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0. The logic

o usual field momenta

0L
™) = BGs(a))

with O - form fields and Lagrangian

o form field momenta

oL
™) = Bde(a))

with p - form fields and d - form Lagrangian

D’Adda, Nelson, Regge, Annals Phys. 165, 384 (1985)



0. The logic

o usual field momenta
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with O - form fields and Lagrangian

o form field momenta
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m(x) = d-p-1) - form
o(dg(x)) 4P
with p - form fields and d - form Lagrangian

D’Adda, Nelson, Regge, Annals Phys. 165, 384 (1985)



1. Motivations

¢ Many (if not all) field theories relevant for physics
can be seen as theories of form fields living in a
space M of dimension d

¢ The action is an integral of a d - form Lagrangian so that
physics does not depend on the choice of M coordinates

)

geometric theories

o The prototypical example is gravity:
S = / Rab(w) AVEN VdGGde
M4

Invariances: diffeomorphisms + Lorentz gauge rotations



o Also YM gauge theories can be formulated in a
coordinate independent way:

S:/ Tr(F AxF)
M4

Invariances: diffeomorphisms + gauge transformations

¢ In fact we can go a step further and
unify diffeomorphisms and gauge transformations
by enlarging M —> G

~

\—

diff.son G

~

_J

/
T

U

gauge transt.

[ )
diff.s on M

_ D

a )

_J




o A framework where all symmetries are expressed as
diffeomorphisms on a (super)group G:

diff.s on M
gauge transformations
supersymmetry transformations

and the dynamical fields are the components of the G vielbein

o Example: d = 4 supergravity .
G= superPoincaré , fields: V*,w®, ¢

¢ Algorithmic procedure to build actions
Torino group geometric approach:
Regge, Ne’eman, D’Adda, D’ Auria, Fré, LC, Ceresole ...

o Recent review: LC, Fortsch.Phys. 66 (2018), arXiv:1802.03407



2. Geometric theories with p-form fields:
covariant hamiltonian formalism

¢7; are p;- forms

S= [ L@.ds)

¢ Variational principle
—> —

L L
53:/Md 5@3@ | d(é@)@((zw)

all products are exterior products

o Euler-Lagrange eq.s

oL |
d P 07 _
O(do;) =) 09;




2. Geometric theories with p-form fields:
covariant hamiltonian formalism

¢7; are pi- forms

5 = /Mducm,d@)

¢ Variational principle
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all products are exterior products \ /

form derivatives acting from the left

o Euler-Lagrange eq.s
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Form Legendre transformation

o (d-pi-1)-form momenta
oL
~ O(doi)

o d-form Hamiltonian

1

Tl

H =d¢; " — L = H(¢;, ")

¢ Hamilton eq.s

a9H 9H
ddy; = (d+1)(pi+1) .
¢ ( ) a/ﬂ-'L a/n-z
9H 9H
1 __ pit+1 — _(_\pid
int = (-1 08— (a0



3. Form-Poisson bracket (FPB)

¢ from the on-shell differential:

OF OF
F = do; - dnt —— =
dF = do oo dr' o
— = — =
OH 9F o OH OF

o 06, ) o om = M}
o The FPB {A,B}isa (a+b-d+ 1)-form since
O

is always a (d -1) - form. In particular

{¢i7 Wj} — 513,



o Properties of the form-Poisson bracket

{B,A} = —(—)letd+l)b+d+l)f 4 B1 (anti)symmetry

{A,BC} = B{A,C} + (—)“\*H*D{4 B}C
derivation

{AB,C} = {A,C)B + (=)t ArB

Jacobi

(—)latdt D)+t g 0 AL + eyclic = 0



4. Infinitesimal canonical transformations

e onany a-formA:
0A =e{A,G}

where the generator G isa (d- 1) - form
Then {A,G} is a a-form like A

¢ preserve commutation relations with FPB

e the commutator of two infinitesimal canonical
transformations generated by G and Gz is again
a canonical transformation, generated by

{G1, G2}



5. Action invariance and Noether theorem

o canonical global transformations

0p; = {¢z> G}7 om' = {7‘-7;7 G}

S:/ do; ' — H
Md,

5= [ oneyi-6)= | (moy

=== The action is invariant, up to bdy term, under the
canonical form-transf. generated by G iff

{H, G} =0 up to total der




¢ Noether charges

on shell (i.e. using Hamilton eq.s):

dG = {G, H)

thus if G generates a symmetry, on shell dG=0.
Then by Stokes theorem, on shell the integral

with & (d-1)-dim slice of the manifold /\/ld, and
fields with suitable bdy conditions “at the end of the slice”

IS conserved In {, the coordinate parametrizing the slice foliation



o canonical local transformations

0p; = e(x){¢:, G}, on' = e(@){r", G}

generated by £(x)G . The action varies as

0S = /famd({@’ Gir' — G) + /Md(ds G —e{H,G})

o Thus invariant (up to bdy terms) for arbitrary (z) iff

G=0, {HG} =0

—> constraints (primary and secondary)

¢ moreover {constraints,G} =~ 0 | i.e Gis first-class

(constraint surface preserved by canonical transt.)



