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symmetry of the string effective field theory.

@ The emerging carrier space of the string dynamics is doubled
IXmRODuCTION with respect to the original since it requires the introduction of
both the string coordinates x and their duals X.

o DFT is connected with Generalized Geometry [Hitchin, Gualtieri]
that has arisen as a means to geometrize duality symmetries.

o Underlying DFT is a manifestly T-dual invariant formulation of
the string world-sheet [Siegel, Tseytlin, Hull, Park], the doubled
world-sheet, in which actually the doubling refers to the fields
living on it and not to its coordinates.

o Interplay between GG and doubled world-sheet/DFT emerges
out from the identification of the appropriate carrier space of the
dynamics. It could be enlarged also to non-Abelian T-duality
and Poisson-Lie T-duality.
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together with that of double Lie group.

@ A dual model is introduced having the Lie dual of SU(2) as
configuration space, the group SB(2, C) of Borel 2x2 complex
matrices. They are dual partners in the description of the group
SL(2,C) as a Drinfeld double.

o A doubled parent action with configuration space SL(2, C) is
then defined: it reduces to the original action of the rotator or
to its dual through a suitable gauging procedure.

@ Geometric structures can be understood in terms of GG.
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@ Action:
1 ~ . 1/ o
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R JR

g:t € R — SU(2), with g~ldg = ia*oy the Maurer-Cartan
left-invariant (Lie algebra-valued) one-form, a* are the basic
left-invariant one-forms, * the Hodge star operator on the source
space R, xdt = 1, Tr the trace over the Lie algebra —
group-valued field theory, reduction of Principal Chiral Model to
0+1 dimensions.
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DOUBLING,

@ Action:

1 1
So = "/Tr(g’ldg N gTldg) =~ / Tr (g7'¢)dt
4 Jr 4 Jr
o g:teR— 5U.(2), with g~ ldg = iakoy the Maurer-Cartan
somonc ot left-invariant (Lie algebra-valued) one-form, a* are the basic

left-invariant one-forms, * the Hodge star operator on the source
space R, xdt = 1, Tr the trace over the Lie algebra —
group-valued field theory, reduction of Principal Chiral Model to
0+1 dimensions.

° Parametrizatiqn with R* coordinates 8= yOo0 + iyio;
=2(y%o + iy'e;) with (y°)*+ Y_;(¥')*> =1 and 09 and o;
respectively the identity matrix I and the Pauli matrices:

y'=—5Tr(goi), y° = 3Tr(goo), i=1,..3
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non-degenerate invariant scalar product defined on the SU(2)
manifold: < a|b >= Tr(ab) for any two group elements.

@ In terms of the left generalized velocities Q’

Q"= (v = yy° + eayly¥)

THE 3-D
ISOTROPIC RIGID
ROTATOR |t reads as: 1
S
Lo= Q5

e Tangent bundle TSU(2) coordinates: (Q', Q') with the Q's
implicitly defined.
e Equations of motion:

Ni d ~14dg\ _
@ =0 o dt(g dt)_0
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THE HAMILTONIAN FORMALISM AND THE COTANGENT BUNDLE T *SU(2)

o Cotangent bundle T*SU(2) coordinates: (Q', /;), being the ;s
the left momenta:
I,' = % = (5,JQJ ) | = iI;ei*
0Q’
with the dual basis (e™*) such that < e/*|e; >= 51’
@ The Legendre transform from TSU(2) to T*SU(2) yields the
Hamiltonian function: Ho = £67/;1;
@ The dynamics is obtained from Hg through the canonical
Poisson brackets on the cotangent bundle:

oy =0 (Y =c e {y' 1} =06y +¢ uy”

derived from the first-order formulation of the action

51:/<I|g*1g>dt—/7-[0dtz/9—/Hodt

being ¢ the canonical one-form defining the symplectic form
w=df =dl; A (51’-()# — %/,-(5]’-4,(,(1" Aol with dak = ée’fja’ Ao,
Inverting w leads to the Poisson algebra.
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DOUBLING,

Fiber coordinates /; are associated with the angular momentum
components and the base space coordinates (y°, y') with the
orientation of the rotator. Rotational invariance: {/;, Hp}.

ecom: [=0, g 'g&=ilo%o; — I are constants of motion,
g undergoes a uniform precession.

o As a group T*SU(2) ~ SU(2) x R3? (semi-direct product) with

R the corresponding Lie algebra given by:

ROTATOR
LiLl =l [TaT]=0  [L.T]=dTi

@ The linearization of the Poisson structure at the unit e of SU(2)
provides a Lie algebra structure over the dual algebra
su(2)* ~ R3.

