
Killing spinors 
from 

 classical r-matrices

Based on 1805.00948 with
Kentaroh Yoshida (Kyoto University), 
Domenico Orlando (INFN, Turin), and Susanne Reffert (University of Bern)

Yuta Sekiguchi 
University of Bern (AEC, ITP)

Dualities and Generalized Geometries 
Sep. 11,2018 @ Mon-Repos, Corfu



TsT1. Introduction • Motivation



1.1. Introduction

• AdSd/CFTd-1: attractive examples of gauge/gravity duality

d=5: [Maldacena-1998]

type IIB on AdS5xS5 N=4 SU(N) SYM in 4d.‘        ’

- Intriguing: integrabile structures
allows us to determine physical quantities exactly, 
even at finite coupling, without relying on supersymmetries.

A comprehensive review: 
[Beisert et al-2010]

e.g. amplitudes, anomalous dimensions, spectrum of strings etc.

- Significant: integrable deformations
construct a variety of examples keeping the integrability

→ Want to follow a systematic approach for such deformations.
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1.2. Yang-Baxter (YB) deformations
- labelled by classical r-matrix = a solution of classical YB equation (CYBE).

[Klimcik], [Delduc-Magro-Vicedo],  
[Hoare, Tseytlin], [Matsumoto-Yoshida]…

\

[Arutyunov-Borsato-Frolov] etc…
[Kyono-Yoshida]

[r12, r13] + [r12, r23] + [r13, r23] = 0
<latexit sha1_base64="IAUkEHKVG9zvlTGi6Una1flBDEw="></latexit><latexit sha1_base64="IAUkEHKVG9zvlTGi6Una1flBDEw="></latexit><latexit sha1_base64="IAUkEHKVG9zvlTGi6Una1flBDEw="></latexit><latexit sha1_base64="qFLFCxRUW7dg7SmdGk2kNontlaA="></latexit>

- a systematic way of performing integrable deformations:

1. Put classical r-matrix into the YB deformed sigma model action: 

2. Rewrite the action to read off the deformed background data:
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↑ const. deformation parameter
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1.2. Yang-Baxter (YB) deformations
- labelled by classical r-matrix = a solution of classical YB equation (CYBE).

[Klimcik], [Delduc-Magro-Vicedo],  
[Hoare, Tseytlin], [Matsumoto-Yoshida]…

\

[Arutyunov-Borsato-Frolov]
[Kyono-Yoshida]…[Metsaev-Tseytlin]

[r12, r13] + [r12, r23] + [r13, r23] = 0
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- a systematic way of performing integrable deformations:

1. Put classical r-matrix into the YB deformed sigma model action: 

2. Rewrite the action to read off the deformed background data:
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↑ const. deformation parameter

TODAY
classical r-matrix is unimodular: r =

1

2
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forrij [bi, bj ] = 0
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[Borsato-Wulff]

☆ The deformations can be related to “TsT”-transformation.

☆ The deformed background is a solution of the standard SUGRA.

[Matsumoto-Yoshida] [Osten-van Tongeren]
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1.3. What is a TsT-transformation?

TsT-transformation                consists of 3 steps:

[Frolov]

- Suppose that type IIB is compactified on the 2-torus. 
SL(2,Z)⇥ SL(2,Z)

<latexit sha1_base64="+lfNpGkWzK3/BvYoBp90kJUWnlQ="></latexit><latexit sha1_base64="+lfNpGkWzK3/BvYoBp90kJUWnlQ="></latexit><latexit sha1_base64="+lfNpGkWzK3/BvYoBp90kJUWnlQ="></latexit><latexit sha1_base64="NJvwwK5T/uD3sIHsjNttAGleeIQ="></latexit>

symmetry (geometric and non-geometric)
T 2

<latexit sha1_base64="OhDcBfubezYqLepzjCBGdS9DrLU=">AAACanichVHLTsJAFD3UF+IDxI2GDRFNXJEpMVF3JG5cYqRAgkjaMsCEvtIWE9LwA27c6h9o/BF/wIWfYOLOhRsX3rYkRol4JzNz7pl77ty5ozmG8HzGXhLS3PzC4lJyObWyuraezmxka549dHWu6LZhuw1N9bghLK74wjd4w3G5amoGr2uDk/C8fsVdT9hW1R85vGWqPUt0ha76RCnVy6A0bmcKrMgiy08DeQIK5Twiq9iZe1ygAxs6hjDBYcEnbECFR6MJGQwOcS0ExLmERHTOMUaKtEOK4hShEjugtUdec8Ja5Ic5vUit0y0GTZeUeeyxZ/bA3tkTe2Sv7PPPXEGUI6xlRLsWa7nTTl9vnX/8qzJp99H/Vs2s2UcXR1Gtgmp3IiZ8hT7jrQFxcbf65HUQfoH8u+HToFYqyqwonx0UysfxXyCJHHawTx0/RBmnqEChewRucIu7xJuUlbalXBwqJSaaTfwwafcLpaOEaQ==</latexit><latexit sha1_base64="OhDcBfubezYqLepzjCBGdS9DrLU=">AAACanichVHLTsJAFD3UF+IDxI2GDRFNXJEpMVF3JG5cYqRAgkjaMsCEvtIWE9LwA27c6h9o/BF/wIWfYOLOhRsX3rYkRol4JzNz7pl77ty5ozmG8HzGXhLS3PzC4lJyObWyuraezmxka549dHWu6LZhuw1N9bghLK74wjd4w3G5amoGr2uDk/C8fsVdT9hW1R85vGWqPUt0ha76RCnVy6A0bmcKrMgiy08DeQIK5Twiq9iZe1ygAxs6hjDBYcEnbECFR6MJGQwOcS0ExLmERHTOMUaKtEOK4hShEjugtUdec8Ja5Ic5vUit0y0GTZeUeeyxZ/bA3tkTe2Sv7PPPXEGUI6xlRLsWa7nTTl9vnX/8qzJp99H/Vs2s2UcXR1Gtgmp3IiZ8hT7jrQFxcbf65HUQfoH8u+HToFYqyqwonx0UysfxXyCJHHawTx0/RBmnqEChewRucIu7xJuUlbalXBwqJSaaTfwwafcLpaOEaQ==</latexit><latexit sha1_base64="OhDcBfubezYqLepzjCBGdS9DrLU=">AAACanichVHLTsJAFD3UF+IDxI2GDRFNXJEpMVF3JG5cYqRAgkjaMsCEvtIWE9LwA27c6h9o/BF/wIWfYOLOhRsX3rYkRol4JzNz7pl77ty5ozmG8HzGXhLS3PzC4lJyObWyuraezmxka549dHWu6LZhuw1N9bghLK74wjd4w3G5amoGr2uDk/C8fsVdT9hW1R85vGWqPUt0ha76RCnVy6A0bmcKrMgiy08DeQIK5Twiq9iZe1ygAxs6hjDBYcEnbECFR6MJGQwOcS0ExLmERHTOMUaKtEOK4hShEjugtUdec8Ja5Ic5vUit0y0GTZeUeeyxZ/bA3tkTe2Sv7PPPXEGUI6xlRLsWa7nTTl9vnX/8qzJp99H/Vs2s2UcXR1Gtgmp3IiZ8hT7jrQFxcbf65HUQfoH8u+HToFYqyqwonx0UysfxXyCJHHawTx0/RBmnqEChewRucIu7xJuUlbalXBwqJSaaTfwwafcLpaOEaQ==</latexit><latexit sha1_base64="9zwFBf5B9OXkXqljYjDwwSOZnoQ=">AAACanichVHLTsJAFD3UF+IDxI2GDRFNXJEpMVF3JG5cYqRAgkjaMsCEvtIWE9LwA27c6h9o/BF/wIWfYOLOhRsX3pYmRol4JzNz7pl77ty5ozmG8HzGXhLS3PzC4lJyObWyuraezmxka549dHWu6LZhuw1N9bghLK74wjd4w3G5amoGr2uDk/C8fsVdT9hW1R85vGWqPUt0ha76RCnVy6A0bmcKrMgiy08DOQYFxFaxM/e4QAc2dAxhgsOCT9iACo9GEzIYHOJaCIhzCYnonGOMFGmHFMUpQiV2QGuPvGbMWuSHOb1IrdMtBk2XlHnssWf2wN7ZE3tkr+zzz1xBlCOsZUS7NtFyp52+3jr/+Fdl0u6j/62aWbOPLo6iWgXV7kRM+Ap9xlsD4ibd6pPXQfgF8u+GT4NaqSizonx2UCgfx5+RRA472KeOH6KMU1Sg0D0CN7jFXeJNykrbUm4SKiVizSZ+mLT7BfP0hAk=</latexit>

⌧ = B12 + i
p
g(12)

