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Introduction

Double Field Theory (DFT) [Siegel, Duff, Hull, Zwiebach] is a
proposal to incorporate the O(d , d) T-duality as a manifest
symmetry of the string effective field theory.

The emerging carrier space of the string dynamics is doubled
with respect to the original since it requires the introduction of
both the string coordinates x and their duals x̃ .

DFT is connected with Generalized Geometry [Hitchin, Gualtieri]

that has arisen as a means to geometrize duality symmetries.

Underlying DFT is a manifestly T-dual invariant formulation of
the string world-sheet [Siegel, Tseytlin, Hull, Park], the doubled
world-sheet, in which actually the doubling refers to the fields
living on it and not to its coordinates.

Interplay between GG and doubled world-sheet/DFT emerges
out from the identification of the appropriate carrier space of the
dynamics. It could be enlarged also to non-Abelian T-duality
and Poisson-Lie T-duality.
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Motivation

This motivates a further investigation of the relation between
GG and “doubled models” in which a duality symmetry is made
manifest.

Analysis of a simple mechanical system: the three-dimensional
isotropic rigid rotator (IRR), investigated as a 0 + 1 field theory.

The model is defined over the group manifold SU(2): very
helpful since the notion of dual of a Lie group is well-established
together with that of double Lie group.

A dual model is introduced having the Lie dual of SU(2) as
configuration space, the group SB(2,C) of Borel 2x2 complex
matrices. They are dual partners in the description of the group
SL(2,C) as a Drinfeld double.

A doubled parent action with configuration space SL(2,C ) is
then defined: it reduces to the original action of the rotator or
to its dual through a suitable gauging procedure.

Geometric structures can be understood in terms of GG.
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The 3-D IRR on the configuration space SU(2)

Action:

S0 = −1

4

∫
R

Tr(g−1dg ∧∗ g−1dg) = −1

4

∫
R

Tr (g−1ġ)2dt

g : t ∈ R→ SU(2), with g−1dg = iαkσk the Maurer-Cartan
left-invariant (Lie algebra-valued) one-form, αk are the basic
left-invariant one-forms, ∗ the Hodge star operator on the source
space R, ∗dt = 1, Tr the trace over the Lie algebra →
group-valued field theory, reduction of Principal Chiral Model to
0+1 dimensions.

Parametrization with R4 coordinates g = y0σ0 + iy iσi
≡ 2(y0e0 + iy iei ) with (y0)2 +

∑
i (y

i )2 = 1 and σ0 and σi
respectively the identity matrix I and the Pauli matrices:
y i = − i

2Tr(gσi ), y0 = 1
2Tr(gσ0), i = 1, .., 3

5 / 30
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The Langrangian Formalism and the Tangent Bundle TSU(2)

The Lagrangian L0 defined by S0 is written in terms of the
non-degenerate invariant scalar product defined on the SU(2)
manifold: < a|b >= Tr(ab) for any two group elements.

In terms of the left generalized velocities Q̇ i

Q̇ i := (y0ẏ i − y i ẏ0 + εi jky
j ẏk)

it reads as:

L0 =
1

2
Q̇ i Q̇ jδij

Tangent bundle TSU(2) coordinates: (Q i , Q̇ i ) with the Q i ’s
implicitly defined.

Equations of motion:

Q̈ i = 0 or
d

dt

(
g−1

dg

dt

)
= 0

6 / 30



Doubling,
T-Duality and
Generalized
Geometry: a
Simple Model

Franco
Pezzella

Introduction
and Motivation

The 3-D
Isotropic Rigid
Rotator

SL(2, C) as a
Drinfeld
Double

The Dual
Rotator

The Parent
Action

Geometrical
structures and
Poisson-Lie
symmetries

Conclusions
and
Perspectives

The Langrangian Formalism and the Tangent Bundle TSU(2)

The Lagrangian L0 defined by S0 is written in terms of the
non-degenerate invariant scalar product defined on the SU(2)
manifold: < a|b >= Tr(ab) for any two group elements.