@ The non-trivial Poisson bracket - Kirillov-Soriau-Konstant -
{y', i} = 6]y® + € jy* on the fibers of the bundle can be
understood in terms of the coadjoint action of the group SU(2)
on its dual algebra su(2)* ~ R3.

@ The Poisson brackets governing the dynamics are the brackets
induced by the coadjoint action.
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Pesam. @ SU(2) and its Lie dual group SB(2,C) are dual subgroups of
SL(2,C).

@ A Drinfeld double is any Lie group D whose Lie algebra © can
be decomposed into a pair of maximally isotropic subalgebras, G
and G, with respect to a non-degenerate invariant bilinear form

Db iate @ Isotropic subspace of ©: the value of the form on two arbitrary
vectors belonging to the subspace vanishes.

e Maximally isotropic: the subspace cannot be enlarged while
preserving the property of isotropy.

e D =G G isa Lie bialgebra in which the role of G and G can
be symmetrically interchanged.The triple (D, G, G) is referred to
as a Manin triple.
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THE O(d, d) INVARIANT METRIC

o Introduce the doubled notation
e = (§j> , e € su(2), & €sb(2,C),

The scalar product < u, v >= 2Im(Tr(uv)) yields

0 &
<eney>=ny= §i O’

J

DouBLE

This is the O(3,3) invariant metric.
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it is possible to define a non-degenerate scalar product a ((,)),
giving rise to a Riemannian metric:

((eis ) == (ei, &) ((bi, by)) := —(bi, bj); ((ei, b)) := (ei, bj) =0
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it is possible to define a non-degenerate scalar product a ((,)),
giving rise to a Riemannian metric:

((eis ) == (ei, &) ((bi, by)) := —(bi, bj); ((ei, b)) := (ei, bj) =0

o Computing also ((&',&)) and ((e;, &)) yields:

0jf a7
e ’e —= 7—[ = U .. 3’ :
(( / J)) H (6’1'3 5 4 6;35”(8,(3))

satisfying the relation: H'nH = 1.

e H is an O(3,3) matrix having the same structure as the O(d, d)
generalized metric of DFT with d; playing the role of G¥ and
€jj3 playing the role of Bj!

DouBLE
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GEOMETRY OF THE DUAL MODEL

@ A suitable action for the dual system is the following:
& 1 PO PO Ry 1 s 1iyi=—1%
e So=— | Trlgder+g dgl=—, | Trl(&g 8)(& &)ldt
R R

with g : t € R — SB(2,C), the group-valued target space
coordinates, so that

gldg = ipE

e Do is the Maurer-Cartan left invariant one-form on the group
manifold, with 8y the left-invariant basic one-forms, * the
Hodge star operator on the source space R, such that xdt = 1.
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GEOMETRY OF THE DUAL MODEL

: @ A suitable action for the dual system is the following:
[D.D}?L

. 1 1 : :
S=1 / Trigdgnsg g = - / Tri(E'8)(& " )dt
R R

with g : t € R — SB(2,C), the group-valued target space
coordinates, so that

gldg = ipE

e Do is the Maurer-Cartan left invariant one-form on the group
manifold, with 8y the left-invariant basic one-forms, * the
Hodge star operator on the source space R, such that xdt = 1.
@ The trace Tr is defined by the scalar product ((,)) that makes
the dual Lagrangian only left-SB(2, C) invariant, differently from
the Lagrangian of the rigid rotator which is invariant under both
left and right actions of both groups.
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THE TANGENT BUNDLE TSB(2,C)