<latexit sha1_base64="yYotWat1/5p4IXbqjM2FR8MBm+g="></latexit><latexit sha1_base64="yYotWat1/5p4IXbqjM2FR8MBm+g="></latexit><latexit sha1_base64="yYotWat1/5p4IXbqjM2FR8MBm+g="></latexit><latexit sha1_base64="b7SVzG6CsN4EHshe8ChMaGGe2HA="></latexit>
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<latexit sha1_base64="Yk7C8Qk+4vaY90I0Bu1QljLM7EY="></latexit><latexit sha1_base64="Yk7C8Qk+4vaY90I0Bu1QljLM7EY="></latexit><latexit sha1_base64="Yk7C8Qk+4vaY90I0Bu1QljLM7EY="></latexit><latexit sha1_base64="HFDl5osns61Z+yAx66+BLdz1IkU=">AAACdnichVHLSsNQED2Nr1ofjboRBCmWYgUpNyKou4IblxXtA9oSkvS2huZFHoUS+gP+glsFxR/xB1z4Ca5d6MKFkzQgWqwTbu6Zc+fMnTujOobu+Yy9pISZ2bn5hfRiZml5ZTUrrq3XPDtwNV7VbMN2G6ricUO3eNXXfYM3HJcrpmrwuto/jc7rA+56um1d+kOHt02lZ+ldXVN8omQxWwz2B3ty2DJI01FGsphnJRZbbhJICcgjsYot3qOFDmxoCGCCw4JP2IACj74mJDA4xLUREucS0uNzjhEypA0oilOEQmyf/j3ymglrkR/l9GK1RrcYtFxS5lBgz+yBvbEn9she2eefucI4R1TLkHZ1rOWOnL3evHj/V2XS7uPqWzW1Zh9dHMe16lS7EzPRK7Qpbw2JG3frirwOohFIvxs+CWoHJYmVpPPDfPkkGUYaW9hBkTp+hDLOUEE1nsoNbnGX+hC2hYKwOw4VUolmAz9MYF9YrYg+</latexit>

(u, v)�
<latexit sha1_base64="Yk7C8Qk+4vaY90I0Bu1QljLM7EY="></latexit><latexit sha1_base64="Yk7C8Qk+4vaY90I0Bu1QljLM7EY="></latexit><latexit sha1_base64="Yk7C8Qk+4vaY90I0Bu1QljLM7EY="></latexit><latexit sha1_base64="HFDl5osns61Z+yAx66+BLdz1IkU=">AAACdnichVHLSsNQED2Nr1ofjboRBCmWYgUpNyKou4IblxXtA9oSkvS2huZFHoUS+gP+glsFxR/xB1z4Ca5d6MKFkzQgWqwTbu6Zc+fMnTujOobu+Yy9pISZ2bn5hfRiZml5ZTUrrq3XPDtwNV7VbMN2G6ricUO3eNXXfYM3HJcrpmrwuto/jc7rA+56um1d+kOHt02lZ+ldXVN8omQxWwz2B3ty2DJI01FGsphnJRZbbhJICcgjsYot3qOFDmxoCGCCw4JP2IACj74mJDA4xLUREucS0uNzjhEypA0oilOEQmyf/j3ymglrkR/l9GK1RrcYtFxS5lBgz+yBvbEn9she2eefucI4R1TLkHZ1rOWOnL3evHj/V2XS7uPqWzW1Zh9dHMe16lS7EzPRK7Qpbw2JG3frirwOohFIvxs+CWoHJYmVpPPDfPkkGUYaW9hBkTp+hDLOUEE1nsoNbnGX+hC2hYKwOw4VUolmAz9MYF9YrYg+</latexit> {＝ 1. T-duality

2. shift
3. T-duality

u ! ũ
<latexit sha1_base64="Y/eC6pCczPhW4DOTQh7zRyWblQY="></latexit><latexit sha1_base64="Y/eC6pCczPhW4DOTQh7zRyWblQY="></latexit><latexit sha1_base64="Y/eC6pCczPhW4DOTQh7zRyWblQY="></latexit><latexit sha1_base64="ZFsCByENxADWKydmFdgFHFCEiOU="></latexit>

ũ ! u
<latexit sha1_base64="k7m33DFKg5QcwOxylV61dyI1Krk="></latexit><latexit sha1_base64="k7m33DFKg5QcwOxylV61dyI1Krk="></latexit><latexit sha1_base64="k7m33DFKg5QcwOxylV61dyI1Krk="></latexit><latexit sha1_base64="Lekr7zce7hncW1b5Zlqy/jnjs0M="></latexit>

v ! v + � ũ
<latexit sha1_base64="Hdckh+oCzk5uscvMpbdvZisl8Do="></latexit><latexit sha1_base64="Hdckh+oCzk5uscvMpbdvZisl8Do="></latexit><latexit sha1_base64="Hdckh+oCzk5uscvMpbdvZisl8Do="></latexit><latexit sha1_base64="/1832yhMVI85OmCCSp8Shkh8ubM="></latexit>

Indeed, Kähler structure transforms as                            .⌧ ! ⌧

1 + �⌧
<latexit sha1_base64="TnSGgXU/8sHvRt4l6kjbo+o3M3I="></latexit><latexit sha1_base64="0pxrqcDnEJSgIsxU7FRPtYFCKKU="></latexit><latexit sha1_base64="0pxrqcDnEJSgIsxU7FRPtYFCKKU="></latexit><latexit sha1_base64="w2Js+zrZ8s3N1iSyQt0eXzl/agI="></latexit>

↓ 2 isometry directions

[Lunin-Maldacena]

deformation parameter
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1.4. What is an M-theory TsT?

M-theory TsT                     consists of 5 steps:

- Suppose that M-theory is compactified on the 3-torus. 
symmetry (geometric and non-geometric)

{＝ 2. T-duality

3. shift

4. T-duality

u ! ũ
<latexit sha1_base64="Y/eC6pCczPhW4DOTQh7zRyWblQY="></latexit><latexit sha1_base64="Y/eC6pCczPhW4DOTQh7zRyWblQY="></latexit><latexit sha1_base64="Y/eC6pCczPhW4DOTQh7zRyWblQY="></latexit><latexit sha1_base64="ZFsCByENxADWKydmFdgFHFCEiOU="></latexit>

ũ ! u
<latexit sha1_base64="k7m33DFKg5QcwOxylV61dyI1Krk="></latexit><latexit sha1_base64="k7m33DFKg5QcwOxylV61dyI1Krk="></latexit><latexit sha1_base64="k7m33DFKg5QcwOxylV61dyI1Krk="></latexit><latexit sha1_base64="Lekr7zce7hncW1b5Zlqy/jnjs0M="></latexit>

v ! v + � ũ
<latexit sha1_base64="Hdckh+oCzk5uscvMpbdvZisl8Do="></latexit><latexit sha1_base64="Hdckh+oCzk5uscvMpbdvZisl8Do="></latexit><latexit sha1_base64="Hdckh+oCzk5uscvMpbdvZisl8Do="></latexit><latexit sha1_base64="/1832yhMVI85OmCCSp8Shkh8ubM="></latexit>

Indeed, Kähler structure transforms as                               .

↓ 3 isometry directions

⌧M ! ⌧M

1 + �⌧M
<latexit sha1_base64="C+DuOYpEQFpoNxDdnta2xV9Eqdg="></latexit><latexit sha1_base64="C+DuOYpEQFpoNxDdnta2xV9Eqdg="></latexit><latexit sha1_base64="C+DuOYpEQFpoNxDdnta2xV9Eqdg="></latexit><latexit sha1_base64="7exeKyYIofNT3B4EWiWzKdxTDsM="></latexit>

SL(3,Z)⇥ SL(2,Z)
<latexit sha1_base64="WGlDMX841sVpInbSr6sa2xiDZoo="></latexit><latexit sha1_base64="WGlDMX841sVpInbSr6sa2xiDZoo="></latexit><latexit sha1_base64="WGlDMX841sVpInbSr6sa2xiDZoo="></latexit><latexit sha1_base64="tjipxAS5fhQ7f7fHVkzSa29lYpQ="></latexit>