In terms of the left generalized velocities Q̇ i
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The Hamiltonian Formalism and the cotangent bundle T ∗SU(2)

Cotangent bundle T ∗SU(2) coordinates: (Q i , Ii ), being the Ii ’s
the left momenta:

Ii =
∂L0

∂Q̇ i
= δij Q̇

j ; I = iIie
i∗

with the dual basis (e i∗) such that < e i∗|ej >= δij .

The Legendre transform from TSU(2) to T ∗SU(2) yields the
Hamiltonian function: H0 = 1

2δ
ij Ii Ij

The dynamics is obtained from H0 through the canonical
Poisson brackets on the cotangent bundle:

{y i , y j} = 0 {Ii , Ij} = εij
k Ik {y i , Ij} = δijy

0 + εi jky
k

derived from the first-order formulation of the action

S1 =

∫
< I |g−1ġ > dt −

∫
H0dt ≡

∫
θ −

∫
H0dt

being θ the canonical one-form defining the symplectic form
ω = dθ = dIi ∧ δijαj − 1

2 Iiδ
i
j ε

j
klα

k ∧ αl with dαk = i
2ε

k
ijα

i ∧ αj .
Inverting ω leads to the Poisson algebra.

7 / 30



Doubling,
T-Duality and
Generalized
Geometry: a
Simple Model

Franco
Pezzella

Introduction
and Motivation

The 3-D
Isotropic Rigid
Rotator

SL(2, C) as a
Drinfeld
Double

The Dual
Rotator

The Parent
Action

Geometrical
structures and
Poisson-Lie
symmetries

Conclusions
and
Perspectives

The Hamiltonian Formalism and the cotangent bundle T ∗SU(2)

Cotangent bundle T ∗SU(2) coordinates: (Q i , Ii ), being the Ii ’s
the left momenta:

Ii =
∂L0

∂Q̇ i
= δij Q̇

j ; I = iIie
i∗

with the dual basis (e i∗) such that < e i∗|ej >= δij .
The Legendre transform from TSU(2) to T ∗SU(2) yields the
Hamiltonian function: H0 = 1

2δ
ij Ii Ij

The dynamics is obtained from H0 through the canonical
Poisson brackets on the cotangent bundle:

{y i , y j} = 0 {Ii , Ij} = εij
k Ik {y i , Ij} = δijy

0 + εi jky
k

derived from the first-order formulation of the action

S1 =

∫
< I |g−1ġ > dt −

∫
H0dt ≡

∫
θ −

∫
H0dt

being θ the canonical one-form defining the symplectic form
ω = dθ = dIi ∧ δijαj − 1

2 Iiδ
i
j ε

j
klα

k ∧ αl with dαk = i
2ε

k
ijα

i ∧ αj .
Inverting ω leads to the Poisson algebra.
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The cotangent bundle T ∗SU(2) as a Poisson-Lie group

Fiber coordinates Ii are associated with the angular momentum
components and the base space coordinates (y0, y i ) with the
orientation of the rotator. Rotational invariance: {Ii ,H0}.

e.o.m.: İi = 0, g−1ġ = iIiδ
ijσj → Ii are constants of motion,

g undergoes a uniform precession.
As a group T ∗SU(2) ' SU(2) nR3 (semi-direct product) with
the corresponding Lie algebra given by:

[Li , Lj ] = εkijLk [Ti ,Tj ] = 0 [Li ,Tj ] = εkijTk

The linearization of the Poisson structure at the unit e of SU(2)
provides a Lie algebra structure over the dual algebra
su(2)∗ ' R3.
The non-trivial Poisson bracket - Kirillov-Soriau-Konstant -
{y i , Ij} = δijy

0 + εi jky
k on the fibers of the bundle can be

understood in terms of the coadjoint action of the group SU(2)
on its dual algebra su(2)∗ ' R3.
The Poisson brackets governing the dynamics are the brackets
induced by the coadjoint action.
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ijσj → Ii are constants of motion,
g undergoes a uniform precession.
As a group T ∗SU(2) ' SU(2) nR3 (semi-direct product) with
the corresponding Lie algebra given by:

[Li , Lj ] = εkijLk [Ti ,Tj ] = 0 [Li ,Tj ] = εkijTk

The linearization of the Poisson structure at the unit e of SU(2)
provides a Lie algebra structure over the dual algebra
su(2)∗ ' R3.
The non-trivial Poisson bracket - Kirillov-Soriau-Konstant -
{y i , Ij} = δijy

0 + εi jky
k on the fibers of the bundle can be

understood in terms of the coadjoint action of the group SU(2)
on its dual algebra su(2)∗ ' R3.
The Poisson brackets governing the dynamics are the brackets
induced by the coadjoint action.