DOUBLING,

@ Parametrization: the group manifold SB(2,C) can be

CENERALIZED parametrized with R* coordinates: g = 2(upé® + iu;&'), being
S!M‘PLE MODEL ug _ U% — 1 and é«O — H/Q Wlth
‘ Lo ivy L. .3 L.
Ui:z((’g,e))a =12, U3:§((/g,e ))7 UOZE((gve ))

THE DuaL
RoTATOR
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DOUBLING,

@ Parametrization: the group manifold SB(2,C) can be

CENERALIZED parametrized with R* coordinates: g = 2(upé® + iu;&'), being
S!M‘PLE MODEL ug _ U% — 1 and é«O — H/Q Wlth
‘ Lo ivy L. .3 L.
Ui:z((’g,e))a =12, U3:§((/g,e ))7 UOZE((gve ))

@ In terms of the left generalized velocities

Qi = ugl; — ujtig + f’-JkUjl:Ik the Lagrangian Ly becomes:

THE DuaL LO = Qi th’r
RoTATOR
H ir — (§ir i r sls
with h'" = (6" + €j3€30")
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THE TANGENT BUNDLE TSB(2,C)

Parametrization: the group manifold SB(2,C) can be
¢ - parametrized with R* coordinates: & = 2(upé° + iu;é'), being

Sm‘rLE MoODEL ug _ U% — 1 and é«O — H/Q Wlth
“ | . 1. 3 L. 0
u=(88). =12 w=3((7&). w=3(&)

@ In terms of the left generalized velocities

Qi = ugl; — ujtig + fijkujuk the Lagrangian Ly becomes:

THE DuaL ZO = ;’Qi ;thir
RoraTtor
with hr = (8" + €izel36")
o Tangent bundle TSB(2,C) coordinates: (Q;, Q;) with the Q;’s
implicitly defined.
Equations of motion:

(67 + €ik36j/35kl)Qj =0
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THE COTANGENT BUNDLE T *SB(2,C)

o o Cotangent bundle T*SB(2,C) coordinates: (Q;,17), being the
‘ I"'s the conjugate left momenta.
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THE COTANGENT BUNDLE T *SB(2,C)

o Cotangent bundle T*SB(2,C) coordinates: (Q;,17), being the
Ii's the conjugate left momenta.
@ Hamiltonian:

SIMPLE l\[()DEL

@ The linear combination over the dual basis is introduced:

[=il& with (g*|&") =0
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THE COTANGENT BUNDLE T *SB(2,C)

DOUBLING,

o Cotangent bundle T*SB(2,C) coordinates: (Q;,17), being the
A I"’s the conjugate left momenta.

SU\IPLE‘I\[DDEL . .
‘ @ Hamiltonian:

@ The linear combination over the dual basis is introduced:

[=il& with (g*|&") =0

THE DuaL
RoTATOR

@ Poisson brackets:

{u;,uj} =0
(I 0}y = £, Jx
{u, '} = 8w — fi*uy

which are derived from the first order formulation of the action.
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GEOMETRY: A
SiMPLE MODEL

e e As a group, T*SB(2,C) ~ SB(2,C) x R3, with Lie algebra;

[Bi,B] = ifi*B«
[5i,5] = 0
[B:,S] = ifi*Sk.
T DUAL @ The two models can be obtained from the same parent action

defined on the whole SL(2,C) — they are dual.

o Goal: to define a dynamical model symmetric under
SU(2) «+» SB(2,C) on the Drinfeld double SL(2,C).
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THE DOUBLED ACTION

@ Introduce an action functional on TSL(2,C) (doubled
coordinates) as a (0 + 1)-dimensional field theory which is
group-valued with v : t € R — ~(t) € SL(2,C).

THE PARENT
ACTION
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THE DOUBLED ACTION

@ Introduce an action functional on TSL(2,C) (doubled
coordinates) as a (0 + 1)-dimensional field theory which is
group-valued with v : t € R — ~(t) € SL(2,C).

o Left invariant one-form on the group manifold:

7y ldy =y dt =Qle dt (D)

with e/ = (e;, &) the sl(2,C) doubled basis and Q' the left
generalized velocities.