» canonical local transf. generated by ()G + (de) F
5S — / ({65, GV — G) + de({s, Fyr' — F)
oM ?

+/ de (G—{H,F})—¢e¢{H,G}|
Md

are symmetries (for arbitrary e(x)) iff

G_{HaF}:Ov {HaG}:O LC,1982

¢ moreover | {constraints,G} ~0, {constraints,F'} =0

i.e. G and F must be first class, but not necessarily constraints



6. Gravity in d=3

o Lagrangian

L(¢7 d¢) — Rabvcgabc — dwabvcgabc — waewebgabc

o 1-form momenta

L oL )
Mg — (‘9(dV“) =0 Tab — =V €abc

both momenta definitions are primary constraints

(I)a, = Tgq = 07 (I)ab = Tab — cha,bc =0

since they do not involve the “velocities” dV¢ dw®



o Hamiltonian

__ a ab .
H = dV= 7o + dw™ map — dw* chabc + Wae web chabc

= AV @q + dw™ Pap + W w7 Ve

¢ Hamilton eq.s

ave = 9 _ gye
o,
dwa’b — 8[_] — dwab
87Tab
OH
d 0 = — _ bc
" oV a 2R™ €ape
dﬂ-a,b p— aH

Db — 2wc[a, Vdeb] cd



o Hamiltonian

H =dV*® 74 + dw® map — dw® VCeape + w? w® Veeqpe

— dva q)w_l_ wae web chabc

primary constraints

¢ Hamilton eq.s

H
dV¢ = 0 = dV*

o,

H

dw™ = o = dw

OT qp

OH
dm, = e = —2R %€,
dﬂ'ab — 8H

dw®® 2,V €bjea



o Hamiltonian

H =dV*® 74 + dw® map — dw® VCeape + w? w® Veeqpe

— dva q)w_l_ wae web cha,bc

primary constraints

¢ Hamilton eq.s

H
dva’ — a — dva
o, undetermined at this stage
H
dwab — 8 — dwab
OT 4
OH
dﬂ'a — e — _QRbCEabc
ATy = oH

dw®® 2,V €bjea



o compatibility of d with constraints (“conservation”)

AP, = {®o, H} =0 = Reu.=0
dPop = {Pep, H} =0 = R =0

implying vanishing of Lorentz curvature and torsion
—> field eq.s of d=3 gravity <—

o these eq.s completely determine the “velocities”

dVe =w? V'  dw? = w?® w®



e constraint algebra

{(I)aa (I)b} — {(I)aba (I)cd} — O; {(I)aa (I)bc} — —&abc

Thus constraints are second-class, and this is consistent with all the
“velocities” getting fixed by requiring “conservation” of the primary
constraints.

. . 1
equivalently, setting =¢ = ieab%bc

N
G

{0,,2"} =0,

a

all other FPB vanishing. Thus the constraints become conjugate variables



e form Dirac brackets

1f,9" =19} =1, PaHE", 9} — {f,E"H{ P, g}

inherit same properties of FPB

¢ Using Dirac brackets the second-class constraints
(i.e. all the constraints of the d =3 theory)
disappear from the game:

{fany, ®,}" = {any,Z}" =0

¢ and we can use the 3-form Hamiltonian

H = w® w® Ve




¢ Dirac brackets between basic fields (and momenta)