8 / 30



Doubling,
T-Duality and
Generalized
Geometry: a
Simple Model

Franco
Pezzella

Introduction
and Motivation

The 3-D
Isotropic Rigid
Rotator

SL(2, C) as a
Drinfeld
Double

The Dual
Rotator

The Parent
Action

Geometrical
structures and
Poisson-Lie
symmetries

Conclusions
and
Perspectives

A Drinfeld Double Group

The carrier space of the dynamics can be generalized to the
Drinfeld double of SU(2), i.e SL(2,C ).

SU(2) and its Lie dual group SB(2,C) are dual subgroups of
SL(2,C).

A Drinfeld double is any Lie group D whose Lie algebra D can
be decomposed into a pair of maximally isotropic subalgebras, G
and G̃, with respect to a non-degenerate invariant bilinear form

Isotropic subspace of D: the value of the form on two arbitrary
vectors belonging to the subspace vanishes.

Maximally isotropic: the subspace cannot be enlarged while
preserving the property of isotropy.

D = G ./ G̃ is a Lie bialgebra in which the role of G and G̃ can
be symmetrically interchanged.The triple (D,G, G̃) is referred to
as a Manin triple.
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SL(2,C), SU(2) and SB(2,C)

The Lie algebra sl(2,C) is spanned by ei = σi/2, bi = iei

[ei , ej ] = iεkijek , [ei , bj ] = iεkijbk , [bi , bj ] = −iεkijek

Non-degenerate invariant scalar products:

< u, v >= 2Im[Tr(uv)] ; (u, v) = 2Re[Tr(uv))] ∀u, v ∈ sl(2,C)

The scalar product < u, v > defines two maximally isotropic
subspaces:

< ei , ej >=< ẽ i , ẽ j >= 0, < ei , ẽ
j >= δji with ẽ i = bi −εij3ej .

{ẽ i} dual basis of {ei} with respect to < u, v > (Cartan-Killing)
{ei}, both subalgebras:

[ei , ej ] = iεkijek , [ẽ i , ej ] = iεijk ẽ
k + iek f

ki
j , [ẽ i , ẽ j ] = if ijk ẽ

k

with f ij k = εijlεl3k
{ẽ i} span the Lie algebra sb(2,C) dual of su(2) < ẽ i , ej >:= δij
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j , [ẽ i , ẽ j ] = if ijk ẽ
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j , [ẽ i , ẽ j ] = if ijk ẽ

k

with f ij k = εijlεl3k
{ẽ i} span the Lie algebra sb(2,C) dual of su(2) < ẽ i , ej >:= δij10 / 30
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The O(d , d) invariant metric

Introduce the doubled notation

eI =

(
ei
ẽ i

)
, ei ∈ su(2), ẽ i ∈ sb(2,C),

The scalar product < u, v >= 2Im(Tr(uv)) yields

< eI , eJ >= ηIJ =

(
0 δji
δij 0

)
This is the O(3, 3) invariant metric.

11 / 30
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The Generalized Metric

Through the scalar product (u, v) = 2Re[Tr(uv))]

(ei , ej) = −(bi , bj) = δij , (ei , bj) = 0

it is possible to define a non-degenerate scalar product a ((, )),
giving rise to a Riemannian metric:

((ei , ej)) := (ei , ej); ((bi , bj)) := −(bi , bj); ((ei , bj)) := (ei , bj) = 0

Computing also ((ẽ i , ẽ j)) and ((ei , ẽ
j)) yields:

((eI , eJ)) = HIJ =

(
δij ε j

3i

−εij3 δij + εil3δ
lkεjk3)

)

satisfying the relation: HTηH = η.