T 3
<latexit sha1_base64="VrNpvn9QxyM8JCtzUkSqVVu8/+I=">AAACanichVHLTsJAFD3UF+IDxI2GDRFNXJGpmqg7EjcuMVIgQSRtGWBCX2mLCWn4ATdu9Q80/og/4MJPMHHnwo0Lb1sSo0S8k5k598w9d+7c0RxDeD5jLwlpZnZufiG5mFpaXllNZ9ayVc8euDpXdNuw3bqmetwQFld84Ru87rhcNTWD17T+SXheu+KuJ2yr4g8d3jTVriU6Qld9opTKZbA/amUKrMgiy08CeQwKpTwiK9uZe1ygDRs6BjDBYcEnbECFR6MBGQwOcU0ExLmERHTOMUKKtAOK4hShEtuntUteY8xa5Ic5vUit0y0GTZeUeeywZ/bA3tkTe2Sv7PPPXEGUI6xlSLsWa7nTSl9vnH/8qzJp99H7Vk2t2UcHR1Gtgmp3IiZ8hT7lrQFxcbd65LURfoH8u+GToLpXlFlRPjsolI7jv0ASOWxhlzp+iBJOUYZC9wjc4BZ3iTcpK21KuThUSow16/hh0vYXp6aEag==</latexit><latexit sha1_base64="VrNpvn9QxyM8JCtzUkSqVVu8/+I=">AAACanichVHLTsJAFD3UF+IDxI2GDRFNXJGpmqg7EjcuMVIgQSRtGWBCX2mLCWn4ATdu9Q80/og/4MJPMHHnwo0Lb1sSo0S8k5k598w9d+7c0RxDeD5jLwlpZnZufiG5mFpaXllNZ9ayVc8euDpXdNuw3bqmetwQFld84Ru87rhcNTWD17T+SXheu+KuJ2yr4g8d3jTVriU6Qld9opTKZbA/amUKrMgiy08CeQwKpTwiK9uZe1ygDRs6BjDBYcEnbECFR6MBGQwOcU0ExLmERHTOMUKKtAOK4hShEtuntUteY8xa5Ic5vUit0y0GTZeUeeywZ/bA3tkTe2Sv7PPPXEGUI6xlSLsWa7nTSl9vnH/8qzJp99H7Vk2t2UcHR1Gtgmp3IiZ8hT7lrQFxcbd65LURfoH8u+GToLpXlFlRPjsolI7jv0ASOWxhlzp+iBJOUYZC9wjc4BZ3iTcpK21KuThUSow16/hh0vYXp6aEag==</latexit><latexit sha1_base64="VrNpvn9QxyM8JCtzUkSqVVu8/+I=">AAACanichVHLTsJAFD3UF+IDxI2GDRFNXJGpmqg7EjcuMVIgQSRtGWBCX2mLCWn4ATdu9Q80/og/4MJPMHHnwo0Lb1sSo0S8k5k598w9d+7c0RxDeD5jLwlpZnZufiG5mFpaXllNZ9ayVc8euDpXdNuw3bqmetwQFld84Ru87rhcNTWD17T+SXheu+KuJ2yr4g8d3jTVriU6Qld9opTKZbA/amUKrMgiy08CeQwKpTwiK9uZe1ygDRs6BjDBYcEnbECFR6MBGQwOcU0ExLmERHTOMUKKtAOK4hShEtuntUteY8xa5Ic5vUit0y0GTZeUeeywZ/bA3tkTe2Sv7PPPXEGUI6xlSLsWa7nTSl9vnH/8qzJp99H7Vk2t2UcHR1Gtgmp3IiZ8hT7lrQFxcbd65LURfoH8u+GToLpXlFlRPjsolI7jv0ASOWxhlzp+iBJOUYZC9wjc4BZ3iTcpK21KuThUSow16/hh0vYXp6aEag==</latexit><latexit sha1_base64="JlPxNnx5uLf69M2n53xpABwn888=">AAACanichVHLTsJAFD3UF+IDxI2GDRFNXJGpmqg7EjcuMVIgQSRtGWBCX2mLCWn4ATdu9Q80/og/4MJPMHHnwo0Lb0sTo0S8k5k598w9d+7c0RxDeD5jLwlpZnZufiG5mFpaXllNZ9ayVc8euDpXdNuw3bqmetwQFld84Ru87rhcNTWD17T+SXheu+KuJ2yr4g8d3jTVriU6Qld9opTKZbA/amUKrMgiy08COQYFxFa2M/e4QBs2dAxggsOCT9iACo9GAzIYHOKaCIhzCYnonGOEFGkHFMUpQiW2T2uXvEbMWuSHOb1IrdMtBk2XlHnssGf2wN7ZE3tkr+zzz1xBlCOsZUi7NtZyp5W+3jj/+Fdl0u6j962aWrOPDo6iWgXV7kRM+Ap9ylsD4sbd6pHXRvgF8u+GT4LqXlFmRfnsoFA6jj8jiRy2sEsdP0QJpyhDoXsEbnCLu8SblJU2pdw4VErEmnX8MGn7C/X3hAo=</latexit>

⌧M = C123 + i
p
g(123)

<latexit sha1_base64="XnuKLhJoZY+IDv8BZSp7NcdEgbE="></latexit><latexit sha1_base64="XnuKLhJoZY+IDv8BZSp7NcdEgbE="></latexit><latexit sha1_base64="XnuKLhJoZY+IDv8BZSp7NcdEgbE="></latexit><latexit sha1_base64="p8C3Tpyqw9HoeQe7TUsMOyR1qkY="></latexit>

(u, v, w)�
<latexit sha1_base64="/JhwUqey2yQuEdsVZy+LBXUQHU8="></latexit><latexit sha1_base64="/JhwUqey2yQuEdsVZy+LBXUQHU8="></latexit><latexit sha1_base64="/JhwUqey2yQuEdsVZy+LBXUQHU8="></latexit><latexit sha1_base64="x+00ju+o8203TbUGjqy/23bAkh4="></latexit>

= ⌧
<latexit sha1_base64="eY9aS5DuYMru9NwMy9OPwJ8KEOE=">AAACanichVG7SgNBFD1ZXzE+EmOjpAlGwSrMiqAWQsDGMqKbBJIQdjeTZMi+2J0VQsgP2NjqHyj+iD9g4ScIdhY2Ft7sBkSDeoeZOffMPXfu3DE8SwSSseeEMjM7N7+QXEwtLa+spjNr2Urghr7JNdO1XL9m6AG3hMM1KaTFa57PdduweNXon4zPq5fcD4TrXMiBx5u23nVER5i6JEo7bkg9bGUKrMgiy08DdQIKpTwiK7uZOzTQhgsTIWxwOJCELegIaNShgsEjrokhcT4hEZ1zjJAibUhRnCJ0Yvu0dsmrT1iH/HHOIFKbdItF0ydlHjvsid2zN/bIHtgL+/g11zDKMa5lQLsRa7nXSl9tnL//q7Jpl+h9qf6sWaKDw6hWQbV7ETN+hfnHW4fExd3qkdfGiL5A/dnwaVDZK6qsqJ7tF0pH8V8giRy2sEsdP0AJpyhDo3sErnGD28SrklU2lVwcqiQmmnV8M2X7E7NwhHA=</latexit><latexit sha1_base64="eY9aS5DuYMru9NwMy9OPwJ8KEOE=">AAACanichVG7SgNBFD1ZXzE+EmOjpAlGwSrMiqAWQsDGMqKbBJIQdjeTZMi+2J0VQsgP2NjqHyj+iD9g4ScIdhY2Ft7sBkSDeoeZOffMPXfu3DE8SwSSseeEMjM7N7+QXEwtLa+spjNr2Urghr7JNdO1XL9m6AG3hMM1KaTFa57PdduweNXon4zPq5fcD4TrXMiBx5u23nVER5i6JEo7bkg9bGUKrMgiy08DdQIKpTwiK7uZOzTQhgsTIWxwOJCELegIaNShgsEjrokhcT4hEZ1zjJAibUhRnCJ0Yvu0dsmrT1iH/HHOIFKbdItF0ydlHjvsid2zN/bIHtgL+/g11zDKMa5lQLsRa7nXSl9tnL//q7Jpl+h9qf6sWaKDw6hWQbV7ETN+hfnHW4fExd3qkdfGiL5A/dnwaVDZK6qsqJ7tF0pH8V8giRy2sEsdP0AJpyhDo3sErnGD28SrklU2lVwcqiQmmnV8M2X7E7NwhHA=</latexit><latexit sha1_base64="eY9aS5DuYMru9NwMy9OPwJ8KEOE=">AAACanichVG7SgNBFD1ZXzE+EmOjpAlGwSrMiqAWQsDGMqKbBJIQdjeTZMi+2J0VQsgP2NjqHyj+iD9g4ScIdhY2Ft7sBkSDeoeZOffMPXfu3DE8SwSSseeEMjM7N7+QXEwtLa+spjNr2Urghr7JNdO1XL9m6AG3hMM1KaTFa57PdduweNXon4zPq5fcD4TrXMiBx5u23nVER5i6JEo7bkg9bGUKrMgiy08DdQIKpTwiK7uZOzTQhgsTIWxwOJCELegIaNShgsEjrokhcT4hEZ1zjJAibUhRnCJ0Yvu0dsmrT1iH/HHOIFKbdItF0ydlHjvsid2zN/bIHtgL+/g11zDKMa5lQLsRa7nXSl9tnL//q7Jpl+h9qf6sWaKDw6hWQbV7ETN+hfnHW4fExd3qkdfGiL5A/dnwaVDZK6qsqJ7tF0pH8V8giRy2sEsdP0AJpyhDo3sErnGD28SrklU2lVwcqiQmmnV8M2X7E7NwhHA=</latexit><latexit sha1_base64="HvKGAjTgJ1awS1cn6iFJnzs7jCw=">AAACanichVG7SgNBFD1ZXzE+EmOjpAlGwSrMiqAWQsDGMqJ5QBLC7maSDNkXu7NCCPkBG1v9A8Uf8Qcs/ATBzsLGwrubBdGg3mFmzj1zz507d3TXFL5k7DmhzMzOzS8kF1NLyyur6cxatuo7gWfwiuGYjlfXNZ+bwuYVKaTJ667HNUs3eU0fnITntUvu+cKxL+TQ5S1L69miKwxNElU5bkotaGcKrMgiy08DNQYFxFZ2MndoogMHBgJY4LAhCZvQ4NNoQAWDS1wLI+I8QiI65xgjRdqAojhFaMQOaO2R14hZm/wwpx+pDbrFpOmRMo8d9sTu2Rt7ZA/shX38mmsU5QhrGdKuT7TcbaevNs7f/1VZtEv0v1R/1izRxWFUq6Da3YgJX2H88dYRcZNu9cnrYExfoP5s+DSo7hVVVlTP9gulo/gzkshhC7vU8QOUcIoyKnSPwDVucJt4VbLKppKbhCqJWLOOb6ZsfwIB0IQQ</latexit>

