
  

  

A Connection for  
Born Geometry

Based on 1706.07089 & 1806.05992 
With Laurent Freidel & David Svoboda

Felix J. Rudolph
Max-Planck-Institut für Physik, Munich

Corfu Summer Institute
Dualities and Generalized Geometries
September 13, 2018



  

Physics & Geometry

symplectic geometry
Riemannian geometry

geometry of principle bundles

classical & quantum mechanics
general relativity
gauge theories

Geometrical Structures Physical Concepts



  

Physics & Geometry

symplectic geometry
Riemannian geometry

geometry of principle bundles

classical & quantum mechanics
general relativity
gauge theories

What is the geometry for Quantum Gravity?

Geometrical Structures Physical Concepts



  

• Consider possible geometry for "quantum gravity"

• Motivated by principles from GR and QM

• String Theory naturally lives in such geometry

• Study geometric objects such as connections, curvature, 
fluxes, …

Context
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 What is Born Geometry?



  

• Doubled Space: 2d-dimensional manifold

Born Geometry [Freidel, Minic, Leigh '14]
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• Doubled Space: 2d-dimensional manifold      - motivated by

➡ Doubled target space (DFT)

Born Geometry
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• Doubled Space: 2d-dimensional manifold      - motivated by

➡ Doubled target space (DFT)

➡ Phase space of string

Born Geometry
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• Doubled Space: 2d-dimensional manifold      - motivated by

➡ Doubled target space (DFT)

➡ Phase space of string

Born Geometry

Three compatible structures on  
• Generalized metric
• Neutral metric
• (Almost) Symplectic form 
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• Doubled Space: 2d-dimensional manifold      - motivated by

➡ Doubled target space (DFT)

➡ Phase space of string

• Para-Hermitian manifold + generalized metric

Born Geometry

Three compatible structures on  
• Generalized metric
• Neutral metric
• (Almost) Symplectic form 
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  • Doubled Formalism 

➡ World sheet: Doubled String Sigma Model (Tseytlin)

➡ Target space: Double Field Theory (DFT)        
 
                           with dual coordinates  

defined via

String Theory

String Theory naturally lives in a Born geometry.
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String sigma model action containing all three structures

➡ Global             symmetry manifest

➡ Not Lorentz invariant — impose as constraint

➡ Interpret target space as DFT / Born geometry

Doubled String Sigma Model

[Tseytlin '90; Giveon, Rocek '91; Hull '06]

includes 
topological term 
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• Doubled Target Space

• Unification of background fields in target space

• Unification of local symmetries (diffeos & gauge trafos)

➡ Closure of symmetry algebra gives constraint

Double Field Theory

Generalized 
Ricci scalar

SDFT =

Z
d2dXe�2� R(H,�)
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Riemann vs Born

Differential geometry 
Riemannian manifold

“Generalized” geometry 
Born manifold



  

• Recall: Connection      in Riemannian geometry 

➡ Metric compatible: 

➡ Torsion-free: 

Lie bracket

Levi-Civita Connection

rXg = 0
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• Recall: Connection      in Riemannian geometry 

➡ Metric compatible: 

➡ Torsion-free: 

• Such a connection always exists and is unique

➡ Koszul formula: 

Lie bracket

Levi-Civita Connection

g(rXY, Z) =
1

2

n

X[g(Y, Z)] + Y [g(Z,X)]� Z[g(X,Y )]

+ g([X,Y ], Z)� g([Y, Z], X)� g([X,Z], Y )
o
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Riemann vs Born

• Riemannian manifold
• Metric

 
 

• Metric compatibility
• Torsion
• Levi-Civita connection

Differential geometry 
Riemannian manifold

“Generalized” geometry 
Born manifold

g
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• In DFT one only considers the structures           on 

• Compatibility with             and vanishing (generalized) 
torsion     is not enough to fix a unique connection!

