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2+1D QG is a topological theory (no local propagating degrees of freedom).

Coupling point particles (i.e. conical defects) leads to deformed relativistic
kinematics (SL (2, R)-valued momenta, deformed Poisson structure, ...)

Certain formulation of QG+scalar

[ DlaDIs]elodl = [ DlgjeiSesslo

Se f rl#] = nonlocal theory (infinite derivatives of ¢),

can be reformulated as ordinary QFT on a noncommutative spacetime:
[xF, 2] o< Lpxf

symmetric under Hopf algebra /| Quantum Group deformation of 1S5O(2,1):

P =N,z +ad*®1, ([AHy, NP 5]
S.t. = S [APy,aP] # O
[, 2'"] Ly z'P | [a", a”]




Quantum groups

On top of the ordinary Lie group structures... _we have an additional
ANF] = A, @ NPy, . layer: a noncommu-
{A[a“] — ANy @dP+ad @1, (Composition)  ative algebra of func-
tions over the group
{S[/\”u] = (A"Hr, (inverse) manifold
Slat] = —(A_l)“p al (AP, APy
{e[/\“,,] = 0¥, (identity) X ;/\“y,ap] #= 0.
elah] =0 J | [a", @]

Group axioms: A coassociativeand 1 @ So A =e=S5S® 1o A.
A, S and e must be homomorphisms w.r.t. |-, -].

[-, -] can be seen as the quantization of a Poisson bracket {-, -}.
Quantum groups are quantization of Poisson-Lie groups.



The infinitesimal version of a Poisson-Lie group is a Lie bialgebra.
This is a Lie algebra:

[ X, X;5] = cz-ijk, Ei@ cL;c cir ¢y =0,
whose dual (X;, z/) = §'; is another Lie algebra:
'y} = foa,  F - 7 fimif =0,
with compatibility conditions between their structure constants:

f e f e J e J e ek

equivalent to coassociativity of A. Cocommutator (dual map to {-, -}):

6(X*) = fpXj A Xy,

the compatibility condition states that ¢ is a 1-cocycle:

([ X, X;D) =1[X:, X; 1410 X;]+[X; 914+ 10 X;, X].



Which Quantum Group for 3+1D?

Dimensionless version of (A)dS/Poincaré algebra [so(4,1)-s0(3,2)-is0(3,1)]:

[MHY MPT] = n?PMHT — phtP VT — nOHMPY OV \PH.
[Q¥, MP7] = nf*PQ° —nHoQP,  [Q",Q"] = AMM.
where P, = /[A|Qu and X = sgn(A).

most generic cocommutator:

5(Qu) = 0,/ QuAQ QpAM M poAM 5,
O(M ) = Q NQ Q NM M, ,oANM s,



Which Quantum Group for 3+1D?

Dimensionless version of (A)dS/Poincaré algebra [so(4,1)-s0(3,2)-is0(3,1)]:

[MHY MPO] = g?PMHE — phP M[VT — nOH NPV 4 OV NPH.
(@, MP7] = P Q7 — QP [QM,Q"] = AMM.
where P, = /[A|Qn, and X = sign(A).

most generic cocommutator:

Q) =aQNQ+bQANM-+cMANM,
(M) =dQNQ+eQANM-+ f MANM,



Constraints imposed by Dimensional Analysis
Q) =aQANQ+bQAM+cMANM,
O(M)=dQNQ+eQANM-+ f MANDM,

a,b--- = functions of the two physical scales in the theory:
Lp~1073°m and A~ 107°2m~—2.

a,b... are dimensionless. Can only be functions of ¢ = Lyy/|A| ~ 10761,

Assuming that lim,_,g0a(q) = 0, ... and that they are analytic:

a(q) = qgat) + %qz a(?) + 03,

| 1
fl) =qr® + 5{12 fﬁQ) + 043,



Constraints imposed by Dimensional Analysis

reintroducing the dimensional translation generators P, = /|| Qu:

( suppressed by A
5(P) =Ly | aPPAP+ JINVDPAM+ A DM AM| 4+ 03,
\
( )
4(1)
§(Myy) =Ly | —P AP+ NP AM+ /N fOMAM| +033.
N |/\| y suppregged by A

N—0



Constraints imposed by Dimensional Analysis

. if algebra is Poincaré there are 23 independent
solutions of the bialgebra axioms.

