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QOutline

> Time evolution problem for non-self adjoint operators
Brownian motion: (Einstein, Langevin,... early 20th century).
Fokker-Planck equ. (PDE) & Langevin equ. (SDE).

» |. Connections QM & SDEs: Feynman-Kac formula, Itd vs
Statonovich, Girsanov’s theorem, geometric phases, SUSY QM..:

Feynman'’s path integral.

» 1l. Discrete Quantum Integrable Systems: (DNLS) & associated
SDEs. Expectation values by solving SDEs. Stochastic transport &
heat, Hamilton-Jacobi (KPZ) & viscous Burgers equs.

» Generalizations, quantum field theories. Tensor random fields

Anastasia Doikou Discrete Quantum Systems & Stochastics



Time evolution problem

> Time evolution problem for non-self adjoint operators

The PDE

Def(x,t) = — ([0 n u(X)) f(x, t),
2 Z gU 8X 0x; * Z

ij=1 j=1
g(x) = o(x)o T (x) M x M diff. matrix; b(x) M-vector: drift; u(x)
potential.

» Generalized imaginary time Schrodinger’s equation: path integral
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Stochastic point of view

» SDE the starting point in stochastic analysis
The SDE

dx; = b(x¢)dt + o(x¢)dwy,

w M-vector, comp.w;j; M-ind. Wiener proc.: E(dw;) =0,
E(dwsdwy) = d;dt, we=o = 0. w¢, non-differentiable!

» SDE yields Lo via Ito’s formula & prob. measure in Feynman-Kac.

» Opposite viewpoint: SDE via Feynman'’s Path integral (time
discretization)!
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Fokker-Planck (Kolmogorov) equation

» The adjoint operator needed:

The adjoint
M 5 M
i _1 9 B
LhF(x, t) 5,; Bt (85)f(x, 1)) ; B (Bix)f(x.1))

» Fokker-Planck (Kolmogorov forward) equ.
Oy F(x, t1) = L} F(x, 1)
t1 > b, f(x, ) = fr,(x).
» Kolmogorov backward equ.
—0,f(x, t2) = Lof(x, 2)
tr < t1, f(x,t1) = fy (x).
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The canonical transform

> Solve Fokker-Planck; g complicates — (non-Gaussian measure!).
Turn g to identity! Simplified operator:

M pe M 9
E —> + E bi(y)=— +u
= ayj2 = J(Y) ay; (v)

I\J\'—‘

New set of parameters y; (change of frame):

dy; = Z O’U x) dx;, deto #0,

» Induced drift

B(y) = 0(v) (by) —

5(vyaT(y))T), v, = (ayl,...,aw)

one first solves for x = x(y).
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Path integral: identity diffusion matrix

> Start: F-P equ.: 0:f(y,t) = [Tf(y7 t) — propagator.
Trotter-Suzuki product (e.g. [B. Simon '05]),

M
fly,t) = /dejf K(y,y'|t, t)f(y',t)
j=1

N M N
J T 0 TT KCmen-valtnsss 0.t
n=1

n=1 j=1

Y1 =Yi, YN+1 = Yf.
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Path integral: identity diffusion matrix

» M x N space-time lattice:

K(Yf,yi|t)=/dq eXP[—Z (Ayﬂﬁ al +6Zun ]

isn

0 = tar1 — th, AYn = Ynt1 — Yn-

» Lebesgue measure:

dq = 27r5 T M HHYJn

2anl
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The propagator

» Expand the square & contin. time limit (§ ~ & — 0)

K(yf7;|t):/dIP’exp [/ BT(ys)dys—;/ot BT(yS)B(yS)dH/Otu(ys)ds}

> bl (y)Ay, — /BT(ys)dys

Key point: [ b7 (y.)dys — It&’s integral (forward )

o en 33 B ] e

n=2 j=1

dP = lim lim
§—0 N—oo (271'5)
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Discrete time SDE

» Recall

K(yf,y,-|t):/dq exp [,Z (A}’jn— jn V +52Un ]

jsn

Alternatively: assume Wiener paths (discrete time SDE!):
Ay, — 5Bn(x) = Aw,

w; indep. of y;, wo = 0, then the propagator:

Korlt) = [ ot o[ [ utvo)as]

dM = lim i 1 A“J" T dw;
_sTONmeWeXp[ ZZ } HH Win-

n=1 j=1 n=2 j=1
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Corollaries

» Itd vs Stratonovich calculus

Discretization scheme (forward vs symmetric).

/BT(ys)dysz/b (vs) o dys — / Vyb(ys)d

Girsanov’s theorem...

