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Some motivation
» Systematic construction of new deformations of (interacting)
CFT's having explicit Lagrangian descriptions.

» A subset of them is integrable.

» Exact beta-function and anomalous dimensions in QFTs.
> It is a rare occasion to be able to compute them exactly as

traditionally are computed perturbatively, e.g.
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where 1 is the energy scale.
» Smooth RG flows (UV to IR) between CFTs.

» Type-ll supergravity embeddings
» Applications/developments in an AdS/CFT context.



QOutline

» The theories of interest

v

Construction of effective actions (self- and mutual-interacting)

v

A truncation to a two parameter integrable model.

Beta-functions and anomalous dimensions.

v

Perturbative info + symmetry + analyticity = exact info

v

Interplay between CFT and gravitational methods.

Exact C-function obeying Zamolodchikov's c-theorem
(the first example in literature).




The theories of interest

Let any two 2-dim CFT with some action and an underlying group
G structure having currents J?(z) & J?(z), i = 1,2, obeying the
usual algebras at levels kq, k>

5ab + fabc JiC(W)
c-w? Vhz—w'

We are interested in deformations by the four current bilinears:

J(2) P (w) = i=12.

» Current self-interactions
Br. BB
» Current mutual-interactions
BB, BR.
» Simultaneously self-interactions and mutual-interactions

K. BB JEB. BE



These relevant operators generates a RG flow towards the IR.
We are aiming at:

» Computing the RG flow eqgs

1 dAsy
2" du

v

Anomalous dimensions of currents and primary operators.

v

Search for new fixed points under the RG flow towards the IR.
New fixed points in the IR when ki # ko.

v

Identity the CFT in the IR; Compute the C-function.

v

We would like these exactly in A, unlike traditional approaches.

v

Construct effective, all loop in A, actions.



General effective actions
The starting point is the action
S = Swzw + Spcm
» The WZW part is

Swzw = Sk, (81) + Sk, (82) ki€ Z .

Two copies of the G cyr X Grcur Current algebra at levels k;.
» The PCM part is

1 o, o Vol & 5 ~ ~— ~
Spem = - /Tr(gl 18+g1E1g18_g1 +& 13+g1E2g2 18_g2
+8, 101 &2E38; 10 &1 +g51a+g254g51a_g2) _

It represents two PCMs mutually interacting with real coupling
matrices E;'s. It has two copies with global G; symmetry.



The construction of the action

We gauge the global symmetry acting as

8 — Aflgil\; , g — A,Tlg—,- , i=1,2.

> Introduce gauge fields Ay and B in the Lie algebra of G.

» The condition
g=1, i=1,2,

completely fixes the gauge.



Then the gauged fixed action becomes
5 =54 (g1) + Sk, (82)
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where the A's depend on the E's.

» The o-model is obtained by integrating out the gauge fields.

» Restricting to just g1, A+ (or g2, B1) we get the usual
A-deformed models (self-interactions of currents).

> Interactions between Ai's and Bi's.

» The o-model will have both self and mutual interactions.



A two parameter integrable truncation

To simplify remove some interactions:

» A, A3 — oo removes Ay B & AL A_, keeps BLA_ & A A _.
> Also let the remaining A's diagonal.

The action turns out to be:
S=S,(g)+ % / d?c hy (A=D1
+ Sk, (22) + k—;im—l /d20 (A —-D) "ty
with A and A the deformation parameters and
Ji=—iTr(t%9gg "), J2=—iTe(t% 10 g), Dap=Tr(tagteg '),

where the t7’s are rep. matrices.

» For the A = 0 the usual A-deformed model (and a WZW).



Important properties
» For small A and A
S = Sk (81) + Sk, (82)
+ %A/dza Dish + %A/d% hidio + O(A2 A1) .

v

Euclidean signature: A and A obey

ko =
/\2+k—2)\2<1.
1

v

Small curvatures: kq, k» > 1 and staying within the ellipsis.

v

Near the ellipsis a zoom-in limit — non-Abelian T-dual.

v

A remarkable non-perturbative symmetry

ki — —k1, ;\—)

NP

g Aoy,

v

Equations of motion admit a Lax pair: Classically integrable.



Exact B-function and anomalous dims

Beta-function in the two parameter flow
Using the background field method one finds [Georgiou-KS, 18]

kiA(1—=A) — koA2(1+ A — A)
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where ¢ is the quadratic Casimir in the adjoint.
» There are six points where they vanish simultaneously.
» Their location depends on the ratio of %
» Some are IR stable.

» Others have one relevant and one irrelevant direction.



RG flows in the (A, A)-plane (A-horizontal) for ky = 2k;:

» The ellipsis bounds the region of Euclidean signature.

» Arrows point towards the IR.
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CFT and symmetry approach [Georgiou-Siampos-KS 15 & 16]

We may compute the beta-functions and anomalous dimensions by
combining perturbation theory, symmetry arguments and analyticity.

Let A =0 and k; = ko = k (single A-deformation).
Using QFT perturbative methods one finds:
» The B-function

_ 1 dd (12 53 4
Br = 3H gy o (-2 +0oh) .

» The anomalous dimension of the currents
dlnZ'/2

(J) _,,dNe7™ €6 12 5,3 4
v i an k(/\ 20° + O(A%)) .

» Task: Extend these exactly in A.