However, if we only keep the blue terms, we are left with 7-parameter family:

5(Plu> :’UVP]//\PILL,
S(Muy) = vp, My, N PP+ vPPy N M[u1,up,us] .

Mu1,un,us]: generic element of stabilizer of v” P,. “Reshetikhin twist”

vt are 4 O(Ly) parameters. ‘vectorial’ generalization of x-Poincaré.

Imposing ‘manifest’ spatial isotropy: u’ =0, v/ = +§k.

U

‘timelike’ k-Poincaré
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x-Poincaré group

(AN = N, @ NPy,
Ala'] =ANF)yRa” +a"®1,

(S[AR] = (AR,

\
S[ak] = —(A" 1), aP,

re[/\/JJV] — 5/1/)’

le[a”] =0,

7\

( /\’up/\yamu/ — Tpo
[NFL, NP5l =0

[AFy, af] = 'L[ (AHgv? — o) AP,

+ (A% pve — ) n”p]

| [a",a"] =i (v a” =¥ al)



x-Poincaré group

(A[/\'U}V] pm— /\Mp ® /\py7 ( /\lup/\ya'/r]/,u/ = ’)”po-
\A[CL'LL] — A“p®ap+a“® 1, [/\'LL]/,/\pO'] — O

7\

(S[AM] = (AR,

S[a'u] — —(/\_1):“[) aP [/\'ul/aap] — 7;[(/\“0’00 — U’u) NP,

+ (A% pve — ) n”p]

7\

re[/\/JJV] — 5:up’

\e[a“]:O, T2 R TIR vl
|| [a”,a"] =i (v a” —v"a)

The translations close a subalgebra [a, a] = a (‘coisotropy’ w.r.t. SO(3,1),

),



x-Poincaré group

(AA] = AR, @ AP, ( NN o = npo
<\A[au]:/\up®a0+&u®1’ [ANHL, NP5l =0
’ |
Sla”| = (A" ") pa”,
e[AF,] = M + (A7wv5 — ) 1|
vy — P
proisied

[a",a”] = i (v a” — VY a?)

\

The translations close a subalgebra [a, a] = a (‘coisotropy’ w.rt. SO(3,1),

),

Lorentz transformations close a subalgebra, and the translations act on them,
[N\, a] = A (‘coreductivity’, ).



r~-Minkowski honcommutative spacetime

Coisotropy+coreductivity [a,a] = a, [A,a] = A — §Ada > (\)/2
4

quantum homogeneous space from translation subalgebra a*

[zH, 2] = ¢ (vF ¥ — Y 2H) | ! e A, “k-Minkowski”

on which the k-Poincaré group acts covariantly:

=N, @2 +a*®1 = [2/F 2] =z’(v”m’”—v”m’”) :



Curved momentum spaces associated to ~-Minkowski

The algebra [z#, z¥] = i (v ¥ — ¥ z*) admits a faithful 5D representation:
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Curved momentum spaces associated to ~-Minkowski

...as linear combinations of so(4, 1) matrices:

p(z?) = iv° Moa,

p(z') = (Mo + Ma1) + iv' Moa,
p(z?) = iv? (Moo + Ma2) + iv® Moa,
p(z3) = v (Moz + Maz) + iv> Moy

Exponentialization generates the 4D Lie group SB(3):

G(py) = €e'P1 p(zt) jip2 p(a?) jiv3 p(23) ipo p(aP)

pu = coordinates on the group = momenta!