» Gauge theories; geometric phase

Via It6-Stratonovich correspondence:

K(yrilt) = /dPeXP {/b (vs) o dys — / Vyb(ys dS}
< o[ =5 [BT (b [ utve]

1%t term: standard geometric phase, Bohm-Aharonov.
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Wiener measure

> s [0, t], ws, Wiener's representation of the Brownian path:

2 fk . 21k
— —&—\/Zzu}ksmwks, wk:T.
k>0

fo = % where fi, M-vectors: fy;, j € {1, 2,..., M} normal
variables.

» Continuum limit, N = 00, § = 0; w(s =0) =0, w(s =t) = wy:

1T
e Wt Wt

dM = ——— dM|
(27rt)M °
dka 1 )
aMo =[] H exp[—5 D> figl.
k>1j= 1 k>1 j
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Feynman-Kac

» Solution of Fokker-Planck equation, Feynmann-Kac formula:

f(xf, t) = /dX; K(xr,xi|t)fo(x)

= /dM els ubxs)ds £ (5.

fo initial profile. Integration over final states — partition function.

» Solution of backward Kolmogorov:

f(xj,t) = /dM elo ulxs)ds £ (x¢)
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Expectation Values

> AIM: compute expectation values (O):

_ Ee (O(Xs) elo ”(Xs)ds)

(0(x) = : D<s<t
Et<ef0 u(xs)ds)
£(0(x)) = / dwe dMy ’s(zi—t)t%O(xs)-

» Via solutions of SDEs, alternative to the usual Lagrangian
description (paths around the classical solution sim. to stochastic
optimal control).
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Quantum Integability: DNLS hierarchy

» Focus on DNLS hierarchy [Kundu & Ragnisco '94], [Sklyanin '99]:

1 M
10 = EZZJ'ZJ'
j=1
1 M M
0 = 3288+ (g5-3n)Z
j=1 j=1
M M M
19 = 3"2Z 0= (5Z+51Z-1)5Z 1+ 5 sz
j=1 j=1 J 1
[zi, Z] = —0;. 1) M-harmonic oscillators.
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Discr. stochastic transport & heat equs

> Focus on /®3), DST model [Eilbeck & Scott '86] . The map:

Zj = X;j, Zj — Oy,

M M
1
10 =23 505, = 3 A V() + . k=2, 3
j=1 j=1

xj = xj4m, and AN(Gg) = X1 — x5, AP () = X142 — 2x11 + .

Anastasia Doikou Discrete Quantum Systems & Stochastics



Discr. stochastic transport & heat equs

» The quantum equations of motion:

dz; _
=AY+ 77, k=23
» The relevant SDEs:
dxg = —AF Y (xy)dt + xydwy, je{l, 2,...,M}

Reduces to M-particle Black-Scholes model (Geom. Brownian).
Instead of perturbing around classical solution we solve SDEs!
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Solving SDEs: integrators

> Introduce integrator factors to solve SDEs (e.g. [Oksendal '03)):
dth = bj(Xt)dt + ththj,

» Introduce set of integrator factors:

t 1 t
Fj(t) =exp ( — / dwgj + 5/ ds)
0 0

Define y¢j = Fj(t)xy:

e _ (s
— = AP0y
For instance:
M
A =3 (e - B (Dea).  BI(D) = exp (A0(xy))
j=1

The usual calculus rules apply.
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Solving the SDEs

» Formal solution of linear problem (monodromy):

t
v = Pexp (/ A(k)(s)ds)yo,
0

t & t ty t2
Pexp(/o A(k)(s)ds):Z/o/o /0 Aty dty A (£,).. AW (1
n=0

t>t,>th1...> b

» Expansion— deformed algebras
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Stochastic transport & heat equations

» Hamiltonian of DST — Hamiltonian of 1 +1 QFT:
QFT Hamiltonian

H = [ o (3200800 - 0 p(2(x)). k=2, 3

» SDEs — the stochastic transport (k = 2) & stochastic heat (k = 3)
equations multiplicative noise:

atSO(Xa t) = _ai(ilw(xv t) + CP(X’ t)W(Xv t)
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Stochastic Hamilton-Jacobi & Burgers equations

> Stochastic heat equation, mapped to st. Hamilton-Jacobi (1d KPZ)
& viscous Burgers (Cole-Hopf transf. [Corwin '18]), ¢ = e, u = O,h:

St. Hamilton-Jacobi

ath(xv t) = 7(9)2(h(X7 t) - (axh(xa t))z + W(Xa t)

» And u = 0.h:

St. Viscous Burgers

dru(x, t) = —82u(x, t) — 2u(x, t)Bu(x, t) + W(x, t).