THE PARENT
ACTION
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THE DOUBLED ACTION

w: A @ Introduce an action functional on TSL(2,C) (doubled
o coordinates) as a (0 + 1)-dimensional field theory which is
group-valued with v : t € R — ~(t) € SL(2,C).

o Left invariant one-form on the group manifold:
10 A=l g A
YAy ="y dt = Qe dt (D)

with e/ = (e;, &) the sl(2,C) doubled basis and Q' the left
generalized velocities.

o Defining the decomposition Q' = (A, B;) implies:

THE PARENT
ACTION

71y dt = (Ale + B;é&')dt.

where both components are tangent bundle coordinates for
SL(2,C).
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THE DOUBLED ACTION

@ Proposed action:

S 1 _ _ N N
S= 5 /(k1 <y ldy d oy ldy > +ho((y iy 4 xy N dY)),
R

ki, ko are real parameters and

<y ldytxyTldy > = QQ < e, e, >=Q'Q7y,
(Vv d ey idy)) = Q'Q((er,e))) = Q'Q7Hy.

THE PARENT
ACTION
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THE DOUBLED ACTION

@ Proposed action:

S 1 _ _ N N
S= 5 /(k1 <y ldy d oy ldy > +ho((y iy 4 xy N dY)),
R

ki, ko are real parameters and

<y ldytxyTldy > = QQ < e, e, >=Q'Q7y,
(Vv d ey idy)) = Q'Q((er,e))) = Q'Q7Hy.

THE PARENT

ACTION o EXplICItly

.1 .
L= E(kﬁu +H1,)Q'Q’

kl/k2 = k.
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RECOVERING BOTH THE ACTIONS

GEOMETRY: A
SiMPLE MODEL

o Fix a local decomposition for the elements of the double group
SL(2,C): v=gg, g € SU(2) and g € SB(2,C).

THE PARENT

ACTION
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Ao o o Fix a local decomposition for the elements of the double group
SL(2,C): v=gg, g € SU(2) and g € SB(2,C).

o [ is invariant under left and right action of the group SU(2) but
only after left action of the group SB(2,C), given by:

SB(2,C), :y — hy = hgg Vhe SB(2,C)
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RECOVERING BOTH THE ACTIONS

GEOMETRY: A
SiMPLE MODEL

e o Fix a local decomposition for the elements of the double group

PuzzeLL SL(2,C): v=gg, g € SU(2) and g € SB(2,C).

o [ is invariant under left and right action of the group SU(2) but
only after left action of the group SB(2,C), given by:

SB(2,C), :y — hy = hgg Vhe SB(2,C)

@ Promote the SB(2,C), invariance to a gauge symmetry for
e PARENT getting the usual description of the rotator.

ACTION

@ Promote the global invariance of [ under right action of the
group SU(2) for getting the dual rotator.
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HAMILTONIAN FORMALISM FOR THE DOUBLED ACTION

oy @ In the doubled description the left generalized momenta are
given by:
oL :
P, = 2 (i + kH1)Q’

THE PARENT
ACTION
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HAMILTONIAN FORMALISM FOR THE DOUBLED ACTION

DA D @ In the doubled description the left generalized momenta are
\ given by:
SIMPLE MODEL aL .
Fraxco P, = 2 (mu+ kH)Q

o Hamiltonian: A = (P,Q' — [)p = N+ kH)PPy

ARENT
N
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HAMILTONIAN FORMALISM FOR THE DOUBLED ACTION

DOUBLING,

@ In the doubled description the left generalized momenta are
given by:

oL .
= 2 = (nu + kH,)Q’

o Hamiltonian: A = (P,Q' — [)p = L+ kH)~ VPP,

@ The Hamiltonian equations on the Drinfeld double are obtained
through the determination of Poisson brackets from the first
order action:

§:/@h4wwf/ﬁmz/0f/ﬁm

P = iPe =il +T&)
771d7 = iaJeJ = (akek + ﬂkék) .