Curved momentum spaces associated to ~-Minkowski

Starting from a fiducial point X4 in 5D ambient space,
the group action generates a 4D manifold:

G(pp) X" =S4,

S4(pt) = embedding coordinates : R* — M ¢ R4t1

since G(pu)4p € SO(4,1):

napS2(")SP () = const., nap =diag(-1,1,1,1,1).

Depending on choice of X4, we generate different momentum spaces.

10



If X4 is timelike, e.g. X4 = (1,0,0,0,0)

U
S4 embed (half of) a two-sheeted hyperboloid in 5D Minkowski space:

Induced metric is Euclidean.

11



If X4 is lightlike, e.9. X4 = (+1,0,0,0,1)
U

S4 embed a (future or past) lightcone in 5D Minkowski space:

0

S1

Induced metric is degenerate, det g = O.
12



If XA is spacelike, e.g. X = (0,0,0,0, 1),
we have the additional condition S° + S% > 0

J
S4 embed half of a one-sheeted hyperboloid in 5D Minkowski space:

Induced metric is Lorentzian.

13



A few special choices of X4 give rise to degenerate (D < 4) group orbits.

The timelike, lightlike and spacelike choices of X“ correspond to:

(A[NF)] = A, @ NP,

4 (NN o1 = Mo
Ala"] =Ny Ra” +a"®1, AP LNY o1PT = ph?
(S[AH] = (A1)H, ) (W, APo] = O
< S[aH] = _(/\—l)up al A"y, af] = z[ (AHgv7 — o) AP,
\ AO - — P
6[/\'ul/] — 51“97 [ 7 V] o —IIL:(I/ VUZ ,UJ,UV)TI }
la =0, [a”, a7 =i (v a” —v7a"),
with, respectively:
. = diag(0,1,1,1) .
UV — —
" = diag(1,1,1,1), W :dlag(l 0.0.0) @ 1" =dag(-1,1,1,1),
Euclidean group 1ISO(4) Carroll group Poincaré group ISO(3,1)

can be obtained as three Indoni—Wigner contractions of SO(4, 1).

( )

14



de Sitter momentum space

Focusing on the Lorentzian case: X4 = (0,0,0,0, 1):

R erp w a3

€ER (& E R

G(pM)ABXB: (sinhpo—l— 22 : p, cosh 29 _ 2]; ) :
K K K K K

Po
K

this is an embedding of 4D de Sitter spacetime in 5D Minkowski space:

~S3+57+53+52+57=1,

or, actually, half of it:

PQ
So+S4=e€ex >0

15






Lorentz transformations of momenta

Poincaré transformation of x-Minkowski coordinates:
b =N, QY +ab 1

transformation of ordered plane wave:

. / . .
et = PpNI®TE . ipuat@l

where p;L[/\F‘,/] = complicated nonlinear function of A#, and p,,

On the embedding coordinates they act linearly:

S, =NuSy, Sy =S4 = invariant! Mass Casimir?

but the condition Sg + S4 > 0 is not invariant under Lorentz transformations!

17
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A solution: Elliptic de Sitter topology: dS/~ ,

SA ~ -84,

19



Po
po en||p|? 1 /5 > 1
S, = cosh — =1 — — O
4 p 5,2 U (P8 — 1I71> + O(=™1))

Lorentz-invariant function of momentum with the right K — oo limit.

It is tempting to interpret it as mass Casimir and do things like solve
S, = const. for pg, and claim %%Q is the group velocity of something (modified
dispersion relations, superluminal propagation etc...).

But if | use different coordinates on momentum space (a freedom that Hopf
algebras warrant me), | can get any kind of dispersion relation.

| want to do something more refined: study noncommutative field theory on
r-Minkowski, and the microcausality relations it involves, to see if there is
superluminal propagation.

20



Free quantum x-Klein—Gordon field

From now on v# = kg

Scalar field in time-to-the-right-ordered Fourier transform:

$(2) = [ d/=g(k) o (k) eikie'cikor?,

21



Free quantum x-Klein—-Gordon field
— 1
From now on v# = =46H.

