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L algebras have first appeared in different contexts:
» Higher spin gauge theories [Berends, Burgers, van Dam, 1985]
» Closed String Field Theory [Zwiebach, 1993]

» Mathematics: Strong Homotopy algebras [Lada, Stasheff,
1993]
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L algebras have first appeared in different contexts:
» Higher spin gauge theories [Berends, Burgers, van Dam, 1985]
» Closed String Field Theory [Zwiebach, 1993]

» Mathematics: Strong Homotopy algebras [Lada, Stasheff,
1993]

More recently:
» Field theories [Hohm, Zwiebach, 2017]: YM, DFT, ...

» W algebras, Quantum L., algebras [Bluemenhagen, Fuchs,
Traube, 2017]

Gauge algebras [Hohm, Kupriyanov, Liist, Traube, 2017]

v

v

Seiberg-Witten maps and L., quasi-ismorphisms
[Blumenhagen, Brinkmann, Kupriyanov, Traube, 2018]

v

Extended geometry [Cederwall, Palmkvist, 2018]
Tensor hierarchies [Arvanitakis, 2018]
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L, introduction - Algebraic structure

Graded vector space: X=@,Xn, nel.
Subspaces X, of degree n.

Multilinear products: O X®k 5 X,

with degree:
deg(Cx(x1, X2, .y xk)) = k — 2+ 3K deg(x;) .

Graded commutative:
fk(XU(l), N 7Xa(k)) = (—l)oe(a;x) ek(Xl, N 7Xk) y

Koszul sign: Xp A A X = €(0X) Xp(1) A A Xo(k)

xiNxjp = (=199 x Ax;, Vi,j.

Example: la(x1, %) = (1)1 b(x,x)



L, introduction - Algebraic structure

L~ relations:

n=1: 1(41(x)) = 0.

Nilpotent product

n=2: 61(£2(X1,X2)) = Ez(el(xl),X2) + (—1)X1£2(X1,€1(X2)) .

Leibniz rule

n=3: 0= fg(ﬁz(xl, X2),X3) + (—1)(X1+X2)X352(€2(X3, X1),X2)
+(—1)bee)afy(Ur(x2, x3), x1)
+1(03(x1, x2, x3)) + £3(£1(x1), X2, X3)
+(=1)43(x1, £1(x2), x3)
+(=1)y972l3(x1, %, £1(x3)) -

" Generalised Jacobi” identity

n=4:
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L, introduction - Field Theory

Xo X1 | X
Gauge Parameters | Fields | EOM
¢ v F

Graded subspaces and the elements they contain.

Gauge transformations:

5V = ((0) + £2(C W) H5(C V)

define the brackets £,11(¢, V")
Ex: YM

‘5CAu = 8uC + [Cv Au]
EOM:

F(V) = £(V) — 36(V2) — 303(V3) + gla(VH) + -

define the brackets £,(W")




L, introduction - Field Theory

Gauge algebra
[Bcr: 6]V = 8_c(er )V + 05, ¢, ¥

with
C(Cl? <2a w) = En>0 nl( 1)
gl 4;2 = zn>o nl( ) (n *

n+2(<la C27 wn) )

n+3(<1; C2¢ ]: W")

Simple case: [0¢15 0]V = O—t5(¢1,c0) VY



L, - Gauge structure

[H,K,L, T 1709.10004]: sufficient conditions for a gauge structure
to fit within Ly

» algebra (V,[-,-]),

> Jac(vi, v2, v3) = Cerivial

> [Ceriviat, V] = ¢ trivials

Xo=V, X1 = U, X2 = Ker(D),

Linear map D : U — V and (yriviar € Im(D)



L - Gauge structure + Fields

One can extend this result to include fields (but not their
dynamics)

06 =D l=f
! Xo 1—) X,1

X2 li=t Xl
X_1 = fields, Xo=V, X =U  Xo=Ker(D),
with f : Xo — X_1.

5V = ((Q) +a(G, V) — 05(C W)~
el
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ExFT and Tensor Hierarchies

ExFT manifest the duality symmetries prior to compactification.

