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Complex Geometry

Manifold (M?29, J)
Complex structure: J € End(TM)  J? = —1

Projectors: 7y = 3 (1+iJ)

=

These define an involutive distribution if
me[rru, vl =0 <= N(J) = 0 (Nijenhuis)
This is integrability of J.

Local holomorphic coordinates, M2 > ©® ~ C?, and
holomorphic transition functions.
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Hermitean

Hermitean Metric:  J'gJ =g
@ 9=§+J8)
Symplectic 2-form:  w := gJ

Kihler: dw=0, VJ=0, g =0,0:K(z,2)
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Generalized Complex Geometry

Complex structure: N. Hitchin 2002
M. Gualtieri 2003

J € End(TM & T*M), J? =1

“Nijenhuis”:

Nc(j)zo <~ |_|1[|_|:|:U,|_|:|:V]C:0

-(2) (1)

[U V]C = [U V] + Lup — Ly§ — (Zup - va)

where
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"Newlander-Nirenberg"

When 7 is integrable there are local holomorphic and Darboux
coordinates such that M29 looks like CK x R29-k,
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The automorphisms of this courant bracket are
diffeomorphisms and b-transforms:

u u
eb(§>:<€ﬂub>, db=0.

In a coordinate basis (0x, dx) a b-transform acts on 7 as
follows:
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In such a basis, the natural pairing

< (U,f),(V,p) >= %(ZUP+ZV§)

is represented by the matrix

0 1
IZ%(10>

A final requirement of GCG is that

JIT7=1
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Generalized Kahler Geometry

Two commuting generalized complex structures

\7(21’2):_1 ) [t7(1)7t7(2)]:07
~7(t1,2)I~7(1,2) =7, G:=-JnJe

Ex. Kéhler (w = gJ):

(J 0O (0 —uw (0 g
a=(5 %) 2=(2 70 ) o=(5% )
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Relation to 2D sigma models

S = /dsz+D_ (D+¢"(g,-j n B,-j)D_go/)

Ansatz for the extra supersymmetries:
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Gates-Hull-Rocek=Bihermitean=Generalised Kahler.

J.Gates, C. Hull, M Rocek 1984

(Mu g, J(:I:)v H)
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;<1 o> JE) £ g=) —(wE_J:;:Fw(_1)) < 1 o)
B 1 w(t) F w(o) —(J1H) £ yi=)) -B 1

M. Gualtieri 2003
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SKT from (2,0) and (2, 1) sigma models

C.Hull 1986
P.Howe and G. Papadopoulos 1996

S = /dsz+D <D+(,0i(g;j + B,-,-)D,gpi)

Ansatz for the extra supersymmetry:
¢’ = e Dy

JSo=-1, Jgd=g, VHJ=0

M =r0+3lg'H, H=dB.

(M,g,J, H)
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SKT and Generalized Hermitean Geometry

Work in collaboration with C. Hull

Generalised metric: G. Cavalcanti 2012

GeT=End(TMa T*M),  G? = +1
ng.=3(1=9)

0 g
gﬁ(Q 0 )

Metric split into +1 orthogonal eigenspaces:

nét. =0, T=T,&T_,
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Focus on T and consider a map J; acting on T, and
satisfying

g2 =-n¢
[\7+)g] =0
(n$)'7izg.ng = (ng)'zng . (0.1)

J+ may be extended to an almost complex structure on all of T
by requiring that it vanishes on T_. Since then 7,M% = 0, we
write it as

T =Jne,

where 7 is an almost complex structure on T. The second
condition in (0.1) implies the generalised Hermiticity condition

[j,g]zo,

and the first and third conditions in (0.1) then also hold.
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Solving the constraints

We parametrise the complex structure as:

I P
7=( 1 )
The conditions 72 = —1, J!T = ~7.7 and [, G] = 0, give nine
matrix equationsin /, P ,L and P.

Their solution may be summarised by saying that 7 can be
written as follows:
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7= JF Pg P
~\ gPg —J'tgP

where P is antisymmetric and J is an almost complex structure
on M that preserves the metric:

P=-P', J=I+Pg, F=-1, Jg/=g.