• Certain components remain undetermined

The Unique Connection Problem

(⌘,H)
<latexit sha1_base64="J9NJrme8oTLGr3RsTNqyKbcr0bE="></latexit><latexit sha1_base64="J9NJrme8oTLGr3RsTNqyKbcr0bE="></latexit><latexit sha1_base64="J9NJrme8oTLGr3RsTNqyKbcr0bE="></latexit><latexit sha1_base64="J9NJrme8oTLGr3RsTNqyKbcr0bE="></latexit>

(⌘,H)
<latexit sha1_base64="J9NJrme8oTLGr3RsTNqyKbcr0bE="></latexit><latexit sha1_base64="J9NJrme8oTLGr3RsTNqyKbcr0bE="></latexit><latexit sha1_base64="J9NJrme8oTLGr3RsTNqyKbcr0bE="></latexit><latexit sha1_base64="J9NJrme8oTLGr3RsTNqyKbcr0bE="></latexit>

T
<latexit sha1_base64="73wW9BgRcjsGZWBNi35XHe8OiPo="></latexit><latexit sha1_base64="73wW9BgRcjsGZWBNi35XHe8OiPo="></latexit><latexit sha1_base64="73wW9BgRcjsGZWBNi35XHe8OiPo="></latexit><latexit sha1_base64="73wW9BgRcjsGZWBNi35XHe8OiPo="></latexit>

P
<latexit sha1_base64="v5SsIscTTs8o1JDxXzHy/QkELP4="></latexit><latexit sha1_base64="v5SsIscTTs8o1JDxXzHy/QkELP4="></latexit><latexit sha1_base64="v5SsIscTTs8o1JDxXzHy/QkELP4="></latexit><latexit sha1_base64="v5SsIscTTs8o1JDxXzHy/QkELP4="></latexit>



  

• In DFT one only considers the structures           on 

• Compatibility with             and vanishing (generalized) 
torsion     is not enough to fix a unique connection!

• Certain components remain undetermined

• But: Generalized Ricci scalar in action is fully determined

• Issues may arise for higher order corrections

• Unsatisfactory - hints at missing ingredient

The Unique Connection Problem

(⌘,H)
<latexit sha1_base64="J9NJrme8oTLGr3RsTNqyKbcr0bE="></latexit><latexit sha1_base64="J9NJrme8oTLGr3RsTNqyKbcr0bE="></latexit><latexit sha1_base64="J9NJrme8oTLGr3RsTNqyKbcr0bE="></latexit><latexit sha1_base64="J9NJrme8oTLGr3RsTNqyKbcr0bE="></latexit>

(⌘,H)
<latexit sha1_base64="J9NJrme8oTLGr3RsTNqyKbcr0bE="></latexit><latexit sha1_base64="J9NJrme8oTLGr3RsTNqyKbcr0bE="></latexit><latexit sha1_base64="J9NJrme8oTLGr3RsTNqyKbcr0bE="></latexit><latexit sha1_base64="J9NJrme8oTLGr3RsTNqyKbcr0bE="></latexit>

T
<latexit sha1_base64="73wW9BgRcjsGZWBNi35XHe8OiPo="></latexit><latexit sha1_base64="73wW9BgRcjsGZWBNi35XHe8OiPo="></latexit><latexit sha1_base64="73wW9BgRcjsGZWBNi35XHe8OiPo="></latexit><latexit sha1_base64="73wW9BgRcjsGZWBNi35XHe8OiPo="></latexit>

P
<latexit sha1_base64="v5SsIscTTs8o1JDxXzHy/QkELP4="></latexit><latexit sha1_base64="v5SsIscTTs8o1JDxXzHy/QkELP4="></latexit><latexit sha1_base64="v5SsIscTTs8o1JDxXzHy/QkELP4="></latexit><latexit sha1_base64="v5SsIscTTs8o1JDxXzHy/QkELP4="></latexit>



  

• Can be fixed in Born geometry!

• Missing ingredient is

• First need to understand para-Hermitian sector             
of Born geometry   

Towards the Born Connection

ω

(η, ω)

Need generalized differentiable structure



 Para-Hermitian Geometry



  

• 2d-dimensional para-complex manifold

• Para-complex structure

• Eigenbundles (of equal rank)

• Splitting of tangent space

• Integrability of      and      is independent

Para-Complex Manifold

K : TP = L� L̃

K
���
L
= +1 K

���
L̃
= �1

<latexit sha1_base64="OQIZ/rzNzUKMNeMxrR+H0ST+Tz8="></latexit><latexit sha1_base64="XvkIlp0cCmqcwPYaxQg25rK2YP8="></latexit><latexit sha1_base64="XvkIlp0cCmqcwPYaxQg25rK2YP8="></latexit><latexit sha1_base64="IShNSA7zQv59BYYnIQqzxIPVI58="></latexit>