1

THE PARENT Wlth

ACTION

o P,, o’ are respectively generalized momenta and basis
one-forms on the doubled configuration space SL(2,C).

20 /30



Po1ssoN BRACKETS ON T*SL(2,C)

@ The symplectic form w = d@ on

Growri: A T*SL(2,C) ~ SL(2,C) x sl(2,C)* yields for the generalized
S onEL momenta the Poisson brackets to:

(i} = €l

(I} = £

{/,/NJ} = Ej,'/llel/f/j,' {ii,/j}zfeij//v#*//fﬁj

while the Poisson brackets between momenta and configuration
space variables g, g are unchanged with respect to
T*SU(2), T*SB(2,C).

Rt @ equation of motion for Py:
d 0 _
EP/ = {P,H} = [(n+ kH) " CiP.Px

with
{P1,P,} = [P«
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POISSON BRACKETS ON THE DOUBLE GROUP SL(2, C)

DOUBLING,

C TRY: A

s N @ The double group SL(2,C) can be endowed with PB's
Franco (Heisenberg double) which generalize both those of T*SU(2)
and of T*SB(2(C) [[Semenov-Tyan-Shanskii '91, Alekseev-Malkin '94]]

el =—nmr —mre m=70Lr=107%

r =& ® e is the classical Yang-Baxter matrix and r* = —¢; ® &'

THE PARENT
ACTION
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POISSON BRACKETS ON THE DOUBLE GROUP SL(2, C)

S MDD‘; @ The double group SL(2,C) can be endowed with PB's
Fraxco (Heisenberg double) which generalize both those of T*SU(2)

. and of T*SB(2(C) [[Semenov-Tyan-Shanskii '91, Alekseev-Malkin '94]]

el =—nmr —mre m=70Lr=107%

r =& ® e is the classical Yang-Baxter matrix and r* = —¢; ® &'

@ By writing v as v = gg it can be shown that these brackets are
compatible with

THE PARENT

ACTION {glv §2} = 7[,‘7 g1§2]7

{81, 8} = —&ire, {81, 8} = —&r'ar
{g17g2} = [r*ag1g2]'
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RECOVERING THE PB’s FOR T*SU(2) AND T*SB(2,C)

DOUBLING,

o In the limit A — 0, with r = A& @ ¢; , §(\) = 1+ iAlel + O()2)
‘ g = y00 + iy'o; they reproduce correctly the canonical Poisson
brackets on the cotangent bundle of SU(2).

THE PARENT
ACTION
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RECOVERING THE PB’s FOR T*SU(2) AND T*SB(2,C)

DOUBLING,

o Inthe limit A — 0, with r = A& @ ¢; , (\) = 1+ iMe’ + O(\?)
g = y00 + iy'o; they reproduce correctly the canonical Poisson
brackets on the cotangent bundle of SU(2).

o Consider now r* = —puex ® ek as a solution of the Yang Baxter
equation and expand g € SU(2) as a function of the parameter
w g =1+ iule; + O(u?).
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RECOVERING THE PB’s FOR T*SU(2) AND T*SB(2,C)

DOUBLING,

o In the limit A — 0, with r = N @e, §(\) =1+ iMe +0(N\?)
g = y00 + iy'o; they reproduce correctly the canonical Poisson
brackets on the cotangent bundle of SU(2).

o Consider now r* = —puex ® ek as a solution of the Yang Baxter
equation and expand g € SU(2) as a function of the parameter
w g =1+ iule; + O(u?).

@ By repeating the same analysis as above one gets back the
canonical Poisson structure on T*SB(2, C), with position

THE PARENT coordinates and momenta now interchanged. In particular:

ACTION

{17} = £,
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CONNECTION WITH GENERALIZED GEOMETRY

SiMPLE MODEL

o It is possible to consider a different Poisson structure on the
double [Semenov]: {’}/1772} = % [’}/1(1’* — r)72 — "}/Q(I’* _ r)fyl]
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CONNECTION WITH GENERALIZED GEOMETRY