It follows that the complex structure 7, on T is

J — —1
g.—gng=nsgne 3 (7“7

where w := gJ. This is the geometric field content of SKT.
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Integrability

Projection operators corresponding to 7. are
Ny =31 £i7y).
Using them we get a further split
T, =T("9 10
where

109 —ny1, TOY=n.T,

are +j-eigenspaces.
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We demand integrability on TE: 0) using the H-twisted Courant
bracket

[Us, Us] = [u1, Up] + Ly, d&o — iy, dEq + iy, iy, H

_ < [u1, tn)] >
. £U1 d£2 - iUg d£1 + iU1 iUgH
with dH = 0.

When U; e T{9),

P+ Uj
U,'Z |_|_~_|_|$‘U,'7 <~ U,‘ = % < g;+LLIi > .
where
pr = 3(1+ 1)
Ui=u+97'¢
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Involution conditions:

Né[U;s, Uo]y =0,
and

N_[U;, U]y =0
to stay in TS: 0,

These conditions are equivalent to the SKT conditions

NW)=0, , VviHu=0

O =r04+%g7'H, H=dB.
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(2,1) T-Duality

M. Abou-Zeid , C. Hull, U.L., M. Ro¢ek

Lky#0, L:=V;% iiH=du

8@61 )

i (kaD_™ — ksD_3%) (0, ) — (A- — $D_V)X(¢,®)
et —1 - _ 5
+V [(Uo — 5Xa)D-* + (U + 5X5)D-F°]
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This yields the corresponding relations for the dual metric and
b-field

D _ 1 pD _ %

906 = G bey. 906
D _ 1 91— —lu  pD _ 9z
9.6 = 5 Pu0 T Wl = g5t bey =g

D _ 1 _ i3 1 _ g D _ 20~
950 = Tw[bﬁo B 119#] - gT)g ) b/u/ - le + giolﬁgO[uuV]

D _~__ 1 T
9 = 9 — g5 |9,09R0 Uuuu]

D _p__ 204 [
brz = bao go(—,go[#ul/]




T-duality 101

The bosonic nonlinear sigma model

LT @ xte— ¢l(x)

J &#x (9(4)01+-¢'0-¢/)
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Isometry

dg;j/94° = 0
J X (Gan(#)014 $°0-¢° + 29a0(#) 4 #*A<) + Goo($)ArA-))

+f d2X(5aH+A:]
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The dual action

0A, = A, = (9,6 — g200.4°)
J x (9P (3)0ud0- + bR()oyy Foyd)

¢ =4, 62 =¢?
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The geometries are related by the Buscher rules.
In this case:

D _ 1 D __ D _ __ 90a90b
900 = g0 ° 92=0, 9z =9 500

bE =, b2 =0

9oo




Enter SUSY

Duality in Superspace is interesting because the target space
geometry of supersymmetric nonlinear sigma models is, and
duality relates different such geometries.
B. Zumino 1979
L. Alvarez-Gaume and D. Freedman 1980

J. Gates, C. Hull and M. Ro¢ek 1984
C. Hull and E. Witten 1985

Susy (1,1) | (2.2) (2,2) (4,4) (4,4)
E=G+B | G,B G G,B G G,B
Geom | Riem. | Kahler | biherm. | hyperk. | bihyperc.
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(2,2) superspace

N.B. . Bakas three papers from. 1995

Chiral twisted chiral duality for (Generalised) Kahler geometry

{Ds,Ds} = i0),
Dip=0, Dyx=D_x=0

Kle+o+V,0,0)— (x+Xx)V
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The dual Lagrangian

SV :Ks—(x+%) =0

gf.=V=V(x+x,e0)

KD(X"')Z?SO?()Z) = K(V(X‘F)Z,),) _ (X+>2)V(X+>_(7)

|
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No spectators

- _ D __ b __ 1
g¢¢_K7¢¢7 = g XX T K 7XX_Q¢$

Double Buscher rules? In general, the geometry becomes
transparent after reduction (1, 1) superspace.
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Down to (2,1)

