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Motivations

Eleven-dimensional supergravity on R110-9 x T4
— Supergravity with Ey(gy symmetry [ Cremmer—Julia]

Type Il string theory on R110-9 » Td-1
> U-duality symmetry E4(Z) [ Hull-Townsend]

E4(Z) > GL(d,Z): global diffeomorphisms of T¢.
> Global generalised diffeomorphisms E4(Z)? [ Hull-Waldram]

* U-manifolds compactification: generalised geometry.
* Higher dimensional origin of gauged supergravity theories.
* Effective theories including 1/2 BPS states.



Motivations

Exceptional geometries for Kac—Moody groups Eg C E1g9 C Eq1.
> Unique Ej; exceptional field theory [ West]
> Ejg cosmological billard [ Henneaux-Damour—Nicolai]

Eg is the first infinite dimensional and nonetheless tractable
> General gauged supergravity in two dimensions
[ Samtleben—Weidner]

Integrable system of equations [ Breitenlohner—Maison]
‘> Integrable structures in eleven dimensions?
< Integrable structures in gauged supergravity?

String theory effective action on R1! x T8
‘> Loop amplitudes — Affine Eisenstein series.



Generalised diffeomorphisms

* Diffeomorphisms based on SL(d): dyYM € GL(d)
LeVM = eNoyvM — gueMyN
* Diffeomorphisms based on Sp(2d): dy Y™ € R, x Sp(2d)
LeVM = NoyvM — aneMVN — wpnwMRogeP vV
* Diffeomorphisms based on SO(d, d): dyYM € Ry x SO(d, d)
LeVM = eNoyvM — aneM VN 4 pynMRageP v
* Diffeomorphisms based on G: OyYM e Ry x G

LeVM = Mo VM — (nag(T)Mu(TF)P g+ (1- (A, X)) 0456 ) V¥0pe®



Exceptional diffeomorphism

* SL(d) diffeomorphisms close on all functions

*  Sp(2d) diffeomorphisms close on Poisson commuting functions

WwMNouFaNG =0 > [F G]=iwMoyFonG

* 50(d, d) diffeomorphisms close on section
"N oyF onG =0 @ [F(o), G(o")] = sn"NomF () OnG(o")sign(o — o)
* G diffeomorphisms (for g, , finite dimensional) close on

Nap (TP (TP CNOpFOQG = OnNFoMG + (M, A) — 1)OmFOING



Generalised diffeomorphisms

Diffeomorphisms based on E,, with coordinates in R(Ay)

* GL(2) on T?, either type IIB or eleven-dimensional supergravity
* Spin(5,5) on T5, coordinates Majorana—Weyl spinors

(MYMNOFONG =0

* Eg on TO, coordinates in the 27

tMNP 5, FONG =0

* E7 on T, coordinates in the 56

(tYMpwPNoyFonG =0 WwMNoyFoNG =0



The potential

My symmetric matrix in Ey representation R(Ay) = {E}
> Generalised metric /g *Mpmn [ Berman—Perry] .

Potential (with normalization: T¢My T8N, = nynef)

1 1
vV = —HMMNHMMKLC‘)NMKLJriMMNaMMKLaLMNK
d
1 1
= ZUO‘BMMNJMaJN,B - §MPQ(jM)NP(\7N)MQ

with [ Hohm-Samtleben]

(T)Vp = Tna TN p = MMy Map



The potential for Eg

My symmetric matrix in Eg adjoint representation.
> Generalised metric.

Potential (with normalization: fMP ofN@p = 60nMN)
_!

1 1
4UPQMMNJM,PJN,Q—EMPQ(JM)NP(jN)MQ+§77MQTINP«7M,P~7N,Q

4
with [ Hohm-Samtleben]

(In)Vp = —Tugf N p = MMy Map



The potential for Eq

My symmetric matrix in the level 1 Eg basic module R(Ag).
> Generalised metric.

Potential :

1 1
V= ZﬁaﬁMMNjMajNB — EMPQ(jM)NP(jN)MQ
1

2pmy?

pM)>

TMPQ(JAZ)NP(J;\T)MQ - MMN A pandn pov

+

with
(T)Vp = Tna TNp = MMy Mgp
(T = TnaS-1(T"p) + xMdp

where S_1 lowers the Ly weight by 1

XM is a new constrained field (like any derivative Jp).



The potential for Eq

M symmetric operator in the level 1 Eg basic module R(Ag).
> Generalised metric.