(P,K)
<latexit sha1_base64="Mv3Y7iugsCLUGdMvplmQZUcmkZM="></latexit><latexit sha1_base64="wQ7THNFLNHIXDVhBCpZdtW8AT+I="></latexit><latexit sha1_base64="wQ7THNFLNHIXDVhBCpZdtW8AT+I="></latexit><latexit sha1_base64="p46CyEFi7SzELQrs1ODGfKoq5zQ="></latexit>

L
<latexit sha1_base64="x+2yyLt1qwSRYRtGKFnO+XobHqw="></latexit><latexit sha1_base64="tnyl9cle91lTP72Xa3ExRhO1zJU="></latexit><latexit sha1_base64="tnyl9cle91lTP72Xa3ExRhO1zJU="></latexit><latexit sha1_base64="XJPadx7Hcx3zm+l5+jvKGFZ6ZM4="></latexit>

L̃
<latexit sha1_base64="kJiaTIH0Jy00dsm3BoNiuyOCXFk="></latexit><latexit sha1_base64="HiielhtejHvh2fPDKvXPadYqboo="></latexit><latexit sha1_base64="HiielhtejHvh2fPDKvXPadYqboo="></latexit><latexit sha1_base64="PFgTgsabG8Pyq4BnmN9OybIt4q4="></latexit>

P, P̃ =
1

2
(1 ±K)

K2 = +1
<latexit sha1_base64="1YcaoDni1nM25a4eDOHsuQ1EW20="></latexit><latexit sha1_base64="RBRQFogGDoObHptWNLi5j2ImVxM="></latexit><latexit sha1_base64="RBRQFogGDoObHptWNLi5j2ImVxM="></latexit><latexit sha1_base64="Z2ymP2C7vqYeSBgXVDXVvtBdZI0="></latexit>



  

• Include pseudo-Riemannian metric 

• Skew-orthogonality:

• Split signature            since eigenbundles have same rank

• Fundamental form                 (almost symplectic)

• Eigenbundles       and       are isotropic w.r.t       and  

Para-Hermitian Manifold

⌘
<latexit sha1_base64="HgHgEvlWJViFqWbQwJuk4verR/4="></latexit><latexit sha1_base64="SSDdHcrsKLnh2TwHQFPmFUx8wZc="></latexit><latexit sha1_base64="SSDdHcrsKLnh2TwHQFPmFUx8wZc="></latexit><latexit sha1_base64="+FEWKwCHO95KcYuwAvmJFnBudwM="></latexit>

(P, ⌘,K)
<latexit sha1_base64="9iD/JtXasMuz3ZlBuAl+FWmMQAk="></latexit><latexit sha1_base64="oUvcnxKbmuiFJa1/GoVt1J3pxSc="></latexit><latexit sha1_base64="oUvcnxKbmuiFJa1/GoVt1J3pxSc="></latexit><latexit sha1_base64="Z4yASLAVnyfTGfcTGSBGtkdjW/M="></latexit>

KT⌘K = �⌘
<latexit sha1_base64="PgpHWlCGuELnSF8uo2CRz/CGrSU="></latexit><latexit sha1_base64="6mpUG5n5UBatb7VkWVaEckbbv4A="></latexit><latexit sha1_base64="6mpUG5n5UBatb7VkWVaEckbbv4A="></latexit><latexit sha1_base64="FCRGqMXZsVzxu/j/oxa3WY9e1Oo="></latexit>

(d, d)
<latexit sha1_base64="xprjMYZz1jNExDQFhDLEBeD4nDQ="></latexit><latexit sha1_base64="sHPTQSK8AHiekGF0oFV8P0hN8KA="></latexit><latexit sha1_base64="sHPTQSK8AHiekGF0oFV8P0hN8KA="></latexit><latexit sha1_base64="SiSruz5UrtJ0GRxny2dZ6xJijjs="></latexit>

! = ⌘K
<latexit sha1_base64="Pj8H1rCa8KSBPOYG2704SVyezVM="></latexit><latexit sha1_base64="jz7Z6FGeYtWYn0ek6XbKJrMO318="></latexit><latexit sha1_base64="jz7Z6FGeYtWYn0ek6XbKJrMO318="></latexit><latexit sha1_base64="GapDSvP9enzwahwqZAdx+oD8hDk="></latexit>