(u, v, w)�
<latexit sha1_base64="/JhwUqey2yQuEdsVZy+LBXUQHU8="></latexit><latexit sha1_base64="/JhwUqey2yQuEdsVZy+LBXUQHU8="></latexit><latexit sha1_base64="/JhwUqey2yQuEdsVZy+LBXUQHU8="></latexit><latexit sha1_base64="x+00ju+o8203TbUGjqy/23bAkh4="></latexit>

1. reduction on 

5. oxidation on 

w
<latexit sha1_base64="bPE+NKJyElbG6MgRpEr/tKXC0zg="></latexit><latexit sha1_base64="bPE+NKJyElbG6MgRpEr/tKXC0zg="></latexit><latexit sha1_base64="bPE+NKJyElbG6MgRpEr/tKXC0zg="></latexit><latexit sha1_base64="B9I/qjfTe7VetQpEHUwAGGktPmw="></latexit>

w
<latexit sha1_base64="NGCTVnDJZMGZGMhEEiCaFFR8hKU="></latexit><latexit sha1_base64="NGCTVnDJZMGZGMhEEiCaFFR8hKU="></latexit><latexit sha1_base64="NGCTVnDJZMGZGMhEEiCaFFR8hKU="></latexit><latexit sha1_base64="9skKRUKM2sa1pTm3yXMgcyM6kBM="></latexit>

[Aharony][Sen]
[Ganor-Ramgoolam-Taylor]

deformation parameter

M-theory T-duality:
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1.3. What is a TsT-transformation?

TsT-transformation                consists of 3 steps:

[Frolov]

- Suppose that type IIB is compactified on the 2-torus. 
SL(2,Z)⇥ SL(2,Z)

<latexit sha1_base64="+lfNpGkWzK3/BvYoBp90kJUWnlQ="></latexit><latexit sha1_base64="+lfNpGkWzK3/BvYoBp90kJUWnlQ="></latexit><latexit sha1_base64="+lfNpGkWzK3/BvYoBp90kJUWnlQ="></latexit><latexit sha1_base64="NJvwwK5T/uD3sIHsjNttAGleeIQ="></latexit>

symmetry (geometric and non-geometric)
T 2

<latexit sha1_base64="OhDcBfubezYqLepzjCBGdS9DrLU=">AAACanichVHLTsJAFD3UF+IDxI2GDRFNXJEpMVF3JG5cYqRAgkjaMsCEvtIWE9LwA27c6h9o/BF/wIWfYOLOhRsX3rYkRol4JzNz7pl77ty5ozmG8HzGXhLS3PzC4lJyObWyuraezmxka549dHWu6LZhuw1N9bghLK74wjd4w3G5amoGr2uDk/C8fsVdT9hW1R85vGWqPUt0ha76RCnVy6A0bmcKrMgiy08DeQIK5Twiq9iZe1ygAxs6hjDBYcEnbECFR6MJGQwOcS0ExLmERHTOMUaKtEOK4hShEjugtUdec8Ja5Ic5vUit0y0GTZeUeeyxZ/bA3tkTe2Sv7PPPXEGUI6xlRLsWa7nTTl9vnX/8qzJp99H/Vs2s2UcXR1Gtgmp3IiZ8hT7jrQFxcbf65HUQfoH8u+HToFYqyqwonx0UysfxXyCJHHawTx0/RBmnqEChewRucIu7xJuUlbalXBwqJSaaTfwwafcLpaOEaQ==</latexit><latexit sha1_base64="OhDcBfubezYqLepzjCBGdS9DrLU=">AAACanichVHLTsJAFD3UF+IDxI2GDRFNXJEpMVF3JG5cYqRAgkjaMsCEvtIWE9LwA27c6h9o/BF/wIWfYOLOhRsX3rYkRol4JzNz7pl77ty5ozmG8HzGXhLS3PzC4lJyObWyuraezmxka549dHWu6LZhuw1N9bghLK74wjd4w3G5amoGr2uDk/C8fsVdT9hW1R85vGWqPUt0ha76RCnVy6A0bmcKrMgiy08DeQIK5Twiq9iZe1ygAxs6hjDBYcEnbECFR6MJGQwOcS0ExLmERHTOMUaKtEOK4hShEjugtUdec8Ja5Ic5vUit0y0GTZeUeeyxZ/bA3tkTe2Sv7PPPXEGUI6xlRLsWa7nTTl9vnX/8qzJp99H/Vs2s2UcXR1Gtgmp3IiZ8hT7jrQFxcbf65HUQfoH8u+HToFYqyqwonx0UysfxXyCJHHawTx0/RBmnqEChewRucIu7xJuUlbalXBwqJSaaTfwwafcLpaOEaQ==</latexit><latexit sha1_base64="OhDcBfubezYqLepzjCBGdS9DrLU=">AAACanichVHLTsJAFD3UF+IDxI2GDRFNXJEpMVF3JG5cYqRAgkjaMsCEvtIWE9LwA27c6h9o/BF/wIWfYOLOhRsX3rYkRol4JzNz7pl77ty5ozmG8HzGXhLS3PzC4lJyObWyuraezmxka549dHWu6LZhuw1N9bghLK74wjd4w3G5amoGr2uDk/C8fsVdT9hW1R85vGWqPUt0ha76RCnVy6A0bmcKrMgiy08DeQIK5Twiq9iZe1ygAxs6hjDBYcEnbECFR6MJGQwOcS0ExLmERHTOMUaKtEOK4hShEjugtUdec8Ja5Ic5vUit0y0GTZeUeeyxZ/bA3tkTe2Sv7PPPXEGUI6xlRLsWa7nTTl9vnX/8qzJp99H/Vs2s2UcXR1Gtgmp3IiZ8hT7jrQFxcbf65HUQfoH8u+HToFYqyqwonx0UysfxXyCJHHawTx0/RBmnqEChewRucIu7xJuUlbalXBwqJSaaTfwwafcLpaOEaQ==</latexit><latexit sha1_base64="9zwFBf5B9OXkXqljYjDwwSOZnoQ=">AAACanichVHLTsJAFD3UF+IDxI2GDRFNXJEpMVF3JG5cYqRAgkjaMsCEvtIWE9LwA27c6h9o/BF/wIWfYOLOhRsX3pYmRol4JzNz7pl77ty5ozmG8HzGXhLS3PzC4lJyObWyuraezmxka549dHWu6LZhuw1N9bghLK74wjd4w3G5amoGr2uDk/C8fsVdT9hW1R85vGWqPUt0ha76RCnVy6A0bmcKrMgiy08DOQYFxFaxM/e4QAc2dAxhgsOCT9iACo9GEzIYHOJaCIhzCYnonGOMFGmHFMUpQiV2QGuPvGbMWuSHOb1IrdMtBk2XlHnssWf2wN7ZE3tkr+zzz1xBlCOsZUS7NtFyp52+3jr/+Fdl0u6j/62aWbOPLo6iWgXV7kRM+Ap9xlsD4ibd6pPXQfgF8u+GT4NaqSizonx2UCgfx5+RRA472KeOH6KMU1Sg0D0CN7jFXeJNykrbUm4SKiVizSZ+mLT7BfP0hAk=</latexit>

⌧ = B12 + i
p
g(12)

<latexit sha1_base64="yYotWat1/5p4IXbqjM2FR8MBm+g="></latexit><latexit sha1_base64="yYotWat1/5p4IXbqjM2FR8MBm+g="></latexit><latexit sha1_base64="yYotWat1/5p4IXbqjM2FR8MBm+g="></latexit><latexit sha1_base64="b7SVzG6CsN4EHshe8ChMaGGe2HA="></latexit>

(u, v)�
<latexit sha1_base64="Yk7C8Qk+4vaY90I0Bu1QljLM7EY="></latexit><latexit sha1_base64="Yk7C8Qk+4vaY90I0Bu1QljLM7EY="></latexit><latexit sha1_base64="Yk7C8Qk+4vaY90I0Bu1QljLM7EY="></latexit><latexit sha1_base64="HFDl5osns61Z+yAx66+BLdz1IkU=">AAACdnichVHLSsNQED2Nr1ofjboRBCmWYgUpNyKou4IblxXtA9oSkvS2huZFHoUS+gP+glsFxR/xB1z4Ca5d6MKFkzQgWqwTbu6Zc+fMnTujOobu+Yy9pISZ2bn5hfRiZml5ZTUrrq3XPDtwNV7VbMN2G6ricUO3eNXXfYM3HJcrpmrwuto/jc7rA+56um1d+kOHt02lZ+ldXVN8omQxWwz2B3ty2DJI01FGsphnJRZbbhJICcgjsYot3qOFDmxoCGCCw4JP2IACj74mJDA4xLUREucS0uNzjhEypA0oilOEQmyf/j3ymglrkR/l9GK1RrcYtFxS5lBgz+yBvbEn9she2eefucI4R1TLkHZ1rOWOnL3evHj/V2XS7uPqWzW1Zh9dHMe16lS7EzPRK7Qpbw2JG3frirwOohFIvxs+CWoHJYmVpPPDfPkkGUYaW9hBkTp+hDLOUEE1nsoNbnGX+hC2hYKwOw4VUolmAz9MYF9YrYg+</latexit>