1
{Va’ Vb}* _ O, {wab,de}* _ O, {Va,wa}* _ _§€abc

{fany, m,}" =0, {V* m.} =0, {wab,ﬂcd}* — (5?3

¢ Hamilton eq.s with Dirac brackets

dV® ={V* H}* = {V* w® w® Vi) =wiV® =|R*=0

dwab _ {wab’H}* _ {wabjwd wef chfcd}* _ we[awb]e — Rab — 0

€

drg ={me, H}* =0

dmap = {Tap, H}" = QwC[aneb]cd = eabcwchd = d®,, =0



Gauge generators
G = (de)F + e(x)G

o Lorentz rotations

G = de®F,, + ¢*°G,p, = de®mp, + 2€abwc[aneb]cd = (De“b)wab

oV ={Ve G} = 2{w[2, Vereeddn, = e Vb
5wab _ {wab,G}* _ Dgab

O0mg =4{7e, G} =0
57Tab — {Waba G}* — {eabcvca G}* — E’:C[a,ﬂ_b]c



o diffeomorphisms

G = dé‘aFa + E;‘CLG (d5 )ea c(*u e Cabc W

b

dW

dc

— Deasabcw c

={V* G}" =De"
5wab _ {wab’G}* — 0

0mg = {7q, G} =0

57Tab — {Waba G}* — {Eabcvca G}* — ea,bc]DgC




7. Gravity in d=4
¢ Lagrangian

L(¢,do) = RVVo%4peq = dw™®VV % gpeqd — ww®V eV % gped

o 2 -form momenta

0L 0
ﬂ-a _— p—
0(dVe)
0L o rd
Tab — 5’(dwab) = VvV €abed

both momenta definitions are primary constraints

(I)a = Tlq = 07 (I)ab — Tab — chdgabcd =0



o Hamiltonian

H =dV® 7, + dw® map — dw® VeV 9% gpeq + w w® VeV % peq =

= dV® ®q + dw® Dgp + w?, W VV % 0pca

¢ Hamilton eq.s

o0H
dﬂ'a — W — _ZRbCVdEabcd
oOH
dﬂ'ab — awab = 2wc[anV€eb]Cde

velocities dV®and dw® undetermined at this stage



¢ compatibility of d with constraints (“conservation”)

AP, = {®,,H} =0 = R"V%w.a=0  Einstein eq.s

dPup = {Pup, H} =0 = R V%4peq =0 Zero torsion

o these eq.s partially determine the “velocities”
dvV® =w V°

dw® constrained by Einstein eq.s



¢ constraint algebra

{(I)aa (I)b} — {(I)aba (I)cd} — O; {(I)aa (I)bc} — _25abcdvd

Thus constraints are not all first-class, and this is consistent with some
“velocities” getting fixed by requiring “conservation” of the primary
constraints.

Dirac brackets ?

Difficulty in inverting {®4, Py }. Then use FPB



Gauge generators
G = (de)F + e(x)G

o Lorentz rotations

G = é‘abGab + d&‘a’bFab = €ab(2wcaﬂ'bc — Vaﬂ'b) + (d&‘ab)ﬂab = De’:‘abﬂ'ab — €abVa7Tb

SV ={V* G} =%V’ 6w ={w G} = De

57Ta — {7Ta, G} — 8ab7Tb, 57Tab p— 8C[a7Tb]c



o diffeomorphisms
0A =V A= (1ed+ di.)A

SV = De® 4+ 2R%,, "V°©
0w = 2R, V¢

0Tq = te(Dmy) + D(temy)
(sﬂ'ab — Lg(Dﬂ'ab) -+ D(Lgﬂ'ab)

up to a Lorentz transformation with parameter n®’ = €“wzb



8. Doubly covariant hamiltonian formalism

take curvatures as “velocities”

o example: d=4

oL

a p— p— O
"o = HRa
oL e rd
Tab — 8Rab =V°V Eabed

same primary constraints

O, =7,=0, Dy =m0 —VVeipeq =0

o Hamiltonian

H=R"7,+R"® 71, — R®VVi, , =R 1, + R® &,



¢ Hamilton eq.s

R® = {V* H} = R®
Rab _ {wab,H} _ Rab

Dﬂ'a, — {7Ta, H} — —QRbCVdeabcd
Drgp = {map, H} =0

¢ conservation of primary constraints

DO, ={P,,H} =0 = R V9%yq=0

DPoyy = {Pup, H} =0 = R V9%gpeq =0

field eq.s of d=4 vierbein gravity



9. Conclusions and outlook

o extend Hamilton to form-fields

e covariant : no time direction is selected

o well adapted to geometric theories with p-forms

¢ constraint analysis (a la Dirac) much simpler:

Compare with canonical analysis of d=4 vielbein gravity
in components, P. van Nieuwenhuizen, M. Pilati, LC,
Phys. Rev. D 26, 352 (1982)

o In progress: application to supergravities
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Thank you !




» canonical generator for diffeomorphisms ?

G = 5“(2RbaCVC7Ta + 2RbcadVd7TbC) + (De?)mq

generates correct infinitesimal ditf.s on vielbein
and spin connection, but NOT on momenta

AND does not satisfy conditions for being a gauge
generator, since 7 is not first class



