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Introduction

The maximal supersymmetry algebra is unique in all spacetime
dimensions 4 ≤ D ≤ 11, except in dimensions 6 and 10, where one
can independently assign different chiralities to the supercharges
(Nahm 1977, Strathdee 1986).

These spacetime dimensions are also the dimensions where
chiral

( D
2 −1

)
-forms can be consistently defined.
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In D = 10 spacetime dimensions, there are two maximal
supersymmetry algebras, the chiral N = (2,0) algebra and the
non-chiral N = (1,1) algebra.

The corresponding supergravities are well known, type IIB

supergravity and type IIA supergravity, respectively.

The situation is more intricate in D = 6 spacetime dimensions,
where three different maximal supersymmetry algebras exist : the
(4,0) and (3,1) chiral algebras and the (2,2) non-chiral algebra.

Only the theory realizing the non-chiral (2,2) supersymmetry
algebra is known : it is just the toroidal dimensional reduction of
maximal supergravity in 11 dimensions

Are there theories corresponding to the other algebras ?
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D = 11 supergravity

D = 10, type IIA

non-chiral N = (1, 1)
G = R

D = 9
G = SL(2,R)× R

D = 6
non-chiral N = (2, 2)

G = SO(5, 5)

D = 5
G = E6(6)

D = 4
G = E7(7)

D = 10, type IIB

chiral N = (2, 0)
G = SL(2,R)

D = 6 exotic theory (?)
chiral N = (4, 0)

G = E6(6)

D = 6 exotic theory (?)
chiral N = (3, 1)

G = F4(4)

Figure 1. The various higher-dimensional origins of D = 4, N = 8 supergravity, with a question mark for
the so far unknown theories. We have indicated the supersymmetry in dimensions ten and six, where chirality
allows for different maximal supersymmetry algebras. The (conjectured in the case of six-dimensional exotic
theories) global symmetry groups G are also written.

(Taken from MH, V. Lekeu, J. Matulich and S. Prohazka (2018))
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A long time ago, it was argued by C. Hull (2000) that these exotic
theories exist.

The field contents of the theories and the equations of motion
were written in the free case.

The field contents involve unusual fields, “exotic gravitons” and
“exotic gravitini”, as well as chiral 2-forms.

Although the field contents are completely different from the
field content of ordinary six-dimensional maximal supergravity,

they do reduce in five spacetime dimensions to ordinary
five-dimensional maximal supergravity

(hence the identification as supergravity theories).

However, very little is known about these intriguing theories : in
particular, no action principle was written down, even in the free
case.

The problem comes from the presence of chiral fields.
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There are many motivations for studying these theories

and I will give more of them at the end of the lecture.

For the moment, I will only give two.

As we shall see, the exotic fields enjoy remarkable duality
properties.
Now, we know that electric-magnetic duality is a profound
symmetry with deep consequences.
Studying this theory sheds light on electric-magnetic duality in a
new context.
It has been argued from different approaches that spacetime and
spacetime geometry are “emergent” and thus approximate
concepts emerging in some limit.
Alternative, “non-geometric” formulations of gravity where
electric-magnetic duality plays a central role, are thus worth
exploring.
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The purpose of the lecture is to give some feeling about these
exotic theories of supergravity.

The central goal will be to give an idea of the action principles for
the (free) theories that have recently been derived.

As we shall see, they involve interesting constructions.

The first part of the talk will be devoted to the exotic graviton.

The second part will be devoted to the exotic gravitino.

The last part will discuss supersymmetry algebras in six
spacetime dimensions and the construction of the exotic theory
of supergravity.
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The lecture will focus on the (4,0)-theory, which is in a sense the
most remarkable of the two exotic theories.

Similar ideas apply to the (3,1)-theory.

Work based for the (4,0)-theory on M.H., V. Lekeu, A. Leonard,
arXiv :1612.02772 (PRD 2017),

and on M.H., V. Lekeu, A. Leonard, arXiv :1711.07448 (JHEP 2018),

and for the (3,1)-theory on M.H., V. Lekeu, J. Matulich, S.
Prohazka, arXiv :1804.10125 (JHEP 2018).
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Description

The most exotic field appearing in Hull’s theory is the “exotic
graviton”.

The exotic graviton is not described by a metric.

It is described by a (2,2)-tensor field, i.e., a tensor field with
Young symmetry

subject to self-duality conditions.
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Non-chiral (2,2) gauge field

The gauge symmetries for a -field (“(2,2)-field") are

δTα1α2β1β2 =P(2,2)
(
∂α1ηβ1β2α2

)
where ηβ1β2α2 is an arbitrary

(2,1)-tensor. Here, P(2,2) is the projector on the (2,2) symmetry.

