — 3)
— iamqQ(ry — r_)r_e+ %iaqu(Q_ + r_)r_iamqQryr_,

3
Fn=—=r"vn—3,
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ap = (n+1)[n+1 721";(“14 - qQ)],
rg —r_

Bn =€+ (n+8)(2e — 2n — 28) + 2iQ(n+ 8)(ry — r_) — Il + 1) — p2r2
2wr? 2r2 2
T (or = 4Q) = (wry — 9Q)% + dwr_(wri — 4Q)
e —r_ (re —r_)
2r_ 2 . 2
— 2 (e =@+ (r — ) [0 + 2u(wrs - a@) — kE(r + 1),
rp—r_
2 r_ 2
Yn=€"+(n+85—1)(n+6—1—2¢e)+ (wr_ — ———(wry —qQ))
r—r_
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e 6-term recurrence relation is possible to reduce to 3-term with 3
successive Gauss elimination procedures
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e 6-term recurrence relation is possible to reduce to 3-term with 3
successive Gauss elimination procedures

e Gauss elimination procedure allows to reduce n + 1-recurrence
relation to n-recurrence relation
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e 6-term recurrence relation is possible to reduce to 3-term with 3
successive Gauss elimination procedures

e Gauss elimination procedure allows to reduce n + 1-recurrence
relation to n-recurrence relation

e 3-term relation

Qpapy1 + 5nan + Ynan-1 = 0,
apar + Boao =0

gives following equation

071
0= By — a1y
' 5y~ 273
? OnYn+1
By — - —

Nikola Konjik (University of Belgrade) Corfu 18 - 25 September 2019 23 /25



—  QM=001 —  QM=001
— QM=05 — QM=05
—  QM=07 —  QM=07
— QMm=08 — QM=08
QM=09 QM=09
— QM=0%5 —  QM=0%5
QM=0.99 QM=0.99
—  Q/M=0.9999| —  Q/M=0.9999
—_— Q/M=0.999999 _— Q/M=0.999999
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Rew Imw
1 w+ wt
{00000 o
‘9,00004 — - 0 —
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0100002 o
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1 1 2 Y E— o1 1 7 5
—0/00002] -0. i
_b.00004 7o.ooo/b4
-0
0.00006} °°,b°6
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Outlook

e We constructed Angular twist which induces angular
noncommutativity

e Angular NC scalar and vector gauge theory is constructed

e EOM is solved with QNM boundary conditions for scalar field
coupled to RN geometry

e But this is toy model!

e Plan for future is to calculate gravitational QNMs and to compare
it with results from LIGO, VIRGO, LISA...

e Plan to apply modified momentum conservation law to some
measurable process in SM
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