GEOMETRY: A
SiMPLE MODEL

: o It is possible to consider a different Poisson structure on the
double [Semenov]: {71,72} = % [’yl(r* — r)’)/z — ’yg(r* — r)’yl]

o Expand v € D as v = 1+ i\;& + iXle; and rescale r, r* by the
same parameter A\ —-

{6}y = el {11,y = £, ]
{0}y =~ —TFed

which are the Poisson brackets induced by the Lie bi-algebra
structure of the double.
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C-BRACKETS

DOUBLING,

o By using the compact notation / = ilje’”,
CenEALEED rewrite the Poisson algebra as follows:

SiMPLE MODEL

s {+TJ+ D ={11 {4, Ty + {1,y +{I,]}.
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C-BRACKETS

o By using the compact notation / = ilje’”,
rewrite the Poisson algebra as follows:

GEOMETRY: A
SiMPLE MODEL

Torves {+TJ+ D ={11 {4, Ty + {1,y +{I,]}.

@ Very interesting structure representing a Poisson realization of
the C-bracket for the generalized bundle T & T* over SU(2),
once one considers the isomorphisms

TSL(2,C) ~ SL(2,C) x sl(2,C)
with the fiber:
sl(2,C) ~ su(2) @ sb(2,C) ~ TSU(2) @ T*SU(2).

25 /30



C-BRACKETS

o By using the compact notation / = ilje’”,
rewrite the Poisson algebra as follows:

{+TJ+ D ={11 {4, Ty + {1,y +{I,]}.

GEOMETRY: A
SiMPLE MODEL
E

@ Very interesting structure representing a Poisson realization of
the C-bracket for the generalized bundle T & T* over SU(2),
once one considers the isomorphisms

TSL(2,C) ~ SL(2,C) x sl(2,C)
with the fiber:
sl(2,C) ~ su(2) @ sb(2,C) ~ TSU(2) @ T*SU(2).

o | =il J= iJie’™ are considered as one-forms, with e'" being
a basis over T* and [ = ['&*, J = J'&" as vector-fields, with &
a basis over T. Namely, the couple (/;, I") identifies the fiber
coordinate of the generalized bundle T @& T* of SU(2).
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POI1SSON-LIE SYMMETRIES

Dousl

@ The dual models described possess Poisson-Lie symmetries.
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DOUBLING,

Tl A8 @ The dual models described possess Poisson-Lie symmetries.

SIMPLE MoDEL o Poisson-Lie symmetries are group transformations implemented
LRI on the carrier space of the dynamics via group multiplication

which, in general, are not canonical transformations as they need
not preserve the symplectic structure.
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LRI on the carrier space of the dynamics via group multiplication
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not preserve the symplectic structure.

o Poisson brackets can be made invariant if the parameters of the
group of transformations are imposed to have nonzero Poisson
brackets with themselves. Group multiplication is then said to
correspond to a Poisson map
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PoOI1SSON-LIE SYMMETRIES

DOUBLING,

The dual models described possess Poisson-Lie symmetries.

o Poisson-Lie symmetries are group transformations implemented
on the carrier space of the dynamics via group multiplication
which, in general, are not canonical transformations as they need
not preserve the symplectic structure.

o Poisson brackets can be made invariant if the parameters of the
group of transformations are imposed to have nonzero Poisson
brackets with themselves. Group multiplication is then said to
correspond to a Poisson map

e Example. Right transformations of SU(2) on SL(2,C):

v —~h, heSU2),, veSL(2,C)

GEOMETRICAL

and left action of SB(2,C) on SL(2,C):
v — hy heSB(2,C) , veSL(2,C)
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DOUBLING.

