Matter Fields in AdS Model of Noncommutative Gravity

Dragoljub Go¢anin
Faculty of Physics, University of Belgrade, Studentski Trg 12-16, 11000 Belgrade, Serbia

D. Goéanin & V. Radovanovi¢, “Canonical Deformation of N = 2 AdS,; SUGRA”
arXiv:1909.01069

Corfu2019 - Workshop on Quantum Geometry, Field Theory and Gravity

23 September, 2019

e UNIVERSITY

BELGRADE




Plan of the talk

Qo 80(2, 3)* NC gravity (AdS gauge theory of gravity and its canonical NC deformation)
@ Matter fields (Dirac field, gauge fields)

© NC OSp(2|4) SUGRA (canonical deformation of N = 2 AdS SUGRA in D = 4)



AdS algebra

AdS algebra so(2, 3) has ten generators Mag = —Mpa (A,B=0,1,2,3,5)

[Mas, Mcp] = i(napMsc + necMap — 1acMsp — neoMac) J

nas = (+, —, —, —, +). Split the generators into six AdS rotations M,, and four AdS translations
Mgas (a,b=0,1,2,3). Introduce P, := /=1 M,s, where | is AdS radius parameter.

[Pa, Po] = —il "2 My
[Mab7 PC] = i(nbcPa - ﬂach) P
[Mab, Mcg] = i(naaMpc + nbcMag — nacMpa — nbaMac)

In the | — oo limit, AdS algebra — Poincaré algebra (WI contraction).

Representation

Mag = 4[Ta,T8l,  {Ta T8} =2n48, Ta=/(ira15,75) J

In this particular representation, Map = £ [va, ] = 302 and Mas = —3a.



AdS gauge theory of gravity

AdS gauge parameter, AdS gauge field and AdS field strength :

1 48 1 ab 1 a5 LY 1 a L
€= EE Mag = Zea Tab — Eea Ya, Wp= EU"M Mag = pr, Oab — Ew“ Ya J
Fuy = 8wy — dpwy, — ifwp,wu] = (R, — (w,Bw,?® — w P ) Jab _ g a57a
v nu vy sy W v " v " v 4 % 2
[, ab = Opwy ¢l _ Gy, Wy, e w# c Wy 2 - w2, qub , Fm,é'5 = Dﬁwyas — DLL,w:S J
5€wu‘ab:8“€ab—ec +Ec ca ESwib_,'_EthWSa
550-1“35 — HeaS . L wﬂcS + 6 A wﬂca
ab _ ac b bc a ab b b5 a
56F;w = —¢€ Fp.uc +e€ FH,,C —€ FW,S +e€ F;“/5
5e F‘WaS — _6acFuV05 4 GSCF,uuca
1 I
_ ab ab ala
Fuv = (RW B (e e =&, e )) U 5] J

[MacDowell & Mansouri 1977, Townsend 1977, Stelle & West 1980, Wilczek 1998]



AdS gauge-invariant action

Introduce an auxiliary field ¢ = ¢*T 4; it is a space-time scalar and internal space 5-vector
transforming in the adjoint representation of SO(2, 3), that is d.¢ = i[e, ¢]. Constraint
#? = nag¢”¢B = I2. Cov. derivative D, = 9,,¢ — i[wy., P].

ilcy 4
Sy = Tr [ d*x e"VP7F, Foo
J 64rrGN / T e
S = 287rGNI / d*x eP7 F,,, D, 8D b6b + C.C.
ics
S3 = —mﬂ / d*x e#vP? D, D, ¢ D, ¢ Do b

Physical gauge : 2 = 0 (a=0,1,2,3), $° = / and ¢lgq. = Ivs. Covariant derivative becomes
(Du6)qlgs. = €2 and (Dyu¢)°lgs. = 0.

Saaslgs. = St \g.f. + Solgt. + Salgt.

6 ¢ l?
— 4 1 ,u,upo' mn
= 167r /d x(e (c1 + )R — (C1 +2¢Cr + 203)) 16 H H Emnrs)

@ Einstein-Hilbert (¢y + ¢, = 1)
@ Topological Gauss-Bonet
© Cosmological constant A = —3(cy + 2¢» + 2¢3)/~2 (vanishes under WI contraction)



NC deformation

@ Deformation quantization (phase space quantum mechanics). Classical system (M, w, H) is
deformed by imposing noncommutative (NC) geometry on its phase space ; x-product
deformation of commutative algebra C°°(M). [Kontsevich, Gelfand—Naimark]

@ NC Field Theory - field theory on NC-deformed space-time. Introduce an abstract algebra of
coordinates
[x*, %] = iCH*¥(X) .

Canonical (or 6-constant) deformation,
[XH, XV = 60"V ~ l,%,c ,
with constant deformation parameters 0+ = —0"#.