H is an O(3, 3) matrix having the same structure as the O(d , d)
generalized metric of DFT with δij playing the role of G ij and
εij3 playing the role of Bij !
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Geometry of the Dual Model

A suitable action for the dual system is the following:

S̃0 = −1

4

∫
R
T r [g̃−1dg̃∧∗g̃−1dg̃ ] = −1

4

∫
R
T r [(g̃−1 ˙̃g)(g̃−1 ˙̃g)]dt

with g̃ : t ∈ R→ SB(2,C), the group-valued target space
coordinates, so that

g̃−1dg̃ = iβk ẽ
k

is the Maurer-Cartan left invariant one-form on the group
manifold, with βk the left-invariant basic one-forms, ∗ the
Hodge star operator on the source space R, such that ∗dt = 1.

The trace T r is defined by the scalar product ((, )) that makes
the dual Lagrangian only left-SB(2,C) invariant, differently from
the Lagrangian of the rigid rotator which is invariant under both
left and right actions of both groups.
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The Tangent Bundle TSB(2,C)

Parametrization: the group manifold SB(2,C) can be
parametrized with R4 coordinates: g̃ = 2(u0ẽ

0 + iui ẽ
i ), being

u20 − u23 = 1 and ẽ0 = I/2 with

ui =
1

4
((i g̃ , ẽ i )), i = 1, 2, u3 =

1

2
((i g̃ , ẽ3)), u0 =

1

2
((g̃ , ẽ0))

In terms of the left generalized velocities
˙̃Qi = u0u̇i − ui u̇0 + f jk

i uj u̇k the Lagrangian L̃0 becomes:

L̃0 = ˙̃Qi
˙̃Qrh

ir

with hir ≡ (δir + εil3ε
r
s3δ

ls)

Tangent bundle TSB(2,C) coordinates: (Q̃i ,
˙̃Qi ) with the Q̃i ’s

implicitly defined.
Equations of motion:

(δij + εik3ε
j
l3δ

kl) ¨̃Q j = 0
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((i g̃ , ẽ3)), u0 =

1

2
((g̃ , ẽ0))
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The cotangent bundle T ∗SB(2,C)

Cotangent bundle T ∗SB(2,C) coordinates: (Q̃i , Ĩ
i ), being the

Ĩ i ’s the conjugate left momenta.

Hamiltonian:

H̃0 = [Ĩ j ˙̃Qj − L̃] ˙̃Q= ˙̃Q(Ĩ )
=

1

2
Ĩ i (h−1)ij Ĩ

j

The linear combination over the dual basis is introduced:

Ĩ = i Ĩ j ẽ∗j with 〈ej∗|ẽ i 〉 = δij

Poisson brackets:

{ui , uj} = 0

{Ĩ i , Ĩ j} = f ij k Ĩ
k

{ui , Ĩ j} = δji u0 − fi
jkuk

which are derived from the first order formulation of the action.
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=

1

2
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=

1

2
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As a group, T ∗SB(2,C) ' SB(2,C) nR3, with Lie algebra;

[Bi ,Bj ] = i fij
kBk

[Si ,Sj ] = 0

[Bi ,Sj ] = i fij
kSk .

The two models can be obtained from the same parent action
defined on the whole SL(2,C) → they are dual.

Goal: to define a dynamical model symmetric under
SU(2)↔ SB(2,C) on the Drinfeld double SL(2,C).
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The doubled action

Introduce an action functional on TSL(2,C) (doubled
coordinates) as a (0 + 1)-dimensional field theory which is
group-valued with γ : t ∈ R→ γ(t) ∈ SL(2,C).

Left invariant one-form on the group manifold:

γ−1dγ = γ−1γ̇ dt ≡ Q̇
I
eI dt (1)

with eI = (ei , ẽ
i ) the sl(2,C) doubled basis and Q̇I the left

generalized velocities.

Defining the decomposition Q̇I ≡ (Ai ,Bi ) implies:

γ−1γ̇ dt = (Aiei + Bi ẽ
i )dt.

where both components are tangent bundle coordinates for
SL(2,C).