L
<latexit sha1_base64="x+2yyLt1qwSRYRtGKFnO+XobHqw="></latexit><latexit sha1_base64="tnyl9cle91lTP72Xa3ExRhO1zJU="></latexit><latexit sha1_base64="tnyl9cle91lTP72Xa3ExRhO1zJU="></latexit><latexit sha1_base64="XJPadx7Hcx3zm+l5+jvKGFZ6ZM4="></latexit>

L̃
<latexit sha1_base64="kJiaTIH0Jy00dsm3BoNiuyOCXFk="></latexit><latexit sha1_base64="HiielhtejHvh2fPDKvXPadYqboo="></latexit><latexit sha1_base64="HiielhtejHvh2fPDKvXPadYqboo="></latexit><latexit sha1_base64="PFgTgsabG8Pyq4BnmN9OybIt4q4="></latexit>

⌘
<latexit sha1_base64="HgHgEvlWJViFqWbQwJuk4verR/4="></latexit><latexit sha1_base64="SSDdHcrsKLnh2TwHQFPmFUx8wZc="></latexit><latexit sha1_base64="SSDdHcrsKLnh2TwHQFPmFUx8wZc="></latexit><latexit sha1_base64="+FEWKwCHO95KcYuwAvmJFnBudwM="></latexit>

!
<latexit sha1_base64="/0k0u4kSonNkfQTBhrvVxRjI1wQ="></latexit><latexit sha1_base64="I4noMIcMZx9Zz4DoAw7n/ZDRUyw="></latexit><latexit sha1_base64="I4noMIcMZx9Zz4DoAw7n/ZDRUyw="></latexit><latexit sha1_base64="hBwrz2EafEN5JqvlTa0g4wzHxvU="></latexit>

! = ⌘K = �KT⌘ = �!T
<latexit sha1_base64="LX3oU4OqJ5ZrRJRZlbA+Y62Cc8A="></latexit><latexit sha1_base64="uEmo4uOX8QVUOC2vouZ/Z5UlI6U="></latexit><latexit sha1_base64="uEmo4uOX8QVUOC2vouZ/Z5UlI6U="></latexit><latexit sha1_base64="v2qzbNhSJxOX6SjTBEi6INGZsUQ="></latexit>



  

Riemann vs Born

• para-Hermitian manifold
• Structure  
 
 
 
 
 

Differential geometry 
Riemannian manifold

“Generalized” geometry 
Born manifold

P
<latexit sha1_base64="aRPU4Tp1G1UygfQ3PeOtX238gV4="></latexit><latexit sha1_base64="aRPU4Tp1G1UygfQ3PeOtX238gV4="></latexit><latexit sha1_base64="aRPU4Tp1G1UygfQ3PeOtX238gV4="></latexit><latexit sha1_base64="aRPU4Tp1G1UygfQ3PeOtX238gV4="></latexit>

(⌘,K)
<latexit sha1_base64="cZEEAU44ZZnVjdU/26ZDn5FTuY4="></latexit><latexit sha1_base64="cZEEAU44ZZnVjdU/26ZDn5FTuY4="></latexit><latexit sha1_base64="cZEEAU44ZZnVjdU/26ZDn5FTuY4="></latexit><latexit sha1_base64="cZEEAU44ZZnVjdU/26ZDn5FTuY4="></latexit>

• Riemannian manifold
• Metric

 
 

• Metric compatibility
• Torsion
• Levi-Civita connection

g
<latexit sha1_base64="6EEGhd1R7cbl0DbjSH5yRqWeZjk="></latexit><latexit sha1_base64="6EEGhd1R7cbl0DbjSH5yRqWeZjk="></latexit><latexit sha1_base64="6EEGhd1R7cbl0DbjSH5yRqWeZjk="></latexit><latexit sha1_base64="6EEGhd1R7cbl0DbjSH5yRqWeZjk="></latexit>

M
<latexit sha1_base64="k5n5TVXQIGnNfJ80a1a/gh1yaa4="></latexit><latexit sha1_base64="k5n5TVXQIGnNfJ80a1a/gh1yaa4="></latexit><latexit sha1_base64="k5n5TVXQIGnNfJ80a1a/gh1yaa4="></latexit><latexit sha1_base64="k5n5TVXQIGnNfJ80a1a/gh1yaa4="></latexit>