To reduce to (2, 1) we write

D-=D_-iQ., Q¢=IiD_¢, Q. x=-3iD_©
p=¢-V, Q. V=2A_—iD_V

V_p=D_¢+IiA_, V_¢=D_¢+IA_

i [Kov_¢ — KoV_¢+KzD_Z — KzD_Z] +BID_V — (0 +8)A
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General (2,1)

M. Abou-Zeid, C. M. Hull, 1997, 1998
M. Abou-Zeid, C. M. Hull, U. L., and M. Rocek, in prep.

The gauged Lagrangian

i [ka(go, B)V_o* — ks(p, )V_%| +OID_V — (0 +6) A_
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The dual Lagrangian

A= X+0+0:=k+ki+©+6=0

oV =A_=...

LP =i (kBD-© — K3D_& + KPD_¢ — KPD_g7)
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With X .= kg + ks, Z:=ky— R(—), the vector potentials are
related by

§=-4v-&

W= lh 2] W= lRer i)

The geometries are calculated from this as

ga(i = _5[704 +k0475£ ) baﬁ = kﬁ70¢ _kOHB
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This yields the corresponding relations for the dual metric and
b-field

D _ 1 D _ 1 D _L =
906 T 95’ Y6~ g_oc—)[b/-lo] + 950 = g, [070]

g,?,; = Ouin — ng-)(gu(_)gﬁO_bﬂobﬁﬁ)

D _ 9ou D _ %o
bon=ap * Por = o

bl, = by, — g%ag@[u(bu]o) , bp, = by — g%ﬁgolﬁ(bz?]ﬁ)
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Reduction to (1, 1)

As for the (2, 2) ciral to twisted chiral duality, this looks like a
doubling of the Buscher rules.

Double Buscher rules? In general, the geometry becomes
transparent after reduction (1, 1) superspace.
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The (1,1) Lagrangian

Dy =Dy —iQ:, Qip=iD;ip

QJ,_\/I = 2A+ B QJ,.A_‘ = —I (%d“‘ D_A+)

2 [Koo(V4+¢V_6 + V16V _0) + Koz(Dy ZV_¢ + V1 $D_2)
+Kyz(D1ZV_¢+V4¢D_Z) + Ky3(D,ZD_Z + D, ZD_Z))
id

Bl (2Ko+©+0)+ (6 —0)2iD A,

2 1
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1. is the usual Lagrange multiplier term imposing duality
between the (1, 1) fields ¢ — ¢ and © — ©. In addition to this,
there is the gauged Lagrangian and the the d-term 2. More
explicitly, the latter imposes

X+0+0:=Kl¢+¢¢"¢)+0+0=0

We can either solve this for ©+0 = (040)(¢+¢, ¢, ") or
change coordinates to (© + 0, o*, g"). The (2,2) and (2, 1)
calculations correspond to the latter choice. In conclusion,
the procedure leads to a dualisation of the imaginary part of
¢ to the imaginary part of © along with a coordinate trans-
formation of their real parts.
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Kahler gauge transformations

S = [d?xD,D,D_D_K(¢,3)

K(g, ) = K+ f(¢) + 1($)

(2.2)

S = [ d®xDyD; D i [ka(p, 9)D_¢* — ka(p, p)D_*]

ko (¢, @) = Ko + 100 X(0, @) + Falp)
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The full (2, 1) T-duality

C. M. Hull, A. Karlhede, U. L., M. Ro¢ek 1986.
M. Abou-Zeid, C. M. Hull, 1997, 1998

The gauged Lagrangian

Efkoc = iaax + Uy

[i (kaD_¢® — kaD_3%) — A_X] (0, @) + [, e atVd;(@)D_ G
+8iD_V — (6 +©)A_

where
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The dual vector potentials are

R--1[v+Z]. R=-}[v-2]
RO~ [k, - %2;;” , KD = [Ka+ify ote V() + §
where

ZX 5
Y00

}
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More geometry

The dual metric and B-field are related by the same “double”
Buscher rules as before, with the same geometric
understanding resulting from going to (1, 1). The only
difference is that the B-field entering on the right is shifted
compared to t the original one, e.g.,

9o = Guin — gz (9,89m0— (buo + i0,,) (b5 — 19z))

The shifted field are the hall mark of...
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