17 / 30



Doubling,
T-Duality and
Generalized
Geometry: a
Simple Model

Franco
Pezzella

Introduction
and Motivation

The 3-D
Isotropic Rigid
Rotator

SL(2, C) as a
Drinfeld
Double

The Dual
Rotator

The Parent
Action

Geometrical
structures and
Poisson-Lie
symmetries

Conclusions
and
Perspectives

The doubled action

Introduce an action functional on TSL(2,C) (doubled
coordinates) as a (0 + 1)-dimensional field theory which is
group-valued with γ : t ∈ R→ γ(t) ∈ SL(2,C).

Left invariant one-form on the group manifold:

γ−1dγ = γ−1γ̇ dt ≡ Q̇I eI dt (1)

with eI = (ei , ẽ
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The doubled action

Proposed action:

S =
1

2

∫
R

(k1 < γ−1dγ ∧, ∗γ−1dγ > +k2((γ−1dγ ∧, ∗γ−1dγ))
)
,

k1, k2 are real parameters and

< γ−1dγ ∧, ∗γ−1dγ > = Q̇I Q̇J < eI , eJ >= Q̇I Q̇JηIJ

((γ−1dγ ∧, ∗γ−1dγ)) = Q̇I Q̇J((eI , eJ)) = Q̇I Q̇JHIJ .

Explicitly

L̂ =
1

2
(k ηIJ +HIJ)Q̇I Q̇J

k1/k2 ≡ k .

18 / 30
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Recovering both the actions

Fix a local decomposition for the elements of the double group
SL(2,C): γ = g̃g , g ∈ SU(2) and g̃ ∈ SB(2,C).

L̂ is invariant under left and right action of the group SU(2) but
only after left action of the group SB(2,C), given by:

SB(2,C)L : γ → h̃γ = h̃g̃g ∀h̃ ∈ SB(2,C)

Promote the SB(2,C)L invariance to a gauge symmetry for
getting the usual description of the rotator.

Promote the global invariance of L̂ under right action of the
group SU(2) for getting the dual rotator.
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Hamiltonian Formalism for the doubled action

In the doubled description the left generalized momenta are
given by:

PI =
∂L

∂Q̇I
= (ηIJ + kHIJ)Q̇J

Hamiltonian: Ĥ = (PI Q̇I − L̂)P = 1
2 [(η + kH)−1]IJPIPJ

The Hamiltonian equations on the Drinfeld double are obtained
through the determination of Poisson brackets from the first
order action:

Ŝ =

∫
〈P|γ−1dγ〉 −

∫
Ĥdt ≡

∫
θ −

∫
Ĥdt

with

P = i PI e
I ∗ = i (Iie

i∗ + Ĩ i ẽ∗i )

γ−1dγ = i αJeJ = (αkek + βk ẽ
k) .

PI, α
J are respectively generalized momenta and basis

one-forms on the doubled configuration space SL(2,C).
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In the doubled description the left generalized momenta are
given by:
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Hamiltonian: Ĥ = (PI Q̇I − L̂)P = 1
2 [(η + kH)−1]IJPIPJ

The Hamiltonian equations on the Drinfeld double are obtained
through the determination of Poisson brackets from the first
order action:
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γ−1dγ = i αJeJ = (αkek + βk ẽ
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Poisson Brackets on T ∗SL(2,C)

The symplectic form ω = dθ on
T ∗SL(2,C) ' SL(2,C)× sl(2,C)∗ yields for the generalized
momenta the Poisson brackets to:

{Ii , Ij} = εij
k Ik

{Ĩ i , Ĩ j} = f ij k Ĩ
k

{Ii , Ĩ j} = εj il Ĩ
l − Il f

lj
i {Ĩ i , Ij} = −εi jl Ĩ l + Il f

li
j

while the Poisson brackets between momenta and configuration
space variables g , g̃ are unchanged with respect to
T ∗SU(2),T ∗SB(2,C).

equation of motion for PI:

d

dt
PI = {PI , Ĥ} = [(η + kH)−1]JKCL

IJPLPK

with
{PI ,PJ} = CK

IJ PK
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Poisson brackets on the double group SL(2,C)