T
<latexit sha1_base64="bjfdGed2NQFuaIYFQMg0kJPZorg="></latexit><latexit sha1_base64="bjfdGed2NQFuaIYFQMg0kJPZorg="></latexit><latexit sha1_base64="bjfdGed2NQFuaIYFQMg0kJPZorg="></latexit><latexit sha1_base64="bjfdGed2NQFuaIYFQMg0kJPZorg="></latexit>

rg
<latexit sha1_base64="Fs6hrPjEo6Y5+Kt2+NaYN5+xt9w="></latexit><latexit sha1_base64="Fs6hrPjEo6Y5+Kt2+NaYN5+xt9w="></latexit><latexit sha1_base64="Fs6hrPjEo6Y5+Kt2+NaYN5+xt9w="></latexit><latexit sha1_base64="Fs6hrPjEo6Y5+Kt2+NaYN5+xt9w="></latexit>



 D-Structure



  

• Two main notions of differentiation on a smooth manifold

➡ Lie derivative         —  always exists

➡ Covariant derivative         —  need connection

• For vector fields          Lie bracket

Differentiable Structure

LX
<latexit sha1_base64="Dk2v4T8LPtjvl2RYwgDSoYxT9DU="></latexit><latexit sha1_base64="Dk2v4T8LPtjvl2RYwgDSoYxT9DU="></latexit><latexit sha1_base64="Dk2v4T8LPtjvl2RYwgDSoYxT9DU="></latexit><latexit sha1_base64="Dk2v4T8LPtjvl2RYwgDSoYxT9DU="></latexit>

rX
<latexit sha1_base64="dxhYeEgYfalgICLaW7ZH0Cpwv9A="></latexit><latexit sha1_base64="dxhYeEgYfalgICLaW7ZH0Cpwv9A="></latexit><latexit sha1_base64="dxhYeEgYfalgICLaW7ZH0Cpwv9A="></latexit><latexit sha1_base64="dxhYeEgYfalgICLaW7ZH0Cpwv9A="></latexit>

LXY = [X,Y ]
<latexit sha1_base64="WLXywQ1P7IZonQl5m1eEwg+QqtM="></latexit><latexit sha1_base64="WLXywQ1P7IZonQl5m1eEwg+QqtM="></latexit><latexit sha1_base64="WLXywQ1P7IZonQl5m1eEwg+QqtM="></latexit><latexit sha1_base64="WLXywQ1P7IZonQl5m1eEwg+QqtM="></latexit>



  

• Two main notions of differentiation on a smooth manifold

➡ Lie derivative         —  always exists

➡ Covariant derivative         —  need connection

• For vector fields          Lie bracket

Differentiable Structure

LX
<latexit sha1_base64="Dk2v4T8LPtjvl2RYwgDSoYxT9DU="></latexit><latexit sha1_base64="Dk2v4T8LPtjvl2RYwgDSoYxT9DU="></latexit><latexit sha1_base64="Dk2v4T8LPtjvl2RYwgDSoYxT9DU="></latexit><latexit sha1_base64="Dk2v4T8LPtjvl2RYwgDSoYxT9DU="></latexit>

LXY = [X,Y ] = rXY �rY X
<latexit sha1_base64="GVQlgeA95s8hw/G+VWbPRJ3OB8Q="></latexit><latexit sha1_base64="GVQlgeA95s8hw/G+VWbPRJ3OB8Q="></latexit><latexit sha1_base64="GVQlgeA95s8hw/G+VWbPRJ3OB8Q="></latexit><latexit sha1_base64="GVQlgeA95s8hw/G+VWbPRJ3OB8Q="></latexit>

rX
<latexit sha1_base64="dxhYeEgYfalgICLaW7ZH0Cpwv9A="></latexit><latexit sha1_base64="dxhYeEgYfalgICLaW7ZH0Cpwv9A="></latexit><latexit sha1_base64="dxhYeEgYfalgICLaW7ZH0Cpwv9A="></latexit><latexit sha1_base64="dxhYeEgYfalgICLaW7ZH0Cpwv9A="></latexit>

any torsion-free 
connection



  

Riemann vs Born

• para-Hermitian manifold
• Structure  
 
 
 
 
 

Differential geometry 
Riemannian manifold

“Generalized” geometry 
Born manifold

P
<latexit sha1_base64="aRPU4Tp1G1UygfQ3PeOtX238gV4="></latexit><latexit sha1_base64="aRPU4Tp1G1UygfQ3PeOtX238gV4="></latexit><latexit sha1_base64="aRPU4Tp1G1UygfQ3PeOtX238gV4="></latexit><latexit sha1_base64="aRPU4Tp1G1UygfQ3PeOtX238gV4="></latexit>