Scalar field in time-to-the-right-ordered Fourier transform:

time-to-the-right ordering

#(z) = [ d* V=9(k) br(k) et eifor®

dS metric in comoving coordinates

21



Changing ordering corresponds to a diffeomorphism in momentum space:

A Fo/r_ :
: ko, . . i &2 =1 Y. .t
gikoxoeikixi — Qie? Z:czeikoxoﬂ Qikowo+ikixi —e ko/k ! eikoxoj
time-to-the-left time-to-the-right Weyl ordering time-to-the-right

¢(x) = /]R4 d*k \/Q(T)QbT(k) eikixiez’koxo
' 0 ;. .t
= Jra d*q \% ¢1(q) e'90% '
' Oy .t
— R4 d4p \/mﬁbw(p) e'Pot t+ipi@ i

The Fourier transform ¢, (k) transforms, under diffeomorphisms of
momentum space, like a scalar field on dS momentum space.

22
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The x-Klein—Gordon equation

S, is locally, not globally Lorentz-invariant on Elliptic dS.

Good mass Casimir: Cx = (k% — S2) ~ —p3 + |p]° + 1%]512 + O(k™2)

—00 —K 0 +K +00
+OO T +OO
\
a \
L ) s ,// . \\
+K ,' . =N 2z A 1+K
i/ AR
! b C<0
/
c ! ) c N C<0
! B C>0
pO 0 1 ! N \ \\
/. A\
\
) Wit - C=—K>
\
—K =" b ________ —K e CK:+K2
_w 'l 'l Il _w
—00 —K 0 +K +00
P1

|S4| > & in the mass shell (red region)
and |S4| < k in the tachionic mass shell (white region).
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Complex k-Klein—Gordon equation:

Cidd=—-m2p, Cuvodl = -—m26",

general solution (invariant under momentum-space diffeomorphisms):

d(x) = i / d4p\/—g(p)\/ —g””(p)%g—gjé (Cu(p) + m?) ¢r(p) : ePu™"

explicitly:

73 3w (7)) )
e K . . 0
#) :/|*|< 2\/p 2+ 712 ba () ePTeiw™ ([P2” 4

PI<K m b
3w (|p])

dBpe & P .
e p
3w (A1)
3 == il

/H d\/p€2 K 2¢c(ﬁ eiﬁ.feiw-l-(m)xo'
PI>KD./m _|_|p,|

24




Quantization

Simply promote ¢ € A to an element of A ® H:

£ 3wt (Ip1) )
$(x):/|w< ¢pe2 |~|2€zp'x€“"+('ﬂ)x ® a(p)+
PISE2y/m< + |p
R ) i
/33 \/p€2 712 e P e (P77 @ B (5)+
24/ m< + |p
3 3wt
P1>K2, /m2 4 |p]2

But what are the quantization rules?

25



Cannot use canonical quantization/equal-time commmutation relations:

[¢(0,2), $(0, )] = —i63(Z — 7).

Hamiltonian formalism ill-defined:

[0, z%] = 2 = 5298z > ')
K 2K

a fixed-z¥ slice has 620 = 0 = either §2* = oo or (z*) = 0.

Need a spacetime covariant notion of canonical commutators.

26



Pauli-Jordan function

In commutative Minkowski QFT:

[3(2), 6] =i Apy(2,y) = i/d4p sign(pg) 6(p2 — m2)etPulz"—v)

H B []
| © vl

o [N

27



A pj(x,y) is a function of two variables. Natural way to generalize this
notion to noncommutative spaces: element of A ® A.

Used it in and in
to define
distance, area and volume operators.

The k-Pauli—Jordan function will be A p ;(z,vy), where:

H=a"®1, yP =1 .