For canonical noncommutativity, we use the Moyal x-product,

puv _0 fs)

(Fx8)(x) = &2 7" 27 377 1(x)g(y)]y-+x
= H)g() + 30" 0,(x)2,9(x) + O(6%)

Nl

The leading term is the commutative point-wise multiplication, and the higher order terms
represent (non-classical) NC corrections.



NC gauge field theory

Let { T4} satisfy some Lie algebra relations [Ty, Tg] = ifABC Tc. Closure rule holds
[Oers 8] = 0 ifey e) -
If NC gauge parameter A(x) = AA(x) Ty,
[6;( tég]ﬁl = (/A\1 */A\z 7/A\2*/’\1)*\T/
1 /ra, ~ A A PPN ~
= 5 (A £ AZ(Ta, To} + (AT 5 AT, Tal ) # & = g x B = 030
@ Universal enveloping algebra (UEA) approach; infinite number of dofs.

Q@ Seiberg-Witten (SW) map; A = A(e, V,i; 8e,V,,, ...) and V,, = V,,(V,,,dV,,, ...); induced NC
gauge transformations

5/*\\7#: VH(VM+66VH)_ Vu(Vu)~ J

SW map between NC and classical fields :
" 1 N 1
Ae=e¢— Zef”f{vp,ac,e} +0%, V,=V, - Zepa{vp,ag Vi, + Fou} 4+ O(62)
N 1 1
Fuv = Fuw = 307 Vo, (95 + Do) Fiuw} + 5077 {Fopu, Fou} + O(0°)

U=v-_— %9/” V(85 4+ Do)V + O(6?)



SO(2, 3), model of pure NC gravity

NC action invariant under SO(2, 3),. NC gauge transformations :

7 .
St =3 4’:16/\, Tr / d*xe" P Fppy % By % &

S5 = 128';2@,\,/ /d“xEWP"qs* Fuv x Dpd» Do+ coc.

St = 12817rGNITr/d4xs“”P"DM¢* Dy % Dpdx Dodx b

After SW expansion and SB (in that order!) :

1 6
Shaslat =~ Tgr G /d4x e(Fx‘(e,w) = g1+ +20) +0°707° ((—2 + 120, + 38¢3)Rapys

9 1
-(5- Ec:2 - 703)Ta5P Tysp + 72(6 +28¢, + 56¢3)gar9ss + ))

M. Dimitrijevié Cirié, B. Nikoli¢ & V. Radovanovié, NC SO(2, 3),. gravity : noncommutativity as a
source of curvature and torsion, Phys. Rev. D 96, 064029 (2017).

P. Aschieri, L. Castellani, & M. Dimitrijevi¢, Noncommutative gravity at second order via
Seiberg-Witten map. Phys. Rev. D 87, 024017 (2013). J




SO(2, 3), model of pure NC gravity - solutions

@ NC equations of motion in the low energy limit (~ 6?)

1 3 871G
sel: R,fPegelel — SehR+ 5 (140 +20)ef =7 = _%5\9(2)/@; ~ 62
167G,
Sl Tafeh — Toseh — Tufel = Syt = ——=35® [aufl ~ 6°
Noncommutativity is a source of curvature and torison. J
@ Canonical deformation of Minkowski space (R ~ 6°) :
m,.n 2 m..n 1
oo = 1 — Romonx"' X", goi = _gROminX X", gj=—6j— 3 /m/nX x"

Canonical (or #-constant) deformation [x* ¥ x*] = i@#* — Fermi inertial coordinates

Diffeomorphism invariance is broken because we implicitly fix the coordinate system. J




Fermions in SO(2, 3) framework

Commutative spinor action :

Suin =75 | €% < [D,6D. 6D, 6D, — Dy D, 8D 6D, J

AdS covariant derivative :
Dy = 0ptp — iwpp,  Dug = 0u¢ — ilwy, ¢

For spinors it splits into Lorentz SO(1, 3) covariant derivative and AdS extension
i
Dyt = Dt + 5 8i7av

Gauge fixing (¢2 = 0 and ¢° = /) yields

By sl = /d“xe Dt — DLty — /d“xew J

Dirac action in curved space-time for spinors, with universal mass-like term 2// that vanishes
under WI contraction (/ — oo).

@ for massive fermions we introduce supplementary bilinear (¢...v») SO(2, 3) gauge-invariant
terms.



NC deformation with fermions

NC-deformed SO(2, 3), invariant spinor action before SB :

- é/d“x 27 [ (Dud) % (D)  (Dpd) (Do)
—(Do) % (Dud) * (Dvd) % (Do) *12] + S5 m

SW expansions :
=1 — 20Pwa (95 + Dg)v + O(6°)
¢ =¢— 30°°{wa, (95 + D)9} + O(6°)
Dyt = Dutp — 30*Pwa(9s + D) Dutp + %(wﬁﬁwoﬁw +0(6?)
Db = Du — 30°"{wa(9p + Dp)Du} + 30°°{Fapu, Dsd} + O(6%)
Linear NC correction to Dirac action in curved spacetime after g.f. :