The gauge invariant curvature, or “Riemann tensor", is a tensor
of type (2,2,2), R ∼ containing second derivatives of the gauge

field T .

The equations of motion for a general (2,2)-tensor express that
the corresponding (2,2) “Ricci tensor", i.e., the trace
Rα1α2β1β2 ≡ Rα1α2α3β1β2β3η

α3β3 of the Riemann tensor, vanishes,

Rα1α2β1β2 = 0.

(T. Curtright 1985)
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Self-duality conditions in six dimensions

In 6 spacetime dimensions, the dual ∗R of the Riemann tensor
on, say, the first three indices,

∗Rα1α2α3β1β2β3 =
1

3!
εα1α2α3λ1λ2λ3 Rλ1λ2λ3

β1β2β3

has the same number of indices as R.

It is traceless because of the cyclic identity, i.e.,

∗Rα1α2β1β2 = 0.
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Self-duality conditions in six dimensions

This implies that a (2,2)-tensor field T with a self-dual or
anti-self-dual Riemann tensor,

R = ∗R

(self-duality) or
R =−∗R

(anti-self-duality)
is automatically a solution of the equations of motion.
It also follows that ∗R is a (2,2,2) tensor.
The (anti-) self-duality condition is consistent because (∗)2 = 1 in
this case.
The question addressed here is to derive the (anti-) self-duality
condition from a variational principle.
Note that there is a mismatch between the number of self-duality
conditions, namely 175, and the number of components of the
(2,2)-tensor field, namely 105.
But the self-duality conditions are not all independent.
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Electric and magnetic fields

One can replace the equations by a smaller, complete subset.

To that end, we decompose the Riemann tensor into electric and
magnetic components.

The electric field E ijkl is defined as :

E ijkl ≡ Gijkl

where Gij
kl = 1

(3!)2 Rabcdef ε
ij

abc εdefkl is the spatial “Einstein tensor”.

The magnetic field is defined as

Bijkl = 1
3! R

abc
0ij εabckl.

Both electric and magnetic fields have the (2,2) Young symmetry,
are transverse and traceless (∂iE

ijkl = 0, Bik ≡Bijklδjl = 0 etc)
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Electric and magnetic fields

The self-duality equation implies

E ijrs −Bijrs = 0.

Conversely, this equation implies all the components of the
self-duality condition.

We have thus replaced the self-duality conditions by a smaller,
equivalent, subset.

One central feature of this subset is that it is expressed in terms of
spatial objects.

It is also of first order in the time derivatives, like the Hamiltonian
equations.

In order to derive these equations from a variational principle,
one must introduce a “prepotential” Zijrs,

which is another a (2,2)-tensor.
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Conformal geometry

Prepotentials enjoy the symmetries of conformal mixed
symmetry fields.

One needs to develop the relevant algebraic tools.

We start by recalling the situation for a rank-2 symmetric tensor,
Zij ∼ .

The gauge transformations are

δZij = ∂iξj +∂jξi +λδij

(linearized diffeomorphisms + linearized Weyl rescalings).

The question is to build a complete set of gauge invariant objects.

Three dimensions is very special from the point of view of
conformal geometry.

15 / 26



Gravitational
electric-magnetic

duality and the
(4,0) exotic theory

in 6 dimensions

Marc Henneaux

Introduction

The Exotic
Graviton

Equations of motion

Electric and magnetic
fields

Prepotentials

Chiral Action

The exotic
gravitino

Prepotential

Action

The (4,0)-theory

Conclusions

Conformal geometry

Prepotentials enjoy the symmetries of conformal mixed
symmetry fields.

One needs to develop the relevant algebraic tools.

We start by recalling the situation for a rank-2 symmetric tensor,
Zij ∼ .

The gauge transformations are

δZij = ∂iξj +∂jξi +λδij

(linearized diffeomorphisms + linearized Weyl rescalings).

The question is to build a complete set of gauge invariant objects.

Three dimensions is very special from the point of view of
conformal geometry.

15 / 26



Gravitational
electric-magnetic

duality and the
(4,0) exotic theory

in 6 dimensions

Marc Henneaux

Introduction

The Exotic
Graviton

Equations of motion

Electric and magnetic
fields

Prepotentials

Chiral Action

The exotic
gravitino

Prepotential

Action

The (4,0)-theory

Conclusions

Conformal geometry

Prepotentials enjoy the symmetries of conformal mixed
symmetry fields.

One needs to develop the relevant algebraic tools.

We start by recalling the situation for a rank-2 symmetric tensor,
Zij ∼ .

The gauge transformations are

δZij = ∂iξj +∂jξi +λδij

(linearized diffeomorphisms + linearized Weyl rescalings).

The question is to build a complete set of gauge invariant objects.

Three dimensions is very special from the point of view of
conformal geometry.