(u, v)�
<latexit sha1_base64="Yk7C8Qk+4vaY90I0Bu1QljLM7EY="></latexit><latexit sha1_base64="Yk7C8Qk+4vaY90I0Bu1QljLM7EY="></latexit><latexit sha1_base64="Yk7C8Qk+4vaY90I0Bu1QljLM7EY="></latexit><latexit sha1_base64="HFDl5osns61Z+yAx66+BLdz1IkU=">AAACdnichVHLSsNQED2Nr1ofjboRBCmWYgUpNyKou4IblxXtA9oSkvS2huZFHoUS+gP+glsFxR/xB1z4Ca5d6MKFkzQgWqwTbu6Zc+fMnTujOobu+Yy9pISZ2bn5hfRiZml5ZTUrrq3XPDtwNV7VbMN2G6ricUO3eNXXfYM3HJcrpmrwuto/jc7rA+56um1d+kOHt02lZ+ldXVN8omQxWwz2B3ty2DJI01FGsphnJRZbbhJICcgjsYot3qOFDmxoCGCCw4JP2IACj74mJDA4xLUREucS0uNzjhEypA0oilOEQmyf/j3ymglrkR/l9GK1RrcYtFxS5lBgz+yBvbEn9she2eefucI4R1TLkHZ1rOWOnL3evHj/V2XS7uPqWzW1Zh9dHMe16lS7EzPRK7Qpbw2JG3frirwOohFIvxs+CWoHJYmVpPPDfPkkGUYaW9hBkTp+hDLOUEE1nsoNbnGX+hC2hYKwOw4VUolmAz9MYF9YrYg+</latexit> {＝ 1. T-duality

2. shift
3. T-duality

u ! ũ
<latexit sha1_base64="Y/eC6pCczPhW4DOTQh7zRyWblQY="></latexit><latexit sha1_base64="Y/eC6pCczPhW4DOTQh7zRyWblQY="></latexit><latexit sha1_base64="Y/eC6pCczPhW4DOTQh7zRyWblQY="></latexit><latexit sha1_base64="ZFsCByENxADWKydmFdgFHFCEiOU="></latexit>

ũ ! u
<latexit sha1_base64="k7m33DFKg5QcwOxylV61dyI1Krk="></latexit><latexit sha1_base64="k7m33DFKg5QcwOxylV61dyI1Krk="></latexit><latexit sha1_base64="k7m33DFKg5QcwOxylV61dyI1Krk="></latexit><latexit sha1_base64="Lekr7zce7hncW1b5Zlqy/jnjs0M="></latexit>

v ! v + � ũ
<latexit sha1_base64="Hdckh+oCzk5uscvMpbdvZisl8Do="></latexit><latexit sha1_base64="Hdckh+oCzk5uscvMpbdvZisl8Do="></latexit><latexit sha1_base64="Hdckh+oCzk5uscvMpbdvZisl8Do="></latexit><latexit sha1_base64="/1832yhMVI85OmCCSp8Shkh8ubM="></latexit>

↓ 2 isometry directions

[Lunin-Maldacena]

deformation parameter

Nothing but string theory  

of Ω-deformation!
(deformation w/ less SUSYs)

[Hellerman-Orlando-Reffert]
[Lambert-Orlando-Reffert]
[Lambert-Orlando-Reffert-YS]

Known: how to preserve SUSYs  explicitly  
                (=at the level of Killing spinors)
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•Another interesting point for YB deformation

Via field redefinition, one obtains the relations:  
          (open ⇄ closed)

GMN = (g �Bg�1B)MN

Gs = gs

✓
det(g +B)

detg

◆1/2

⇥MN = �
�
(g +B)�1B(g �B)�1

�MN
.

<latexit sha1_base64="eJ8st+WhUaXclU/aF+3KxXxEyds="></latexit><latexit sha1_base64="eJ8st+WhUaXclU/aF+3KxXxEyds="></latexit><latexit sha1_base64="eJ8st+WhUaXclU/aF+3KxXxEyds="></latexit><latexit sha1_base64="v2v3yRZdoUPq3wQItv/c0aEHXN4="></latexit>

↑bi-vector: measures the non-commutativity

1.4. Relation to non-commutativity (skipped)
10



1.4. Relation to non-commutativity (skipped)
•Another interesting point for YB deformation

Via field redefinition, one obtains the relations:  
          (open ⇄ closed)

GMN = (g �Bg�1B)MN

Gs = gs

✓
det(g +B)

detg

◆1/2

⇥MN = �
�
(g +B)�1B(g �B)�1

�MN
.

<latexit sha1_base64="eJ8st+WhUaXclU/aF+3KxXxEyds="></latexit><latexit sha1_base64="eJ8st+WhUaXclU/aF+3KxXxEyds="></latexit><latexit sha1_base64="eJ8st+WhUaXclU/aF+3KxXxEyds="></latexit><latexit sha1_base64="v2v3yRZdoUPq3wQItv/c0aEHXN4="></latexit>

↑bi-vector: measures the non-commutativity

[Araujo-Bakhmatov-Colgain-Sakamoto-Jabbari-Yoshida]

undeformed AdS5xS5 metric

constant

In summary,

⇥MN = rMN
<latexit sha1_base64="9jTyvgxvNarpROPmBwMXL45G75c="></latexit><latexit sha1_base64="9jTyvgxvNarpROPmBwMXL45G75c="></latexit><latexit sha1_base64="9jTyvgxvNarpROPmBwMXL45G75c="></latexit><latexit sha1_base64="6DWgNmNlJCh034yBQ2PRb3Z7NdA="></latexit>

Cl. r-matrix measures  
     the non-commutativity

only relevant parameter.
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1.3. Motivations

• We want to revisit the TsT deformation 
 from the view point of Killing spinors.

• We present a concise recipe for reconstructing Killing spinors 
 for TsT-deformed backgrounds.

•  Through the case by case study, we expect to find (empirically)  
 some general formula of Killing spinors applicable for other 
 YB deformations.

☆ Interplay between TsT, NC, and supersymmetry (= Killing spinor).

12



1. Introduction • Motivation 

2. T-duality versus SUSY  

3. Recipe for Killing spinors via TsT and examples 

4. Comments

The rest of my talk
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2. T-duality  versus supersymmetry

Prerequisites:  
Buscher rules, SUSY variations in type II SUGRA
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We study the interplay between T duality, compactification, and supersymmetry. We prove that 
when the original configuration has unbroken space-time supersymmetries, the dual configuration 
also does if a special condition is met: the Killing spinors of the original configuration have to be 
independent of the coordinate which corresponds to the isometry direction of the bosonic fields used 
for duality. Examples of "losers" (T duals are not supersymmetric) and "winners" (T duals are 
supersymmetric) are given. 
PACS number(s): 11.30.Pb, 04.65.+e, 04.70.Dy, 04.30.-w 

I. INTRODUCTION 

Target-space duality ( T  duality) is a powerful tool for 
generating new classical solutions of string theory. It can 
be used in the a model context to generate new exact 
solutions but also in the context of the leading order in 
a' effective action to generate new solutions to the low- 
energy equations of motion. Some of these solutions have 
unbroken supersymmetries. The purpose of this paper is 
to study the generic relation between the supersymmetric 
properties of the original configuration and the dual one 
in the context of the low-energy effective action. 

It has been observed that in some cases T duality pre- 
serves unbroken supersymmetry. Well-known examples 
are the supersymmetric string wave solutions (SSW's) 
[I] and their partners, dual waves [2], which in partic- 
ular include fundamental string solutions [3]. Another 
example of T-dual partners with unbroken supersymme- 
tries is given by a special class of fivebrane solutions [4], 
multimonopoles [5] and their duals, a special class of 
stringy asymptotically locally Euclidean (ALE) instan- 
tons [6] which has a multicenter metric. 

The preservation of unbroken supersymmetries by du- 
ality is related in principle to the fact that T duality is 
just one of the hidden symmetr i e s  of the supergravity 
theory that arises after dimensional reduction [7]. These 
hidden symmetries are indeed consistent with the super- 
symmetry of the dimensionally reduced theory. However, 
some recently discovered counterexamples seem to con- 
tradict this preliminary understanding. Therefore, one 
of the main goals of our analysis is to find the general 

condition that guarantees the preservation of unbroken 
supersyrnmetries that it is not satisfied by these coun- 
terexamples. We will perform this analysis in the con- 
text of N = 1, d = 10 supergravity without vector fields. 
More general results involving Abelian and non-Abelian 
vector fields and higher order a' corrections will be re- 
ported elsewhere [8]. Some of the results presented in 
this paper were announced in [9]. 

The first counterexample known to us appears in a 
very simple case. We have found some time ago1 that 
if one starts with ten-dimensional flat space (which has 
all supersymrnetries unbroken) in polar coordinates and 
performs a T-duality transformation with respect to the 
angular coordinate p, the resulting configuration has no 
unbroken supersymmetries whatsoever. 