Potential :

1 1
V = Il M Tp) = S(Tal TPMTIT| )

P

M

(T ATPMTTNTS) = 2 (Fel M T o)

1
8
with

(Jal © MT = (Opm] @ M
(Ta 12T =(Jal @ S1(T*) + (x| ® 1
where S_1(T/) = TA ; and S_1(L,) = Lp—1 and S_1(1) =0

(x| is a new constrained field (like any derivative (0|).



The dual graviton

Einstein equation can be written as the duality equation

2gmp8[n1gn2]p T —=8m a1 8mag €T PP g by

9I\ﬁ
which is a tautology using [ West-Boulanger—Hohm]

oLy

{_:m...nw(n‘lan1 (gn)P Ynz...nm;p _ ]_Og Y[n2 o p]) =
8mn

with

n n mq( 1 1
77\/73— P 9pgg q( Y"1<~’79;mYP1-<-P9§q - a\/[nl...ng;m] \/[pl...pg;q])

9!
1
- Z _ggmngq[pgr]sapgqma’gsn
Only in the linearised approximation

Em...nm(man1 (gn)p Ynz.“nm;p _ 10gn)P Y[nz...nm;p]) -0

> Ynl...ng;m = 98[,,1/7 - am)<n1...n9

n...nol,m



The dual graviton

Einstein equation can be written as the duality equation

2gmp8[n1gn2]p T —=8m a1 8mag €T PP g by

9I\ﬁ

which is a tautology using [ West-Boulanger—Hohm]

0Lp
{_:n1...n10(n‘1(f9n1 (gn)P Ynz...nm;p _ ]_Og Y[n2 o p]) 8
8mn
with
mpy | glops gma 1 Y, Y, 1 \% Y,
77\/73— . g (gl M...ng;m U'py...po;q — 5 [n1...ng;m] [pl...pg;q])
1
2V —ggmngq[pgr]sapgqmargsn
In general

5n1mnm(m8m (gn)p Yﬂzmnlo;P - 10gn)p Y[nz---"m;P]) 7é O

> Ynl...ng;m - 98[n1 hng...ng],m — Xm;ni...ng



The tensor hierarchy

Cxop | R(A3) | 351
Cio | R(N2) | 78 | 912
B), | R(A1) | 27 | 133 | 3875¢1
A | R(Ag) | 27 | 56 248

Do ed ¢6 e7 eg

OMa 7-1 | 351|912 387541



The tensor hierarchy

Weight Es E; Eg
C,pr R(A3) | 351
Coo | R(A2) | 78 | 912
Bl’)l, R(A1) | 27 | 133 | 3875d1
A | R(Ag) | 27 | 56 248
Pa Cd ¢6 e7 ¢g
OMa T-1 51 | 912 | 387541




The tensor hierarchy

Cxop | R(A3) | 351
Cio | R(N2) | 78 | 912
B), | R(A1) | 27 | 133 | 3875¢1
A | R(Ag) | 27 | 56 248

Do ed ¢6 e7 eg

OMa T-1 51912 | 387591



The tensor hierarchy

Cxop | R(A3) | 351
Cio | R(N2) | 78 | 912
B), | R(A1) | 27 | 133 | 3875¢ 1
A | R(Ag) | 27 | 56 248

Do ed ¢6 e7 eg

OMa 7-1 | 35191238751



The tensor hierarchy superalgebra

[ Palmkvist]

Weight Es E; Eg

PX | R(A3) | 351 | 8645 ... | 6696000 < . ..

P= | R(Ay) | 78 912 147250 % ...
PN | R(A) | 27 133 387501
PM | R(Ay) | 27 56 248

T eq ¢6 e7 ¢g

Pumo | T-1 | 351 912 38751
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The tensor hierarchy

[ Hohm—Samtleben]

Weight | Eg E; Eg
B, | R(A\1) | 27 | 133®56 | 3875 ¢ 1 248 © 248
A | R(Ng) | 27 56 248 3 248
ba ed ¢6 e7 eg
Oma | T-1 | 351 912 387501

1as(T*) P m(T?)NOpF xq = ONF XM + g50mF xn

UaB(Ta)PM(TB)QN XPXQ = XNXM + ﬁ XM XN
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GL(9,R) C E

20
o0 0 0 0 ¢ 0 ¢
1 3 4 5 6 7 8 9
o = @ (gl Bslo)” 0840 088" 080" 0 84O ... |
Mmn My EBC/JK@CUK@E/J@C,JJF,Y@--. ,
R(Ao) = 9" ®36" ©126° ¢ (9236)" @ ...
‘Au> ® (i,IJK)(—U D (C/JKLP)(_S) ® (CIJ)(—3) ® (hl)(—l) ’

with gradient duals

P1---P10 Fp1...p1o;n1n2n3

1
amAnl nanz — mgmng
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Affine symmetry

¢g includes the central extension of the loop algebra over eg
A TB AB AB
[T TE] = BT+ 1" momino |
Lo, Th| = —mTar,

with fACDfBDC =60 7IAB'

One defines

TZmaB:ZﬁABT,f‘@) T,‘,B,,,,—Lm®]l—]l®Lm
neZ

and

Sm(TI;A) = T£+n ) Sm(Ln) = Lm+n ) S(]l) = 0 .