15 / 26



Gravitational
electric-magnetic

duality and the
(4,0) exotic theory

in 6 dimensions

Marc Henneaux

Introduction

The Exotic
Graviton

Equations of motion

Electric and magnetic
fields

Prepotentials

Chiral Action

The exotic
gravitino

Prepotential

Action

The (4,0)-theory

Conclusions

Conformal geometry

Prepotentials enjoy the symmetries of conformal mixed
symmetry fields.

One needs to develop the relevant algebraic tools.

We start by recalling the situation for a rank-2 symmetric tensor,
Zij ∼ .

The gauge transformations are

δZij = ∂iξj +∂jξi +λδij

(linearized diffeomorphisms + linearized Weyl rescalings).

The question is to build a complete set of gauge invariant objects.

Three dimensions is very special from the point of view of
conformal geometry.

15 / 26



Gravitational
electric-magnetic

duality and the
(4,0) exotic theory

in 6 dimensions

Marc Henneaux

Introduction

The Exotic
Graviton

Equations of motion

Electric and magnetic
fields

Prepotentials

Chiral Action

The exotic
gravitino

Prepotential

Action

The (4,0)-theory

Conclusions

Conformal geometry

Prepotentials enjoy the symmetries of conformal mixed
symmetry fields.

One needs to develop the relevant algebraic tools.

We start by recalling the situation for a rank-2 symmetric tensor,
Zij ∼ .

The gauge transformations are

δZij = ∂iξj +∂jξi +λδij

(linearized diffeomorphisms + linearized Weyl rescalings).

The question is to build a complete set of gauge invariant objects.

Three dimensions is very special from the point of view of
conformal geometry.

15 / 26



Gravitational
electric-magnetic

duality and the
(4,0) exotic theory

in 6 dimensions

Marc Henneaux

Introduction

The Exotic
Graviton

Equations of motion

Electric and magnetic
fields

Prepotentials

Chiral Action

The exotic
gravitino

Prepotential

Action

The (4,0)-theory

Conclusions

Conformal geometry

Prepotentials enjoy the symmetries of conformal mixed
symmetry fields.

One needs to develop the relevant algebraic tools.

We start by recalling the situation for a rank-2 symmetric tensor,
Zij ∼ .

The gauge transformations are

δZij = ∂iξj +∂jξi +λδij

(linearized diffeomorphisms + linearized Weyl rescalings).

The question is to build a complete set of gauge invariant objects.

Three dimensions is very special from the point of view of
conformal geometry.
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Conformal geometry

Indeed, in D ≥ 4, the invariants are given by the functions of the
Weyl tensor and its derivatives,

“Riemann = Weyl + Ricci without trace + scalar curvature"

A geometry is conformally flat if and only if

Weyl = 0.

However, in D = 3 dimensions, the Weyl tensor identically
vanishes,

but not every three-dimensional geometry is conformally flat.

(not every Zij is “pure gauge").

What plays the role of the Weyl tensor is the Cotton tensor, which
contains 3 derivatives of the spin-2 field.
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Mixed tensor field conformal geometry

The analysis can be extended to higher general mixed Young
symmetry tensors.

But the critical dimension where the Weyl tensor identically
vanishes and must be replaced by the Cotton tensor depends on
the Young symmetry type.

In the particular case of a -tensor, the critical dimension

turns out to be 5, i.e., 6 spacetime dimensions !

The 3-dimensional techniques mentioned above can be
immediately transposed to a (2,2)- tensor in 5 dimensions, with
gauge symmetries

δZijrs =P(2,2)
(
∂iξrsj +λirδjs

)
.

( -diffeos + -Weyl)
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Mixed tensor field conformal geometry

The question is again : what are the invariants ?

The Riemann tensor of Z is invariant under the generalized
diffeomorphisms

but is not invariant under generalized Weyl transformations.

By taking one more derivative (three derivatives in total)

one gets the Cotton tensor Dijkl

which is invariant under both generalized diffeomorphisms and
generalized Weyl transformations.

The Cotton tensor is a -tensor which is transverse and

traceless,

∂iDijrs = 0 = Dijrsδjs.

One can show that conversely, any -tensor which is

transverse and traceless

can be written as the Cotton tensor of some prepotential Zijmn.
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Chiral action

The self-duality equation written in terms of prepotentials, taken
to be the fundamental variables,

is easily verified to derive from the variational principle

S[Z] = 1

2

∫
d6x Zmnrs

(
Ḋmnrs[Z]− 1

2
εmnijk∂kD rs

ij [Z]

)

which is of first order in the time derivatives (and of fourth order
in all derivatives).

It is a Hamiltonian-like action.

This is the searched-for action for a chiral (2,2)-tensor in six
dimensions.