Anastasia Doikou Discrete Quantum Systems & Stochastics



Generalizations/Comments

> Let a tensor random field Y with Y;;,. i, d € N:

a2

——— + by i (YY) —
1ig (V)5

oYy iYLy oY . .iy

I:O:gil...fd;jl...jd(Y) i € {1,...,M}.

8i...igijr.jyr bir...iy tensor diffusion coefficients & drift comp.
Generalized It&'s formula; dwy;, i, dwWy,.. j, = 0ij, - - - 0iyj, dt,

» Cont. limit (M — o0) tensor fields — continuous random fields
depend on t and x € RY, ie

Yi..iy = o(xt), wu.g — W(xt)

» Stochastic quantization, relativistic (time evolution). d = 2 matrix
models... “Stochastic integrability” (dressing).

Anastasia Doikou Discrete Quantum Systems & Stochastics



Schematically

» PDEs, L,
LY gy, + L b0, 7 102 + LB,
—7ix0;

» SDEs
dx; = b(x;)dt + o(x¢)dw, — dy: = E(yt)dt + dwy
% dz; = dw;
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Corollaries

» Super-symmetry & drift
Consider [, [(9; D= Ks — K ( SUSY, Atiyah-Singer index theorem):

D= 2/dM exp [/Ot u(ys)ds} sinh(% /OtvysE(ys)) ds,

(:/—_exp —*/b YS YSd5+/b Ys Odys:|
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Remarks

> Drift as super-potential
Dy, = 0y, + bj(y) the covariant derivative:

~ 1 5
[= EZ:Dijr V(y)
J

V(¥) = 3BT (9)B(y) — 3 VoB(y) + o(y)

b super-potential produces V; Riccati equation.

» Equivalent SDEs
Generalization of Lamperti transform SDE: dy, = b(y:)dt + dw; .
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Corollaries

» Super-symmetry & drift
Consider [, [9); D= K - K ( SUSY, Atiyah-Singer index theorem):

SUSY QM

D= 2/dM exp [/Otu(ys)ds} sinh(;/otvys[)(ys)) ds,

o | X
2=

Il

o

X

e

|

|
c\

T

T(ve)b(se)ds + [ B7(ve) o dy].
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Wiener measure

» Compute the measure:
dM = lim lim 1 exp [— iXN:AWTAW } ﬁﬁdw-
3=0N—oo (278)"2" 20 &7 gt n
» s e [0, t], ws, Wiener's representation of the Brownian path:

f 2 f 21k
WS—\/O{5+\/ZZWILSinW"S’ wk:WT.

k>0

fo = % where f, k € {0, 1,...} M-vectors: fy;, j € {1, 2,..., M}

normal variables.
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Quantum Integrability & Stochastics

» Quantum integrability: (a) existence of quantum Lax pair
(b) R-matrix & YBE; charges in involution

» The (L,, A,) Lax pair, zero curvature condition (semi-discrete):
Ln(A) = Ant1(A) Ln(A) = La(A) An(A)

Quantum EoM analogous to Heisenberg’s picture (Korepin '83, AD &
Findlay '17)

» The transfer matrix:
t(A) = tr(Ly(N) ... Li(N))

Conserved quantities: Int(A) =", '/(\—kk) (t(A) =0)
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Solving SDEs

> Solve SDEs via iteration. Boundary term -heat kernel- plays crucial
role. Standard: [ = 33,62 + u(x), SDE

dx; = dw; = Xs = Xg + Ws.

Presence of drift: relations between w; and x; complicated!

» Examples: M-harmonic oscillators, Orenstein-Uhlenbeck, Geometric
Brownian...
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The DST & Black-Scholes models
» Via the canonical transform:
1?) = 232 +Z (G + Bje¥in™),,

and the SDEs are
dytj = (CJ + Bjey‘j“_y’j)dt + thj

Bj = 0: constant drift (Black-Scholes), solvable.
» Also, associated to Toda chain (H = I + I7):

1M M
W3S Y Be
j=1 j=1
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Stochastic transport equation

> Cont. limit: M — 00, § =0 (0 ~ i)

xg — (x,t), wyg — Wi(x,t)

w — Oep(x, 1), 52 /dx f(x)

> [p(x), B(y)] =d0(x—y), ¢(x) = 6¢(X) Brownian sheet [Prevét &
Réckner '07), (Xt("), Yt(n)) indep. Brownian:

L n
W(X,t):$z <X() Y '”TLX)

n>1
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