Duality equations

One can then define the current
J = MHd —~ (OMIA)) M = 1105 (04l T*|A)(T7 + MTY(TP)T M)
— N_1aptr [T*B] T
and the duality equation in eg & (L_1, L}) = &g @ (Lo, L_1,L})
J=p L MY (S1(J) + x1)TM .
with the ¢g invariant bilinear form

G(4,x) = Z nABJRIGTT" — 20 10Kk — 2Jox
neZ

The field strength

|F) = edx A dx? (S_a(TOM o) + M) .



E;11 tensor hierarchy superalgebra

[ B-Kleinschmidt—Palmkvist-Pope-Sezgin]

Eq1 weight

N0s(T) P (TN — 8908 + 16565 | R(A) @ R(Ns) & . ..

Gy R(A11)
Bo; Bimnys Bvmy e11 @ R(A10) ® R(A1)
F! T 1
¢, XIMN] "y (MN) e11 ® R(A10) ® R(A1)

¢M R(A11)




E;11 tensor hierarchy superalgebra

[ B-Kleinschmidt—Palmkvist-Pope-Sezgin]

Eq1 weight

d? o< Nap(T*)Pm(TP)IndpOq — InDM + 30MON
a1
d = ad(PM)oy

d T

o, X[IVIN]7 Y(MN)
a7
SM

RAM)® R(As)® ...

R(A11)

e11 ® R(A1w0) & R(A1)
T1
¢11 D R(/\lo) D R(/\l)

R(A11)




E11 duality equation

One can then define the field strength
Fl=cM, g + CIMPQXMPQ
and the duality equation in 7_1(e11)
Fl = M%wpsF7 .
Invariant under generalised diffeomorphisms

oM = EMIYM + 10 TM yoeN (Mt 4 (17)T M)



Supersymmetric E;; duality equation

One can then define the field strength
Fl=cM, g + CIMPQXMPQ
and the duality equation in 7_1(e11)
Fl'= M®w,F vt urde
Invariant under generalised diffeomorphisms

SM = EMOYM + 100 T*MpomeN (MP + (t7)TM)



E11 duality equation in eleven dimensions

20
o0 0 0 0 0 0 0 0 ¢
1 3 4 5 6 7 8 9 10 1
Fl'= M Fr+y=H pwrde

gives

A

*ﬁ4 = F7,

2gmp8[n1gn2]p = glrgn1q1gn2q2

o —

qp1.---pP10
OmAnynyns Ta —8mqg€ Fp1 .P10; M N2n3

IO!F

q192p1---pP9 ,-Mq
3 g Fm -P9;q



E;11 duality equation in four dimensions

o—@ o—e o O 60 ¢
13 5 6 7 8 9 10 11
Fl'= M Fr+y=H pwrde

gives [ Cremmer—Julia]
= MKy x F + V762 N ePOV + Vi p e Oy
with

_w{;wg]+§53bcd %+ wck'Yab'YC Uk+72 Uklpqrst/p'Yaqurs



E;11 duality equation in two dimensions

gives

J o= p L MTYS(J) +x1) M
|F) = EuudX“AdX (S(TYM ) + M7Hy))



Ei11 duality equation in double field theory

2I
O @ o—0 0 0 0 0 ©°
1 3 4 5 6 7 8 9 10 11
Fl'= M%w F7
gives [ Hohm—Kwak—Zwiebach]
1+H)PC = 0
1 -

3HMHN “OrH P = 09Nuwpg + ECFMNPQaQC + X[M:NP]



Conclusion

* Eg Exceptional field theory

> Explicite action to come
‘> Relation to Breitenlohner—Maison linear system
> Search for new integrable systems in 11D supergravity

*  Construction of West Ej; theory generalising Hohm—Samtleben

> Proof of some algebraic identities
<> Representation theory of K(Ei1)
> Action and constrained y fields equations