The explanation of this apparently inconsistent sit- 
uation will be found in a Kaluza-Klein-type analysis 
of the fermionic supersymmetry transformation rules of 
N = 1, d = 10 supergravity. In the conventional di- 
mensional reduction of this theory by compactification 
of one dimension (with coordinate x, say) one only con- 
siders those field configurations that do not depend on 
the compact coordinate, and one only considers those su- 
persymmetry transformations generated by parameters E 

that are independent of x as well, projecting the rest 
out of the resulting N = 1, d = 9 theory which is the 
case n = 1 of Ref. [lo]. If the Killing spinor of the 
ten-dimensional configuration depends on x, the config- 
uration will not be supersymmetric in nine dimensions. 
The effect of the nine-dimensional hidden symmetries in 
the ten-dimensional supersymmetry is unknown, while 

'Electronic address: bergshoe@th.rug.nl 
t~lectronic address: kallosh@physics.stanford.edu 'It was suggested to us by Tseytlin to check whether super- 
t~lectronic address: ortin@qmchep.cern.ch symmetry is preserved by duality in this case. 
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2. A wonderful reference
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Loser: take a flat space in type IIA
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T-dualize You lose!
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Winner: use two polar coodinates
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} 1/2 SUSY preserved!

You win!

😇👍

2. Example: loser’s and winner’s cases cf: [Bergshoeff-Kallosh-Ortín]
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2. Example: loser’s and winner’s cases
Loser: take a flat space in type IIA
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cf: [Bergshoeff-Kallosh-Ortín]
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T-dualize You lose!
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Winner: use two polar coodinates
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<latexit sha1_base64="dXiDlyfa6VUYkOQeZrfBh/CIxDw=">AAACcXichVHLSsNAFD2Nr1ofrbpR3IQWQSiUiQjqruDGZUX7gKaWJJ22g3mRpEIJ/QE/wK0uFX/EH3DhJ7juwo0Lb5KCaLHeYWbOPXPPnTt3dNcUfsDYW0qam19YXEovZ1ZW19azuY3Nmu8MPINXDcd0vIau+dwUNq8GIjB5w/W4Zukmr+vXp9F5/YZ7vnDsy2Do8pal9WzRFYYWEKWqFXEVqm5ftIujdq7ASiw2eRooE1Aoy4it4uQeoaIDBwYGsMBhIyBsQoNPowkFDC5xLYTEeYREfM4xQoa0A4riFKERe01rj7zmhLXJj3L6sdqgW0yaHill7LFX9sTG7IU9s3f2+WeuMM4R1TKkXU+03G1nb7cvPv5VWbQH6H+rZtYcoIvjuFZBtbsxE73CmPHWkLikW33yOoi+QPnd8GlQOygprKScHxbKJ8lfII1d5LFPHT9CGWeooEr3uLjDPR5SY2lHkqV8EiqlJpot/DCp+AUzJIdl</latexit><latexit sha1_base64="dXiDlyfa6VUYkOQeZrfBh/CIxDw=">AAACcXichVHLSsNAFD2Nr1ofrbpR3IQWQSiUiQjqruDGZUX7gKaWJJ22g3mRpEIJ/QE/wK0uFX/EH3DhJ7juwo0Lb5KCaLHeYWbOPXPPnTt3dNcUfsDYW0qam19YXEovZ1ZW19azuY3Nmu8MPINXDcd0vIau+dwUNq8GIjB5w/W4Zukmr+vXp9F5/YZ7vnDsy2Do8pal9WzRFYYWEKWqFXEVqm5ftIujdq7ASiw2eRooE1Aoy4it4uQeoaIDBwYGsMBhIyBsQoNPowkFDC5xLYTEeYREfM4xQoa0A4riFKERe01rj7zmhLXJj3L6sdqgW0yaHill7LFX9sTG7IU9s3f2+WeuMM4R1TKkXU+03G1nb7cvPv5VWbQH6H+rZtYcoIvjuFZBtbsxE73CmPHWkLikW33yOoi+QPnd8GlQOygprKScHxbKJ8lfII1d5LFPHT9CGWeooEr3uLjDPR5SY2lHkqV8EiqlJpot/DCp+AUzJIdl</latexit><latexit sha1_base64="dXiDlyfa6VUYkOQeZrfBh/CIxDw=">AAACcXichVHLSsNAFD2Nr1ofrbpR3IQWQSiUiQjqruDGZUX7gKaWJJ22g3mRpEIJ/QE/wK0uFX/EH3DhJ7juwo0Lb5KCaLHeYWbOPXPPnTt3dNcUfsDYW0qam19YXEovZ1ZW19azuY3Nmu8MPINXDcd0vIau+dwUNq8GIjB5w/W4Zukmr+vXp9F5/YZ7vnDsy2Do8pal9WzRFYYWEKWqFXEVqm5ftIujdq7ASiw2eRooE1Aoy4it4uQeoaIDBwYGsMBhIyBsQoNPowkFDC5xLYTEeYREfM4xQoa0A4riFKERe01rj7zmhLXJj3L6sdqgW0yaHill7LFX9sTG7IU9s3f2+WeuMM4R1TKkXU+03G1nb7cvPv5VWbQH6H+rZtYcoIvjuFZBtbsxE73CmPHWkLikW33yOoi+QPnd8GlQOygprKScHxbKJ8lfII1d5LFPHT9CGWeooEr3uLjDPR5SY2lHkqV8EiqlJpot/DCp+AUzJIdl</latexit><latexit sha1_base64="bNs4HYf1XNu6fXOkjYoq7Rldh1A=">AAACcXichVHLSsNAFD2Nr1ofrbpR3JQWQSiUiQjqruDGZUX7gLaWJJ22g3kMSSqU0B/wA9zqUvFH/AEXfoLrLty48CYNiBbrHWbm3DP33LlzR5em8HzG3hLK3PzC4lJyObWyuraezmxsVj1n4Bq8Yjim49Z1zeOmsHnFF77J69LlmqWbvKZfn4bntRvuesKxL/2h5C1L69miKwzNJ6rZLIuroCn7ol0YtTN5VmSRZaeBGoM8Yis7mUc00YEDAwNY4LDhEzahwaPRgAoGSVwLAXEuIRGdc4yQIu2AojhFaMRe09ojrxGzNvlhTi9SG3SLSdMlZRZ77JU9sTF7Yc/snX3+mSuIcoS1DGnXJ1ou2+nb7YuPf1UW7T7636qZNfvo4jiqVVDtMmLCVxgz3hoQN+lWn7wOwi9Qfzd8GlQPiiorqueH+dJJ/BlJ7CKHfer4EUo4QxkVukfiDvd4SIyVHSWr5CahSiLWbOGHKYUvgXWHBQ==</latexit>

: a projector orthogonal to 
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2. Remark on Dérivées de Lie des spineurs

Indeed, the condition to remove the dependence of isometry directions 
from the Killing spinor can be written using Kosmann Lie spinorial derivative:

[Kosmann, 1971]

(K is a Killing vector of the isometry direction to be T-dualized.)

LK✏ = Kmrm✏+
1

4
(dK)mn�

mn✏ = 0
<latexit sha1_base64="RKl0lxm80JNpOvrgnb0nR6JSJ4g="></latexit><latexit sha1_base64="RKl0lxm80JNpOvrgnb0nR6JSJ4g="></latexit><latexit sha1_base64="RKl0lxm80JNpOvrgnb0nR6JSJ4g="></latexit><latexit sha1_base64="Y7jbiRPTyUWegvp8plDI8pxALuc="></latexit>

!

In general, for type IIA ⇆ type IIB via T-duality

��̃ = 0, � ̃ = 0
<latexit sha1_base64="3Y/iXGwzbAK9IWp6ROAob2wA5c8="></latexit><latexit sha1_base64="3Y/iXGwzbAK9IWp6ROAob2wA5c8="></latexit><latexit sha1_base64="3Y/iXGwzbAK9IWp6ROAob2wA5c8="></latexit><latexit sha1_base64="dknH8TL9aUn8YhHhkjMCoYVIN2U="></latexit>

if �� = 0, � = 0, and L@z✏ = 0
<latexit sha1_base64="bjLoryEHjPGePTXUq6scwsXs8Iw="></latexit><latexit sha1_base64="bjLoryEHjPGePTXUq6scwsXs8Iw="></latexit><latexit sha1_base64="bjLoryEHjPGePTXUq6scwsXs8Iw="></latexit><latexit sha1_base64="JF5+ZZdOWqvbN08OpPk2AqhMm1g="></latexit>