The double group SL(2,C) can be endowed with PB’s
(Heisenberg double) which generalize both those of T ∗SU(2)
and of T ∗SB(2C) [[Semenov-Tyan-Shanskii ’91, Alekseev-Malkin ’94]]

{γ1, γ2} = −γ1γ2r∗ − rγ1γ2 γ1 = γ ⊗ 1, γ2 = 1⊗ γ2

r = ẽ i ⊗ ei is the classical Yang-Baxter matrix and r∗ = −ei ⊗ ẽ i

By writing γ as γ = g̃g it can be shown that these brackets are
compatible with

{g̃1, g̃2} = −[r , g̃1g̃2],

{g̃1, g2} = −g̃1rg2, {g1, g̃2} = −g̃2r∗g1
{g1, g2} = [r∗, g1g2].
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Recovering the PB’s for T ∗SU(2) and T ∗SB(2,C)

In the limit λ→ 0, with r = λẽ i ⊗ ei , g̃(λ) = 1 + iλIie
i +O(λ2)

g = y0σ0 + iy iσi they reproduce correctly the canonical Poisson
brackets on the cotangent bundle of SU(2).

Consider now r∗ = −µek ⊗ ek as a solution of the Yang Baxter
equation and expand g ∈ SU(2) as a function of the parameter
µ: g = 1 + iµĨ ei + O(µ2).

By repeating the same analysis as above one gets back the
canonical Poisson structure on T ∗SB(2,C ), with position
coordinates and momenta now interchanged. In particular:

{Ĩ i , Ĩ j} = f ij k Ĩ
k
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Connection with Generalized Geometry

It is possible to consider a different Poisson structure on the
double [Semenov]: {γ1, γ2} = λ

2 [γ1(r∗ − r)γ2 − γ2(r∗ − r)γ1]

Expand γ ∈ D as γ = 1 + iλIi ẽ
i + iλĨ iei and rescale r , r∗ by the

same parameter λ =⇒

{Ii , Ij} = εij
k Ik ; {Ĩ i , Ĩ j} = f ij k Ĩ

k

{Ii , Ĩ j} = −fi jk Ik − Ĩ kεki
j

which are the Poisson brackets induced by the Lie bi-algebra
structure of the double.

24 / 30



Doubling,
T-Duality and
Generalized
Geometry: a
Simple Model

Franco
Pezzella

Introduction
and Motivation

The 3-D
Isotropic Rigid
Rotator

SL(2, C) as a
Drinfeld
Double

The Dual
Rotator

The Parent
Action

Geometrical
structures and
Poisson-Lie
symmetries

Conclusions
and
Perspectives

Connection with Generalized Geometry

It is possible to consider a different Poisson structure on the
double [Semenov]: {γ1, γ2} = λ

2 [γ1(r∗ − r)γ2 − γ2(r∗ − r)γ1]

Expand γ ∈ D as γ = 1 + iλIi ẽ
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C-Brackets

By using the compact notation I = iIie
i∗, Ĩ = i Ĩi ẽ

∗
i , one can

rewrite the Poisson algebra as follows:

{I + Ĩ , J + J̃} = {I , J} − {J, Ĩ}+ {I , J̃}+ {Ĩ , J̃}.

Very interesting structure representing a Poisson realization of
the C-bracket for the generalized bundle T ⊕ T ∗ over SU(2),
once one considers the isomorphisms

TSL(2,C) ' SL(2,C)× sl(2,C)

with the fiber:

sl(2,C) ' su(2)⊕ sb(2,C) ' TSU(2)⊕ T ∗SU(2).

I = iIie
i∗, J = iJie

i∗ are considered as one-forms, with e i
∗

being
a basis over T ∗ and Ĩ = Ĩ i ẽ∗i , J̃ = J̃ i ẽ∗i as vector-fields, with ẽ∗i
a basis over T . Namely, the couple (Ii , Ĩ

i ) identifies the fiber
coordinate of the generalized bundle T ⊕ T ∗ of SU(2).
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Poisson-Lie Symmetries

The dual models described possess Poisson-Lie symmetries.