One can show that it reduces to the Pauli-Fierz action for a
conventional symmetric field hµν in 5 dimensions (in
prepotential formulation).
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Generalized Rarita-Schwinger Action

The exotic gravitino is described by a fermionic two-form Ψλµ

which obeys the chirality condition Γ7Ψλµ =Ψλµ.
Its action is given by a straightforward generalization of the
Rarita-Schwinger action,

S =
∫

d6xΨ̄µνΓ
µνρστ∂ρΨστ.

It is invariant under the gauge transformations
δΨµν = ∂µλν−∂νλµ = 2∂[µλν].

The invariant field strengths are
Hµνρ = ∂µΨνρ +∂νΨρµ+∂ρΨµν = 3∂[µΨνρ].

The equation of motion is the generalized Rarita-Schwinger
equation

ΓµναβγHαβγ = 0.
One can show that when reduced to 5 dimensions, the action
becomes just the ordinary Rarita-Schwinger action for a standard
spin- 3

2 field ψµ.
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Self-duality condition and fermionic prepotential

The equations of motion for the chiral spinorial two-form imply
the self-duality condition on its gauge-invariant curvature H ,

H =?H

In order to treat the exotic gravitino on the same footing as the
exotic graviton,
one introduces its (fermionic) prepotential, which is a chiral
antisymmetric tensor-spinor χij (Γ7χij =χij, χij =−χji)
with gauge symmetries

δχij = ∂[iηj] +Γ[iρj],
(Standard gauge transformations + generalized Weyl
transformations)
The Cotton tensor Dij involves two derivatives of the prepotential
and is invariant under both standard gauge transformations and
Weyl transformations.
It is divergenceless, ∂iDij = 0, and also gamma-traceless, ΓiDij = 0.
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In order to treat the exotic gravitino on the same footing as the
exotic graviton,
one introduces its (fermionic) prepotential, which is a chiral
antisymmetric tensor-spinor χij (Γ7χij =χij, χij =−χji)
with gauge symmetries

δχij = ∂[iηj] +Γ[iρj],
(Standard gauge transformations + generalized Weyl
transformations)
The Cotton tensor Dij involves two derivatives of the prepotential
and is invariant under both standard gauge transformations and
Weyl transformations.
It is divergenceless, ∂iDij = 0, and also gamma-traceless, ΓiDij = 0.
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Action in terms of prepotential

In terms of the prepotential, the action is

S[χ] =−2i
∫

dt d5xχ†
ij

(
Ḋij[χ]− 1

2
εijklm∂kDlm[χ]

)
.

It is of third order in derivatives (but of first order in the time
derivative)

It is remarkable that the actions for the exotic graviton and exotic
gravitino have the similar structure “prepotential × time
derivative of the Cotton tensor” minus “prepotential × curl of the
Cotton tensor”

The equations of motion obtained by varying the prepotential are
just the self-duality condition on H .
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The (4,0)-theory

The (4,0)-theory has the following description (Hull 2000).

The bosonic field content is given by

(5,1;1)⊕ (3,1;27)⊕ (1,1;42)

(1 chiral tensor of mixed Young symmetry (exotic graviton),

27 chiral two-forms, 42 scalars - 128 physical degrees of freedom).

The fermionic field content is given by

(4,1;8)⊕ (2,1;48)

(8 fermionic chiral 2-forms (exotic gravitini) and 48 spin-1/2
fields - 128 physical degrees of freedom again).

The R-symmetry is usp(8) and usp(8) representations are given by
antisymmetric tensors with tracelessness conditions.
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The (4,0)-theory

The action is a sum of five terms, one for each set of fields in the
supermultiplet,

S = S +S
F
+S

B
+S 1

2
+S0.

(The action for chiral two-forms has been given in MH + C.
Teitelboim 1988)

The action is supersymmetric.

The supersymmetry parameters are 8 symplectic Majorana-Weyl
spinors.
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Properties and conjectures

The (4,0)-theory is extremely intriguing and interesting.

Superconformal multiplet.

Reduces to standard (linearized) maximal supergravity in 5
dimensions.

E6,6-symmetry ?

USp(8) is the maximal compact subgroup of E6,6, so things are ok
for the fermions ;
Dimensions also right for the bosons ;
In particular, for the scalars : 42 = 78−36 is the dimension of the
coset space E6,6/USp(8).

(Recall that E6,6 is the “hidden symmetry” in 5 dimensions, in 6
dimensions it is SO(5,5) in the standard metric formulation).

Strong coupling limit of maximal supergravity in 5 dimensions ?
(Hull)
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Conclusions

We have shown that even though involving exotic fields and
self-duality conditions,

the (free) (4,0) theory in six dimensions derives from an action
principle.

The action is covariant but not manifestly so, and involves
unusual fields (prepotentials).

The prepotentials have the gauge invariance of conformal higher
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