and
<latexit sha1_base64="5g0/X/AxcFzFIMcB8GF7Lww5UVU=">AAACcXichVHLSsNAFD2Nr1ofrbpR3IQWQRDKRAR1V3DjsqJ9QFtKkk7boXmRTIUS+gN+gFtdKv6IP+DCT3DdhRsX3iQF0aLeYWbOPXPPnTt3DM8SgWTsNaXMzS8sLqWXMyura+vZ3MZmNXCHvskrpmu5ft3QA24Jh1ekkBavez7XbcPiNWNwFp3XrrkfCNe5kiOPt2y954iuMHVJVLNp67Lv26HudMbtXIEVWWzqLNCmoFBSEVvZzT2giQ5cmBjCBocDSdiCjoBGAxoYPOJaCInzCYn4nGOMDGmHFMUpQid2QGuPvMaUdciPcgax2qRbLJo+KVXssRf2yCbsmT2xN/bxa64wzhHVMqLdSLTca2dvti/f/1XZtEv0v1R/1izRxUlcq6DavZiJXmH+8daQuKRbffI6iL5A+9nwWVA9LGqsqF0cFUqnyV8gjV3ksU8dP0YJ5yijQvd4uMUd7lMTZUdRlXwSqqSmmi18M+XgEzI0h+M=</latexit><latexit sha1_base64="5g0/X/AxcFzFIMcB8GF7Lww5UVU=">AAACcXichVHLSsNAFD2Nr1ofrbpR3IQWQRDKRAR1V3DjsqJ9QFtKkk7boXmRTIUS+gN+gFtdKv6IP+DCT3DdhRsX3iQF0aLeYWbOPXPPnTt3DM8SgWTsNaXMzS8sLqWXMyura+vZ3MZmNXCHvskrpmu5ft3QA24Jh1ekkBavez7XbcPiNWNwFp3XrrkfCNe5kiOPt2y954iuMHVJVLNp67Lv26HudMbtXIEVWWzqLNCmoFBSEVvZzT2giQ5cmBjCBocDSdiCjoBGAxoYPOJaCInzCYn4nGOMDGmHFMUpQid2QGuPvMaUdciPcgax2qRbLJo+KVXssRf2yCbsmT2xN/bxa64wzhHVMqLdSLTca2dvti/f/1XZtEv0v1R/1izRxUlcq6DavZiJXmH+8daQuKRbffI6iL5A+9nwWVA9LGqsqF0cFUqnyV8gjV3ksU8dP0YJ5yijQvd4uMUd7lMTZUdRlXwSqqSmmi18M+XgEzI0h+M=</latexit><latexit sha1_base64="5g0/X/AxcFzFIMcB8GF7Lww5UVU=">AAACcXichVHLSsNAFD2Nr1ofrbpR3IQWQRDKRAR1V3DjsqJ9QFtKkk7boXmRTIUS+gN+gFtdKv6IP+DCT3DdhRsX3iQF0aLeYWbOPXPPnTt3DM8SgWTsNaXMzS8sLqWXMyura+vZ3MZmNXCHvskrpmu5ft3QA24Jh1ekkBavez7XbcPiNWNwFp3XrrkfCNe5kiOPt2y954iuMHVJVLNp67Lv26HudMbtXIEVWWzqLNCmoFBSEVvZzT2giQ5cmBjCBocDSdiCjoBGAxoYPOJaCInzCYn4nGOMDGmHFMUpQid2QGuPvMaUdciPcgax2qRbLJo+KVXssRf2yCbsmT2xN/bxa64wzhHVMqLdSLTca2dvti/f/1XZtEv0v1R/1izRxUlcq6DavZiJXmH+8daQuKRbffI6iL5A+9nwWVA9LGqsqF0cFUqnyV8gjV3ksU8dP0YJ5yijQvd4uMUd7lMTZUdRlXwSqqSmmi18M+XgEzI0h+M=</latexit><latexit sha1_base64="4vljXY9AJ1cobotTlLLNcENVfCo=">AAACcXichVHLSgMxFD0dX7U+WnWjuCktgiCUjAjqruDGZUX7gLaUzDRtQ+fFTCqU0h/wA9zqUvFH/AEXfoLrLty48M50QLSoNyQ59+Sem5sbw7NkoBh7TWhz8wuLS8nl1Mrq2no6s7FZCdyBb4qy6VquXzN4ICzpiLKSyhI1zxfcNixRNfpn4Xn1WviBdJ0rNfRE0+ZdR3akyRVRjYbNVc+3R9xpj1uZPCuwyLKzQI9BHrGV3MwDGmjDhYkBbAg4UIQtcAQ06tDB4BHXxIg4n5CMzgXGSJF2QFGCIjixfVq75NVj1iE/zBlEapNusWj6pMxij72wRzZhz+yJvbGPX3ONohxhLUPajalWeK30zfbl+78qm3aF3pfqz5oVOjiJapVUuxcx4SvMP946Im7arR55bYRfoP9s+CyoHBZ0VtAvjvLF0/gzkthFDvvU8WMUcY4SynSPh1vc4T4x0Xa0rJabhmqJWLOFb6YdfAKAhYeD</latexit>

✏̃+ = ��z✏+

✏̃� = ✏�
<latexit sha1_base64="x7MFAKBqff5JUtcgLcmiFXkhyj8="></latexit><latexit sha1_base64="x7MFAKBqff5JUtcgLcmiFXkhyj8="></latexit><latexit sha1_base64="x7MFAKBqff5JUtcgLcmiFXkhyj8="></latexit><latexit sha1_base64="Ne2yx1J5S9szM4sJY1WmTio9IcU="></latexit>

used for TsT! →→→

(indep. of isometry directions)

[Kelekci-Lozano 
 -Macpherson-Colgain]
[Sfetsos-Thompson]

See [Kelekci-Lozano-Macpherson-Colgain]
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3. Recipe for Killing spinors 
via TsT



3.1. Recipe for the Killing spinor

Take the TsT transformation denoted by                  .(u, v)�
<latexit sha1_base64="VK70UeBBBR+BUHZ8tZLchkBgrk8="></latexit><latexit sha1_base64="VK70UeBBBR+BUHZ8tZLchkBgrk8="></latexit><latexit sha1_base64="VK70UeBBBR+BUHZ8tZLchkBgrk8="></latexit><latexit sha1_base64="YDA3JkRgwbdH8Tj4FBHyIsaNWeI="></latexit>

☆ Killing spinors          after TsT:

✏(fin)+ =
1q
g(fin)uu

�̂(fin)
u

1q
g(in)uu

�̂(in)
u ⇧TsT✏(in)+

✏(fin)� = ⇧TsT✏(in)�<latexit sha1_base64="OpyI8mH+y2May6rsXzAqbvMU46M="></latexit><latexit sha1_base64="OpyI8mH+y2May6rsXzAqbvMU46M="></latexit><latexit sha1_base64="OpyI8mH+y2May6rsXzAqbvMU46M="></latexit><latexit sha1_base64="y76Jc/I3A/MMc+CzG3wiMFXkpzs="></latexit>

☆ The projector can be understood the vanishing Kosmann Lie deriv. LK✏ = 0
<latexit sha1_base64="+Rezr9XOroybGQDh/+2QTfmoytg="></latexit><latexit sha1_base64="+Rezr9XOroybGQDh/+2QTfmoytg="></latexit><latexit sha1_base64="+Rezr9XOroybGQDh/+2QTfmoytg="></latexit><latexit sha1_base64="WT/FNZkymcPKqq4Toebv4po20/s="></latexit>

☆ The insertion of projector(s)            gets rid of u/v-dependence.

✏(fin)
<latexit sha1_base64="LrIauYyFgPjnXTDV5ccmYRlmP/c="></latexit><latexit sha1_base64="LrIauYyFgPjnXTDV5ccmYRlmP/c="></latexit><latexit sha1_base64="LrIauYyFgPjnXTDV5ccmYRlmP/c="></latexit><latexit sha1_base64="jJxAwJ5LCfy9+ldSwUPNr1sI1Tk="></latexit>

initial, undeformed

⇧TsT
<latexit sha1_base64="9ViF3ctY46ME08/0td3ubXW1G8I="></latexit><latexit sha1_base64="9ViF3ctY46ME08/0td3ubXW1G8I="></latexit><latexit sha1_base64="9ViF3ctY46ME08/0td3ubXW1G8I="></latexit><latexit sha1_base64="6ammU47lZ+pXDfstGp3G8Q7ZCfE="></latexit>

In summary,
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3.2 Case by Case study (skipped)

☆ Since TsT needs two compact directions                  ,
we can have a couple of possibilities for the action of U(1):

(i) U(1)’s act freely on both u and v.

(ii) U(1)’s act freely on u, but not on v.

(iii) U(1)’s do not act freely on u or v at all.

For flat space:

completely preserved

Mixing needed

Mixing needed

susy:

For AdS5xS5, (ii) and (iii), of course.
☆ (ii) and (iii) differ from the types of NC parameters.

(u, v)�
<latexit sha1_base64="VK70UeBBBR+BUHZ8tZLchkBgrk8="></latexit><latexit sha1_base64="VK70UeBBBR+BUHZ8tZLchkBgrk8="></latexit><latexit sha1_base64="VK70UeBBBR+BUHZ8tZLchkBgrk8="></latexit><latexit sha1_base64="YDA3JkRgwbdH8Tj4FBHyIsaNWeI="></latexit>
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3.2 Example: Lunin-Maldacena like

Take a 10d flat space:

[Lunin-Maldacena]

8
<

:
✏(fin)+ =

1+�(⇢1⇢2��1�2+⇢2⇢3��2�3+⇢3⇢1��3�1 )p
1+�2(⇢2

1⇢
2
2+⇢2

2⇢
2
3+⇢2

3⇢
2
1)

✏(in)+

✏(fin)� = ✏(in)�
<latexit sha1_base64="v/94JDujfqCjWCUSxp1Ys3sSThw="></latexit><latexit sha1_base64="v/94JDujfqCjWCUSxp1Ys3sSThw="></latexit><latexit sha1_base64="v/94JDujfqCjWCUSxp1Ys3sSThw="></latexit><latexit sha1_base64="liUcS8Owu6eFEJp2Yfinbm/ixvQ="></latexit>

After introducing                                                                               ,

✏(in) = e
 
2 (�⇢1�1+�⇢2�2+�⇢3�3 )⇧'1⇧'2✏0 .