Poisson-Lie symmetries are group transformations implemented
on the carrier space of the dynamics via group multiplication
which, in general, are not canonical transformations as they need
not preserve the symplectic structure.

Poisson brackets can be made invariant if the parameters of the
group of transformations are imposed to have nonzero Poisson
brackets with themselves. Group multiplication is then said to
correspond to a Poisson map

Example. Right transformations of SU(2) on SL(2,C):

γ → γh, h ∈ SU(2) , , γ ∈ SL(2,C)

and left action of SB(2,C) on SL(2,C):

γ → h̃γ h̃ ∈ SB(2,C) , γ ∈ SL(2,C)
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.

In terms of the coordinates (g̃ , g) such that γ = g̃g the right
transformation:

g → gh , g̃ → g̃ and g → g , g̃ → h̃g̃

They preserve the Poisson brackets only if the paramaters of the
transformation h = h1h2 satisfy the Poisson brackets:

{h1, h2} = [r∗, h1h2]

and zero Poisson brackets with g and g̃ . The SU(2) right
multiplication becomes a Poisson-Lie group transformation.

The left SL(2,C) multiplication is a Poisson-Lie transformation if

{h̃1, h̃2} =
[
r∗, h̃1h̃2

]
and zero Poisson brackets with g and g̃ .

Both of them become canonical in the limit λ→ 0.
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The Poisson brackets

{g̃1, g̃2} = −[r , g̃1g̃2],

{g̃1, g2} = −g̃1rg2, {g1, g̃2} = −g̃2r∗g1
{g1, g2} = [r∗, g1g2].

are invariant under the simultaneous action of both SU(2) and
SL(2,C) if {h̃1, h2} = 0.

The dynamics on the group manifold of SL(2,C) has Poisson-Lie
group symmetries only when endowed with those brackets.

The symplectic structure {Ii , Ij} = ε k
ij is obtained from

{g̃1, g̃2} = − [g̃1g̃2], while
{
Ĩ I , Ĩ j

}
= f ijk I

k from

{g1, g2} = [r∗, g1g2].

The momentum variables of each model inherit their Poisson
brackets from the Poisson-Lie structure of the dual group, which
in turn exhibits Poisson-Lie symmetry in the sense elucidated
above.

28 / 30



Doubling,
T-Duality and
Generalized
Geometry: a
Simple Model

Franco
Pezzella

Introduction
and Motivation

The 3-D
Isotropic Rigid
Rotator

SL(2, C) as a
Drinfeld
Double

The Dual
Rotator

The Parent
Action

Geometrical
structures and
Poisson-Lie
symmetries

Conclusions
and
Perspectives

The Poisson brackets

{g̃1, g̃2} = −[r , g̃1g̃2],

{g̃1, g2} = −g̃1rg2, {g1, g̃2} = −g̃2r∗g1
{g1, g2} = [r∗, g1g2].

are invariant under the simultaneous action of both SU(2) and
SL(2,C) if {h̃1, h2} = 0.

The dynamics on the group manifold of SL(2,C) has Poisson-Lie
group symmetries only when endowed with those brackets.

The symplectic structure {Ii , Ij} = ε k
ij is obtained from

{g̃1, g̃2} = − [g̃1g̃2], while
{
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The momentum variables of each model inherit their Poisson
brackets from the Poisson-Lie structure of the dual group, which
in turn exhibits Poisson-Lie symmetry in the sense elucidated
above.
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Conclusions

The double formulation of a mechanical system in terms of dual
configuration spaces has been discussed.

The geometrical structures of DFT have been reproduced
(O(d , d)-invariant metric and Generalized Metric).

Poisson brackets for the generalized momenta (C-brackets) have
been derived establishing a connection with Generalized
Geometry.

Poisson-Lie symmetries of the dual models have been revealed.

The model is simple, but it is readily generalizable, for instance,
to the Principal Chiral Model (work in progress); in fact, by
adding one space dimension to the source space one has a 2-d
field theory, modeled on the rigid rotator, which is duality
invariant and has all the richness of the Double and Generalized
Geometries.
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The End

Thank you for your attention.
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