@ In terms of the coordinates (&, g) such that v = gg the right
transformation:

g—gh, g—§ and g—g , g—hg
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GEOMETRY: A
SiMPLE MODEL

@ In terms of the coordinates (&, g) such that v = gg the right
transformation:

g—gh, g—§ and g—g , g—hg

@ They preserve the Poisson brackets only if the paramaters of the
transformation h = hy ho satisfy the Poisson brackets:

{h17 hz} = [f*, h1h2]

and zero Poisson brackets with g and g. The SU(2) right
multiplication becomes a Poisson-Lie group transformation.
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DOUBLING,

¢ @ In terms of the coordinates (&, g) such that v = gg the right

SIMPLE MoDEL transformation:

g—gh, g—§ and g—g , g—hg

@ They preserve the Poisson brackets only if the paramaters of the
transformation h = hy ho satisfy the Poisson brackets:

{h17 hz} = [f*, h1h2]

and zero Poisson brackets with g and g. The SU(2) right
multiplication becomes a Poisson-Lie group transformation.
o The left SL(2,C) multiplication is a Poisson-Lie transformation if

{7717 };2} = |:r*7 E1E2:|
and zero Poisson brackets with g and g.
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DOUBLING,

In terms of the coordinates (g, g) such that v = gg the right
transformation:

g—gh, g—§ and g—g , g—hg

@ They preserve the Poisson brackets only if the paramaters of the
transformation h = hy ho satisfy the Poisson brackets:

{h17 h2} = [f*, h1h2]

and zero Poisson brackets with g and g. The SU(2) right
multiplication becomes a Poisson-Lie group transformation.
o The left SL(2,C) multiplication is a Poisson-Lie transformation if

{7717 /N72} = [r*, 51772}

and zero Poisson brackets with g and g.
o Both of them become canonical in the limit-\ — 0.
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@ The Poisson brackets
;!MPLE l\[()[):L {glv gz} - _[r, gng],

S {81, &) = —&irg2,  {g1,8) = —&r'a
{g1, &} =[r", g18]

are invariant under the simultaneous action of both SU(2) and
SL(2,C) if {hy, hy} = 0.
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Sy {g17g2} = —&118, {glag?} = *g2r*g1
{g1, &} =", s182].
are invariant under the simultaneous action of both SU(2) and
SL(2,C) if {hy,h} =0.
@ The dynamics on the group manifold of SL(2,C) has Poisson-Lie
group symmetries only when endowed with those brackets.
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:mrLE I\IDDEAL {glv gz} - _[r, gng],
Sy {g17g2} = —&118, {glag?} = *g2r*g1
{g1, 8} =[r", g182]-
are invariant under the simultaneous action of both SU(2) and
SL(2,C) if {hy,h} =0.
@ The dynamics on the group manifold of SL(2,C) has Poisson-Lie
group symmetries only when endowed with those brackets.
e The symplectic structure {/;, [;} = e,-jk is obtained from
{8122} = — (@], while {1', 7'} = %1 from
{glagZ} = [r*7g1g2]-
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@ The Poisson brackets
;!MPLE I\IDDEAL {glv gz} - _[r, g1g2]»

\“ 2 {g17g2} = 7g1rg27 {glag2} = *g2r*g1
{g1, &} =[r", g18]

are invariant under the simultaneous action of both SU(2) and
SL(2,C) if {hy, hy} =0.

@ The dynamics on the group manifold of SL(2,C) has Poisson-Lie
group symmetries only when endowed with those brackets.

e The symplectic structure {/;, [;} = e,-jk is obtained from
{8122} = — (@], while {1', 7'} = %1 from
{glagZ} = [r*7g1g2]-

@ The momentum variables of each model inherit their Poisson
brackets from the Poisson-Lie structure of the dual group, which
in turn exhibits Poisson-Lie symmetry in the sense elucidated
above.
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CONCLUSIONS

The double formulation of a mechanical system in terms of dual
configuration spaces has been discussed.

@ The geometrical structures of DFT have been reproduced
(O(d, d)-invariant metric and Generalized Metric).

o Poisson brackets for the generalized momenta (C-brackets) have
been derived establishing a connection with Generalized
Geometry.

@ Poisson-Lie symmetries of the dual models have been revealed.

@ The model is simple, but it is readily generalizable, for instance,
to the Principal Chiral Model (work in progress); in fact, by
adding one space dimension to the source space one has a 2-d
field theory, modeled on the rigid rotator, which is duality
invariant and has all the richness of the Double and Generalized
Geometries.
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THE END

*LE MODEL

Thank you for your attention.

CONCLUSIONS
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