<latexit sha1_base64="6jL3NpOiyAu+hFj5AgXaRo5jUcE="></latexit><latexit sha1_base64="6jL3NpOiyAu+hFj5AgXaRo5jUcE="></latexit><latexit sha1_base64="6jL3NpOiyAu+hFj5AgXaRo5jUcE="></latexit><latexit sha1_base64="Ajt4AAF92umII9OKy/CT3vyMZK4="></latexit>

⇥ = ��(@�1 ^ @�2 + @�2 ^ @�3 + @�3 ^ @�1) .
<latexit sha1_base64="inow1FKP4mpR3rqp+z24xi4JoDw="></latexit><latexit sha1_base64="inow1FKP4mpR3rqp+z24xi4JoDw="></latexit><latexit sha1_base64="inow1FKP4mpR3rqp+z24xi4JoDw="></latexit><latexit sha1_base64="yry/WYlf9KFbfToLk1hcxmh/nxM="></latexit>

ds

2 = �(dx0)2 + (dx1)2 +
3X

i=1

(d⇢2i + ⇢

2
i d�

2
i ) + (dx9)2

<latexit sha1_base64="0jjPufVy3nmOn5rCDM1BdEJQ/Ko="></latexit><latexit sha1_base64="0jjPufVy3nmOn5rCDM1BdEJQ/Ko="></latexit><latexit sha1_base64="0jjPufVy3nmOn5rCDM1BdEJQ/Ko="></latexit><latexit sha1_base64="tF9wJRh5ndqKvcC8Q8zX9950tv4="></latexit>

�1 =  � '1 , �2 =  + '1 + '2 , �3 =  � '2
<latexit sha1_base64="MLDT2FfSJJMp5cvmmv2UeDknwM0="></latexit><latexit sha1_base64="MLDT2FfSJJMp5cvmmv2UeDknwM0="></latexit><latexit sha1_base64="MLDT2FfSJJMp5cvmmv2UeDknwM0="></latexit><latexit sha1_base64="1oARAhZf+74dRmEPQXkH6pF6/Lc="></latexit>

do the TsT                      (→                                             ).('1,'2)�
<latexit sha1_base64="jdsd0Jg9tTkS/irkMQn0NeJx654="></latexit><latexit sha1_base64="jdsd0Jg9tTkS/irkMQn0NeJx654="></latexit><latexit sha1_base64="jdsd0Jg9tTkS/irkMQn0NeJx654="></latexit><latexit sha1_base64="Ap2IUNw45DiyauTUm+GvnltLhXQ="></latexit>

Using the recipe,

r = (n12 + n34) ^ (n34 + n56)
<latexit sha1_base64="PuH7RH6Mu379C+VajLWhIsKyVSQ="></latexit><latexit sha1_base64="PuH7RH6Mu379C+VajLWhIsKyVSQ="></latexit><latexit sha1_base64="PuH7RH6Mu379C+VajLWhIsKyVSQ="></latexit><latexit sha1_base64="XvJ+EoBvpgIvcAghJt42KUK9nNM="></latexit>

with

1/4 SUSY!

Note! The associated non-commutative parameter is given by
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3.2 Example: Lunin-Maldacena like
[Lunin-Maldacena]

⇥ = ��(@�1 ^ @�2 + @�2 ^ @�3 + @�3 ^ @�1) .
<latexit sha1_base64="inow1FKP4mpR3rqp+z24xi4JoDw="></latexit><latexit sha1_base64="inow1FKP4mpR3rqp+z24xi4JoDw="></latexit><latexit sha1_base64="inow1FKP4mpR3rqp+z24xi4JoDw="></latexit><latexit sha1_base64="yry/WYlf9KFbfToLk1hcxmh/nxM="></latexit>

✏(fin)+ =

1 +

1
2⇥

MN
ˆ

�MNq
1 +

1
2⇥

MN
⇥MN

✏(in)+

= exp

0

@arctan(

1
2⇥

MN
⇥MN )

q
1
2⇥

MN
⇥MN

· 1
2

⇥

MN
ˆ

�MN

1

A ✏(in)+ .

<latexit sha1_base64="ReIVv6q0y198RGZHUafo/BjQuXQ="></latexit><latexit sha1_base64="ReIVv6q0y198RGZHUafo/BjQuXQ="></latexit><latexit sha1_base64="ReIVv6q0y198RGZHUafo/BjQuXQ="></latexit><latexit sha1_base64="Ea79st7qQiZFC4y86J3yOQoNWSc="></latexit>

8
<

:
✏(fin)+ =

1+�(⇢1⇢2��1�2+⇢2⇢3��2�3+⇢3⇢1��3�1 )p
1+�2(⇢2

1⇢
2
2+⇢2

2⇢
2
3+⇢2

3⇢
2
1)

✏(in)+

✏(fin)� = ✏(in)�
<latexit sha1_base64="v/94JDujfqCjWCUSxp1Ys3sSThw="></latexit><latexit sha1_base64="v/94JDujfqCjWCUSxp1Ys3sSThw="></latexit><latexit sha1_base64="v/94JDujfqCjWCUSxp1Ys3sSThw="></latexit><latexit sha1_base64="liUcS8Owu6eFEJp2Yfinbm/ixvQ="></latexit>

✏(in) = e
 
2 (�⇢1�1+�⇢2�2+�⇢3�3 )⇧'1⇧'2✏0 .

<latexit sha1_base64="6jL3NpOiyAu+hFj5AgXaRo5jUcE="></latexit><latexit sha1_base64="6jL3NpOiyAu+hFj5AgXaRo5jUcE="></latexit><latexit sha1_base64="6jL3NpOiyAu+hFj5AgXaRo5jUcE="></latexit><latexit sha1_base64="Ajt4AAF92umII9OKy/CT3vyMZK4="></latexit>

with

Using the NC parameter and open string frame,

with

☆ This formula applies in the examples for flat space and AdS in the paper!

Find some general formula
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3.3 Trial: M-theory TsT
Never mind “integrability” in M-theory.

Consider the AdS7xS4 background:

ds

2
= dr

2
+ e

r

 
�dx

2
0 + dx

2
1 +

2X

i=1

(d⇢

2
i + ⇢

2
i d'

2
i )

!

+ d✓

2
2 + sin

2
✓2(d✓

2
1 + cos

2
✓1d�

2
1 + sin

2
✓1d�

2
2)

C3 = �3

4

cos 2✓1 sin
3
✓2d✓2 ^ d�1 ^ d�2 .

<latexit sha1_base64="3TnRVDPppkfI4FedO2lD2MF3lp4="></latexit><latexit sha1_base64="3TnRVDPppkfI4FedO2lD2MF3lp4="></latexit><latexit sha1_base64="3TnRVDPppkfI4FedO2lD2MF3lp4="></latexit><latexit sha1_base64="22IX/xyHSMCSd7UwZAyXNafIWQQ="></latexit>

(�+, x
1
,'+)�

<latexit sha1_base64="6mKN3HfVDZPhbZh8gQYOfA1b0wE="></latexit><latexit sha1_base64="6mKN3HfVDZPhbZh8gQYOfA1b0wE="></latexit><latexit sha1_base64="6mKN3HfVDZPhbZh8gQYOfA1b0wE="></latexit><latexit sha1_base64="MI4QP25mGwW+cr2PJjpajZ8TaYE="></latexit>

The deformed Killing spinor preserves 4 supercharges and takes the form

☆ This suggests a notion for non-commutativity in M-theory?

Introducing                                                , do the M-theory TsT�+ =
�1 + �2

2
, '+ =

'1 + '2

2
<latexit sha1_base64="cEXg+15vI2ZiuMpxFhkTxB6sayM="></latexit><latexit sha1_base64="cEXg+15vI2ZiuMpxFhkTxB6sayM="></latexit><latexit sha1_base64="cEXg+15vI2ZiuMpxFhkTxB6sayM="></latexit><latexit sha1_base64="j0Q/VQ8poRQKVqJKsifDHElUcKU="></latexit>

✏(fin) = �
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�� +

1� �(er/2)2 sin ✓2
p

⇢21 + ⇢22(cos ✓1��1x
1
+ sin ✓1�

�2x
1
)

�

�+

�
✏(in)
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� =
q

1 + �2e2r sin2 ✓2(⇢21 + ⇢22)
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4. Comments



4. Conclusions and Outlook 

☆ We reconstructed the Killing spinor in the TsT deformed background  
using the open string metric and NC parameter       .

☆  Ω-deformation has been linked to the YB deformation. Its gravity dual?

☆We tried the M-theory TsT. 
Is the result related to non-commutativity in M-theory? 3-Lie bracket?

☆ The exponential factor written by       is expected to apply 
in more complicated YB deformations 
(higher-rank, non-Abelian…).

⇥
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[Orlando-Reffert-Sakamoto-Yoshida], [Borsato-Wulff]

☆ Kosmann Lie derivative condition in generalized supergravity? 
not changed to my best knowledge.

⇥
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TsTThank you! 
Ευχαριστώ!
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