ExFT:
» Extended generalized spacetime

» External space-time
> Internal space-time: coordinates transforming in a fundamental
representation of the duality group



ExFT and Tensor Hierarchies

ExFT manifest the duality symmetries prior to compactification.

ExFT:
» Extended generalized spacetime

» External space-time
> Internal space-time: coordinates transforming in a fundamental
representation of the duality group

» "New" differential geometry in the internal space:

» Generalized Lie derivative Lp
» E-bracket
» ‘section constraint’



ExFT and Tensor Hierarchy

External derivatives 0,, of tensor are not covariant wrt £

~

= cov. derivative: D, =0, — EAH
Naive field strength: F,, = 20,A,] — [Au, AllE.
Gauge transf: OF. Non-covariant!

Introduce field B, and define Fuv = Fu + éB;w
Now: NFuw = E/\}"W It's covariant!

We start over:
Field strength for B,,,: Huu, non-covariant = New field C,,,...
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ExFT and Tensor Hierarchies

EFT E7(7):
» Invariant tensors: symplectic metric Quy, generators (tq)m
» S.C.: QMN@M®6N“-=O, (ta)"”’VaM@aN---:O
(toz)MN TM TN — (toz)MN TM aN . — QMN TI\/I ® TN —
QMN Ty on---=0
» Fields of the (projected) hierarchy Au . Buum
]:rw = 28[u v] Mt [Aua Av] (E) + QMNBWN )
BW,M = 12(ta) N8NB,Wa + 5 BW,M
» We will only discuss the tensor hierarchy sector and ignore
other fields such as the graviton and scalars.

N



ExFT and L

Gauge parameters: A =M
Gauge transformations:

JAM = D,AM + QVNZ

5Bym = 2Dy = — 2 {K, ]-",W} m+2{ A, 5A.} m

Gauge algebra: Field dependent

Jacobiator: not a trivial parameter



ExFT and L

~

Gauge parameters: AM.

[

Gauge transformations:
M_ 1 AM MNZ=
0A = DN '+ Q"W=,n

5Bym = 2Dy = — 2 {K, ]-",W} m+2{ A, 5A.} m

Gauge algebra: Field dependent

Jacobiator: not a trivial parameter
= Field redefinitions

Field independent gauge algebra

Jacobiator is a trivial parameter
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M

We have an L., structure for the gauge algebra plus fields (A# ,

BWM)

What about the dynamics?

We incorporate the products coming from the EOM’S
F(V) = (V) — 30(W2) — L03(V3) + Lla(V*) +- -
The EOM's mix all the fields, not just (Aﬁ/’ B,um)



ExFT and L

M

We have an L., structure for the gauge algebra plus fields (A# ,

Bum)
What about the dynamics?
We incorporate the products coming from the EOM’S
F(V) = (V) — 30(W2) — L03(V3) + Lla(V*) +- -
The EOM's mix all the fields, not just (Aﬁ/’ B,um)
The L relations do not work: ¢1(¢1(¢)) # 0

——

eX_1
——
eX_»



KK-DFT as a Tensor Hierarchy and L

We need ALL fields and their gauge transformations:
Ex.: 0AMpg = E/\MPQ = E/\MPQ + E/\me +...
—— =

a(Mpe  L(Am)pg
ond = ...

These modify the product ¢1(¢) and we get
(0 (N) v = LA (DA M) g = O,

So we can have a L, structure for the fields of the tensor hierarchy
by modifying some products and using EOM for background fields
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Summary

» We explicitly found the Lo structure of the Ez7) EXFT gauge
algebra and included fields of the (projected) tensor hierarchy
up to the 3 form.

» To take into account the dynamics it is necessary to include
all fields.

» We also analyzed the gauged supergravities in 4d and find
that there is an underlying L., structures.

» It would be nice to "bootstrap” ExFT from L. [Lust,
Blumenhagen, Kupryanov,Brunner, Traube, Brinkmann]
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