The exact B-function and anomalous dimensions are of the form

. cG f()\) (J) _ cG g(/\)

Pr= 2k(@+A2 T T R a3
where f(A) and g(A) are analytic in A.

» Demand well defined non-Abelian and pseudodual limits as
A — £1 and k — 0.

» Due to the symmetry

we have
ME/A) =F(A),  Ag(1/A) =g(A).

» f(A) and g(A) are polynomials of degree four, fixed by the
above symmetry and the two-loop perturbative result.



The final result for the beta-function is

cG A2
= —— K
2 2k(1+/\)2\0’

in agreement with [Kutasov 89] and [Gerganov-LeClair-Moriconi 01].
For the anomalous dimension

kK T—nara

Agreement with perturbation theory to O(A3%) and O(A%).
Similarly for current 3-point functions and correlators of
primary fields [Georgiou-KS-Siampos 16].

Complete agreement [ltsios-KS-Siampos, KS-Siampos 14,
KS-Siampos-Sagkrioti 18] using the gravitational one-loop
B-functions [Ecker-Honerkamp 71, Friedan 80, Fridling-van de Ven 86]

dGy  dBu
dr ' dr
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Mutually-interacting theories [Georgiou-KS 16,17]

Consider a different truncation sending A3 4 — co.
Then only mutual interactions

MER ., AMBERE.

» Deformation is integrable.
» Beta-function

Ldd_ g A(A-Ao)(A-Agh)
2'ud]/l N 2/ ki ko (1 —A2)2 ’

where A is either A1 or A,.

> A new fixed point in the IR at



» Using path integrals arguments one may show

RG flow Gy, X Gpy—fy

le X Gk2 - C
~———— ko

X Gly—ky

At the UV, A=0
At the IR, A=Ag

> cr < cyy, i.e. in accordance with Zamolodchikov's c-theorem.

Exact Zamolodchikov's C-function, i.e. C = C(A, Ag)?




The C-function

The central charge in a CFT
An important quantity that appears in many places:

> Density of states: In a CFT with central charge ¢ [Cardy 86]

N
n(N) ~ e™Ve¢ N>1.

Measures the degrees of freedom.

» Trace anomaly: Classically, the trace of the stress energy
tensor ® = 0. But, when a CFT couples to curved background

cR®2)
(©) =-——

» Virasoro algebra of the Virasoro constraints

c
[Lm, Ln] = (m—n)Lmyn+ Em(m2 —1)ém+n -



Beyond the CFT

» QFTs at the UV have more degrees of freedom than in the IR.
» UV information is lost irreversibly towards the IR.

» We need a quantitative measure of the above statements.

Zamolodchikov's c-theorem [A.B. Zamolodchikov 86]
Let a 2-dim QFT with couplings A’ and B-functions p'.
» There exist a function C(A) > 0 such that

1 dC P
“u— = G;j(A)B'P =0,
where Gj; is a positive definite metric in coupling space.

» Near a fixed point A* in which B/(A*) = 0 we have that

S S
pi=¢ig;c+--,  Gi=g;t.

> At the fixed points C(A*) equals the CFT central charge.



The exact C-function: The one coupling case
On general grounds near a fixed point

1
Gup' = gay)\ =0 CH

where the metric in the coupling space is Gy, = ~4m&

= 1Az
» The beta-function near A =0 is

A G 2
A Ag) = — A+
B (A, Ao) ik

> At the UV CFT Gy, x Gy,

. ccdimG [ 1 1
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» Therefore by a simple integration

C(A Ag) = —4—=A O(A
(A Ao) = cuv NG +O(A%)



Proceeding as before, i.e.

» Symmetry considerations, i.e. ky2 — —ko 1, A = 1/A
» Demanding finite limiting behavior for A = +1 and ky , — o0

» Matching with the perturbative results

The exact in A C-function is

B CGdimG(/\o—l-)\al)(l—3/\2—3)\4+/\6)+8/\3

C(A Ag) = 2dim G
(A Ao) = 2dim N 2(1 - A2)3

The first such example in literature.



Properties and checks
» It is positive, i.e. C(A,Ag) > 0.
> Near the IR fixed point at A = Ag

i 14+ A8 i
C = 2dimg - cedm&_ 1+ 0 bcg dim G Aoz (A=2A0)2+...
kK 2h0(1- A2) kK 1-12)8
CFT central charge at IR obeys 9, C~p*

» In addition

dC

dc 2dim G A*(A — Ag)%(A — Ay )2
"

C
=2B,0,C =12
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Hence, C is monotonically increasing from the IR to the UV.



Concluding remarks

» New integrable o-models, as all loop effective actions for
current-current interactions of exact CFTs self and mutual.

» pB-function and anomalous dimensions of operators computed,
in particular, with leading perturbative results and symmetries.

» Non-trivial smooth flows between exact CFTs.
» Computation of Zamolodchikov's C-function as a complete
function of the coupling.

Future directions:

» For ki # ko embed to type-ll supergravity.
As in [KS-Thompson 14, Demulder-KS-Thompson 15, Borsato-Tseytlin
15, Lunin 17] for the single A-deformations.

> |dentify all CFTs in the IR fixed points.

» For the two-parameter integrable model compute anomalous
dimensions of operators.



	General settings and context – Motivation
	Self-interacting theories
	General effective actions
	A two parameter integrable truncation
	Exact -function and anomalous dims
	The C-function
	Concluding remarks

