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(M, g) - space-time = four dimensional manifold with Lorentzian signature metric

What is the problem to be solved in a gravity theory ?

Global solution is a pair (M, g) where M is a manifold and g is a Lorentzian
signature metric such that two conditions are fulfilled:
1) metric J satisfies Einstein’s equations,
2) manifold M is maximally extended along extremals (geodesics)
= any extremal can be either continued to infinite value of the canonical parameter
or it ends up at a singular point at a finite value of the canonical parameter

The problem is very hard to solve:

1) solution of Einstein’s equations in some coordinate system
2) solution of equations for geodesics

3) analysis of geodesics for completeness

4) extension of a manifold



Warped product metric in general relativity

4D space-time is a product of two surfaces: M=U x VY

X' = {X“, y“} eM, 1i,j,..=012,3 -coordinates on 4D space-time

x*eU, a,p,..=0,1 - coordinates on a Lorentzian surface
v¥ eV, uv,.=23 - coordinates on a Riemannian surface
. [Kk(Y)9,5(X) 0 _
Jij =( Oaﬂ e e - 4D metric
y73%

Jop (X), m(X) - 2D metric and a scalar (dilaton) field on U

h,, (¥), K(Y) - 2D metric and a scalar (dilaton) field on V

No symmetry assumptions on 4D metric 2




Solution for electromagnetic field

The action S::jd)?«/|ﬁ|(|§—2/\—%|£2j

dx == dx’dx‘dx?dx> g ;= det Qij - determinant of the metric

R - scalar curvature for metric Qij A - cosmological constant

N

|:ij = 5i Aj o ﬁjA - electromagnetic field strength FA2 — |£ii |Eij

Equations of motion for electromagnetic field aj ( /| Q | |E Ji ) =0

A i LN . :
g=k°m°gh, g:=detg,;, h=deth,,

Ansatz for electromagnetic field A :=(Aa (%), Ay(Y)) Ifij :LFgﬁ FO j

y7%

Fa,B .:aaAﬂ_éﬂAa, F,UV .:aﬂAV—@VA,U

2
i 0 Faﬁ:_anﬂ, Q = const
[m]| - a general solution
_ _2P P —const 3
= H uv mgﬂv’ M




Warped solutions of Einstein’s equations
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4D Einstein’s equations R, ——(:. T
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For simplicity we put P =0

=—ZT,




Warped solutions of Einstein’s equations

4D Einstein’s equations Iiij —%Qij R+ QijA = —%fij
VV.m V.mv,m v2k Q°
R [l o ﬂ = o ’B -+ —_kA+— :Oy
i 2m? gaﬂ[ 2m m’
V V.k V KV .k : <
2 S £ ’uzv+hvvm_m _QZ— =0,
H k 2k Gl K“m
V._mV k
@ £ _—(0. == Three cases:
mk

A: Kk =const, m=const,
B: k=const, V_,m=0,
C: Vﬂk =0, m=const.

Symmetry of 4D metric is the consequence of the equations of motion
- Spontaneous symmetry emergence




Constant curvature surfaces R(z) =—2K = const

ds® = dt? — dx? — dy” - 3D Minkowskian space-time RY?

D o y2 =—1 - one-sheeted hyperboloid
L° K=-1

Lorentzian metric SIgn gaﬂ =(+-)

ds® = —dt? + dx?® + dy2- 3D Minkowskian space-time R*?

L e y2 = —1 - two-sheeted hyperboloid
(two copies of Lobachevsky plane)

Euclidean metric Sign Oup = (++)

H?> K=-1

ds® = dx* + dy® + dz” - 3D Euclidean space-time R*
X° + y2 +2°=1 - sphere
Euclidean metric sign gaﬂ =(++)

S? K=1

For zero curvature we have either Euclidean R? or Minkowskian R plane



Solutions with constant curvature surfaces (Case A)

Rescaling of coordinates: K =1, m=-1

dt® — dx? dy® + dz*

ds® = 2 . 2
{1+ KTg(t2 = xz)} {1+ KT(y2 + 22)}

K¢=Q*-A, K'=Q*+A

Four essentially different cases:
A<-Q%: K9>0, K"<0, M=L2xH?
A=-Q%: K9>0, K"=0, M=IL?xR?
o1 e @R [ R S s S 3T
L :Q2 - K8 =0, e 0, M= R™ xS Each metric has 6
A>0Q%: K9<0, K">0, M=I1?xS§? Killing vectors

Symmetry of 4D metric is the consequence of the equations of motion
= Spontaneous symmetry emergence G




Spatially symmetric solutions (Case B) =l

The full system of equations:

vV, mV,m 2
Vv,V m-—2—F —igaﬂ N2 )
2m 2m

2
Rh+V2m—2mA—£=O, =) R"(y), m(x)

5 R" = —2K" = const
e B VL L
m 2m m?
The space-time: The symmetry group:
M=UxS?, K"=1 SO(3)
M=UxR? K"=0 10(2)
M=UxL? K"=-1 SO(,2)

Symmetry of 4D metric is the consequence of the equations of motion
= Spontaneous symmetry emergence 8




Spacially symmetric solutions (Case B)

A general solution in Schwarzschild coordinates

2 2 2
ds?=| kM- EM QAT lg2 T
r r 3 h 2M  Q° Ar
K™ — ==
r r 3
Kh — il (0] M - arbitrary constant of integration

The Schwarzschild solution K" =1, Q=0 M>0, A=0

2
ds? =(1—2—det2 —%— rz(olg2 +sin29dgo)
1

I

The space-time: M = U x S?

The symmetry group: SO(3)




Spacially symmetric solutions (Case B)

The Reissner-Nordstrom soluton Q <M, A =0

2 2
2M dr :
ds® =|1— +Q2 gl 5 —rz(d.92+sm2.9dgo)
r r 2M  Q
= o ' |
I I
******** s neomplete singular boundary
M complete singular boundary
horiZ(l)n g
complete regular boundary e & ) St
~ Killing trajectories g=03 I = Ilig=0
- Incomplete point |
e complete point I *
Extremal black hole Q=M, A=0 |
2 2
M dr .
ds® :(1—— dt? — . —r2<d92+3|n29dgp) |
r .
]__M q=03
I |

The space-time: M = U x S?
The symmetry group: SO(3)




Spacially symmetric solutions (Case B)

Naked singularity Q>M, A=0

gy =1-2M , @ AT _ 9(0)+3Q°

8 Sl S 3q°
3 2 Ol it 2 o
¢(q) =-9(Agq”-3q+6M)=0 = QZ,lz_\/;COS(EJ—rE) %Z\/;COSE
Three horizons ? cosa =—-3M \/§
—p3 <3Q% <—p,
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Spacially symmetric solutions (Case B)

One simple horizon and timelike singularity ~ ¢=03 |
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Triple horizon

Two horizons with double minima

Two horizons with double maximum




Spacially symmetric solutions (Case B)

Timelike singularity ;o3 1)g= Spacelike singularity

Timelike singularity and two horizons

Spacelike singularity with two horizons

Spacelike singularity with double horizon (_*’5;11 =1z,
o == \0

=00
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Changing topology of space in time

g=c0

Triple horizon

g=03 1

two semi-infinite open strings

world sheet
finite open string
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Conclusion

1) All global warped product solutions of General relativity with electromagnetic
field and cosmological constant are found and classified in cases A and B.

2) Totally we get 37 topologically different solutions.

3) There is a solution describing changing of topology of space in time.
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