The momentum-space-diffeomorphism invariant expression of Ap; is:

1 0Cx, OC - -
APy = %/ d*p\/—9(p s<p>\/ —g" () o 5(Cr + m2) ¢ Pu S Py

OpH OpY
+1 in region a
where e(p) =< —1 in region b

—1 In region c

28




Explicitly:

Wt wt 0 o
Ani(sg) = [ a3t ePr e TP E Y
iApy(z,y) =
ﬁ‘<ﬁ: 2\/<m2—|—|ﬁ|2>
3
R 2\/(m2—|- |Z512)
_I_
63%625 Ze—iewTﬁgeiw+(zo—yo)
=)y ’
iz 2\/(m2+ 51°)

this expression is invariant under x-Poincaré transformations
of z and y, and satisfies the conjugacy relation:

which is what you expect from the commutator [¢7(2), ¢(v)].

29



This allows us to write the creation and annihilation operator algebra:

+(>

Vm? 4+ 154 (B2 6@ [ - K],
w o ym2 4 |S_(B)Re®p - R,
Jm2 + 154 (B)2 65— R,

a(p),a' (k)] = 2e~
b(5), b1 ()] = 2¢

2(p), el (k)] = 2e~

(k)

+<>

which is invariant under the Lorentz flow on momentum space.
This suggests a natural number operator:

3wT () 3w (P)

. d3pe =« . dpe -
g = C__ai@a) + @) 5@
Joi<s 2t + P h ©2ym? + 1313
3wt ()
d3peT
4+ = &'(p) &(p)
/|ﬂ>f€ 2\/m2 + |S(P)|?

30



N satisfies the standard commutation relations:

'@ =a'@), [V,a@] = —a(p),
T(ﬁ)] =517, [V,0(p)] = —b( D) ,
" =2, [V,e0

N @)

N,
N,
N,

(3)

and it is explicitly Hermitian: NT = N.
Therefore the Fock space can be defined like in the commutative case.

However, finding a x-Fock-space construction implementing the right
statistics and a notion of total momentum is a complicated problem, see

31



‘Calculating’ the x-Pauli—-Jordan function

The commutative A p j(z,y) defines a light cone:

S v

o R

Apj(z,y)

32



How to extract a light cone from A p j(z,y), a noncommuting operator?
Suggestion: introduce a differential representation for A ® A:

t e A [z°, Z]——:13

and a infinite-dimensional Hilbert space of the ‘states of points’:

) € H, t T H — H,

Then the expectation value of A p ;(z,7) on a localized state |)

(| Apy(Z,9) ) =

expected value of Pauli—-Jordan function in the region where |¢) is localized.

33



The representation is simply:

()

./ 3
gi= T 0= " i 0 43
¥) =@ € L2RY),  (¢ly) = [ Pad@v(@),

With F. Lizzi and M. Manfredonia, in
we studied localized states of this representation, as well as an analogue
representation of the x-Poincaré group, and how to interpret everything in
terms of fuzzy points/events and inertial observers related to each other by
fuzzy transformations.

Check out Mattia Manfredonia’s talk after mine!
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On optimally-localized states, i.e. (6§z1)2 + (§2°9)2 ~ (Y

(Y| Apy(Z,7) |¥)

as a function of the expectation values (z*) and (y*) is:

— 10 -5 0 5 10
k({zhy=(r1))
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k({Z" (")

—5

K(ZHh=(r")

10

Zooming out:
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k(7Y =ty
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- 1000
—1000 =500 0 500 1000

k((zD) =)
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Taking a constant-time cross-cut:

1000 .-~ Apjy(zy)

500

- 500

5
T

- 1000 .
- 1000 - 500 0 500 1000 ) or
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The Pauli—Jordan functions falls off exponentially away from
the classical light-cone, with a falloff radius of order:

0
\/ % = geometric mean between k~1 ~ L,, and distance from the origin.

A pointlike source one billion light-years away, (z°9) ~ 102y will be detected
with a time uncertainty of \/L,(z%) = 10~1%s = 10 femtoseconds.

sjetice (T <z0>)1"2
p

A «—>

c<z'> A

detector

0 12
o << (Tp<z >)

source
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