Sf;) = eaf’/d“x e <Rw bl (1hryp D51b) + 8/ RCA 2T

1 -
= (P07 DsD5Y) + oo

;
96/ R ™ (boapth) — 12 Tonf€5 (ys9) — 3,3(111%31!1)4- >

[P. Aschieri, L. Castellani (2012), (2014) ; Majorana ~ 62 and Dirac ~ 4]



Minkowski space

Residual NC effects in flat spacetime (we set A = 0)

7i m
S =02 [ a*x [ 51(F0a°030,0) + guzef” rns0o¥) - (775 + 6,3)<¢aa5¢>]J

NC Dirac equation : (iv*8, — m+ 0¥ M,z) ¢ =0 J

For "free" electron, [H, p] = 0 = plane wave ansatz 1(x) = u(p)e—P*

For p = (0,0, pz) and [X'!, %2] = i09'2, 912 = 9 # 0, we have four independent energy functions :

Electron’s energy depends on its helicity— NC “Zeeman effect”

m? m| 0
Eio=E — — | = +0(6?
P¥ 1727 " 38 Ep+ &)
m? m
== — — — | — 4+ 0(6?
E3,4 EP:t 122 3,3 + ( )

with classical energy Ep = 1/m? 4 p2.

Background NC space behaves as a birefringent medium for electrons propagating in it. J




Gauge fields in SO(2, 3) framework

For gauge group SO(2,3) x U(1), gauge field and field strength :

1 1
Q, = §%AE’A//ABQ‘g]1+11(g§>AH, Fow = EFWABMAB®]I+]I®}'W J

Commutative model (no Hodge dual)

Sy = 16/1&/&* X ehvoo (fFHVDp¢DJ¢¢+ —fz DéDy 6D, 6D 66) + c.C. J

Auxiliary field f = 14BMag; EOMs fo5 = 0 and fop = —ek el Fiuu.

P. Aschieri & L. Castellani, General Relativity and Gravitation, 45(3), 581-598 (2013). J
1
SaEomlgs. = 2 /d4X V=9 9"°3"° FuvFpo J
M. Dimitrijevié Ciri¢, D. G., N. Konjik & V. Radovanovi¢, Eur. Phys. J. C, 78 548 (2018). J
(1) #0

@ NC-deformed relativistic Landau levels



NC OSp(1|4) SUGRA

L. Castellani, Physical Review D, 88(2), 025022 (2013). )

@ Orthosymplectic supergroup OSp(1|4) has 14 generators - 10 AdS generators Myg and 4
fermionic generators Q. comprising a single Majorana spinor.
@ Supermatrix for the OSp(1]4) gauge field Q,, is given by

1
1 1 . Wy ﬁwu
2MMAB+\/’¢’Qa<\/’1/—)M 0 )

© Action with OSp(1]4) gauge symmetry :

Q=

Si4 =

4 vpo 2
= GN STr/d x 77K, (Toxs — gz ®2)Fyu® J

/ 0
g, ( 85 ) )
In the physical gauge, the action exactly reduces to N = 1 AdS; SUGRA action

Auxiliary field

Stalgs. = —*/d‘tx <9(R(9 w) = 6/P) + 26" (Y5 v (D = o )%)) J

© The leading non-vanishing NC correction is quadratic in 6.



OSp(2/4) SUGRA

Orthosymplectic group OSp(2|4) has 19 generators (43, Q=12 7.

1 1
o o | v v
Qu:dju+waol+7AuT: \L/I’IZJL iA#
. L2 A, o
Vi¥u g

Majorana spinors, w; and +2, can be combined into an SO(2) doublet,

1
vi= (1)

Charged Dirac vector-spinors 4 = v/, + iy2, related by C-conjugation, ¢, = Ci;; 7.

il 1
S d*x e P, (1 — %) Fou®
24 = 3on GN / X e v ( 6x6 ~ 52 ) P

Gauge-fixed action is not complete!

1 2
Salgt. = —5 5 /d“x <e(FI(e,w) - 6//2) + %HW’”"FI SSehvPe smn,s>

_ , R i I
+etree (zwwsyy(op + 17 Aic? W + iFun (W, y5i0? Vo) — E(\Uma2wu)(wpvsw2wo))



0Sp(2]4) SUGRA

(OSp(2|4) invariant action) + (S0O(2,3) x U(1) invariant action)

g.f.l l ot

(SO(1,3) x U(1) invariant action) + (SO(1,3) x U(1) invariant action)

N=2 AdS SUGRA in D=4

OSp(2|4) field strength (bosonic blocks)

Fuv ‘ * ok
Fpy = * 0 1 Fuv
O

Bosonic field strength : ., := Fuy + £~ Fpuw = Fuu + 5~ (Fuw — V002 W,)

Sa ~ 77’/d4x g <f?;pr¢Do¢¢ + é f2Du¢’Du¢Dp¢’fo¢¢> GG

1 9ikOHY -
Sl(om),_energy = -3 /d“x e (1)) + surface term




The last frame

Thank you'!