(⌘,K)
<latexit sha1_base64="cZEEAU44ZZnVjdU/26ZDn5FTuY4="></latexit><latexit sha1_base64="cZEEAU44ZZnVjdU/26ZDn5FTuY4="></latexit><latexit sha1_base64="cZEEAU44ZZnVjdU/26ZDn5FTuY4="></latexit><latexit sha1_base64="cZEEAU44ZZnVjdU/26ZDn5FTuY4="></latexit>

• Riemannian manifold
• Metric
• Differentiable structure

• Lie derivative
• Lie bracket

• Metric compatibility
• Torsion
• Levi-Civita connection

LX
<latexit sha1_base64="B/bBb42LjXHpeDlcnV5u9McjQBk="></latexit><latexit sha1_base64="B/bBb42LjXHpeDlcnV5u9McjQBk="></latexit><latexit sha1_base64="B/bBb42LjXHpeDlcnV5u9McjQBk="></latexit><latexit sha1_base64="B/bBb42LjXHpeDlcnV5u9McjQBk="></latexit>

[ , ]
<latexit sha1_base64="rrNAWMFvBJUNCL0E3AO08MlN8OU="></latexit><latexit sha1_base64="rrNAWMFvBJUNCL0E3AO08MlN8OU="></latexit><latexit sha1_base64="rrNAWMFvBJUNCL0E3AO08MlN8OU="></latexit><latexit sha1_base64="rrNAWMFvBJUNCL0E3AO08MlN8OU="></latexit>

g
<latexit sha1_base64="6EEGhd1R7cbl0DbjSH5yRqWeZjk="></latexit><latexit sha1_base64="6EEGhd1R7cbl0DbjSH5yRqWeZjk="></latexit><latexit sha1_base64="6EEGhd1R7cbl0DbjSH5yRqWeZjk="></latexit><latexit sha1_base64="6EEGhd1R7cbl0DbjSH5yRqWeZjk="></latexit>

M
<latexit sha1_base64="k5n5TVXQIGnNfJ80a1a/gh1yaa4="></latexit><latexit sha1_base64="k5n5TVXQIGnNfJ80a1a/gh1yaa4="></latexit><latexit sha1_base64="k5n5TVXQIGnNfJ80a1a/gh1yaa4="></latexit><latexit sha1_base64="k5n5TVXQIGnNfJ80a1a/gh1yaa4="></latexit>

T
<latexit sha1_base64="bjfdGed2NQFuaIYFQMg0kJPZorg="></latexit><latexit sha1_base64="bjfdGed2NQFuaIYFQMg0kJPZorg="></latexit><latexit sha1_base64="bjfdGed2NQFuaIYFQMg0kJPZorg="></latexit><latexit sha1_base64="bjfdGed2NQFuaIYFQMg0kJPZorg="></latexit>

rg
<latexit sha1_base64="Fs6hrPjEo6Y5+Kt2+NaYN5+xt9w="></latexit><latexit sha1_base64="Fs6hrPjEo6Y5+Kt2+NaYN5+xt9w="></latexit><latexit sha1_base64="Fs6hrPjEo6Y5+Kt2+NaYN5+xt9w="></latexit><latexit sha1_base64="Fs6hrPjEo6Y5+Kt2+NaYN5+xt9w="></latexit>



  

• Generalized Lie derivative

• Bracket operation           for vector fields on         with 

➡ Leibniz property

➡ Compatible with the metric: 

D-structure

TP
<latexit sha1_base64="1BsHYE4IdKZy2PLUESORSOv+wzY="></latexit><latexit sha1_base64="EYdxqjmmK33GSCBe9/KUYbedkUM="></latexit><latexit sha1_base64="EYdxqjmmK33GSCBe9/KUYbedkUM="></latexit><latexit sha1_base64="bA6c62f+U0viH9YRgI9/MIz2yk8="></latexit>

[[ , ]]
<latexit sha1_base64="Zh5yB8wEN7MeH35wGB2OeElVut0="></latexit><latexit sha1_base64="31ssUfZriv8GleqIK66eO16B55M="></latexit><latexit sha1_base64="31ssUfZriv8GleqIK66eO16B55M="></latexit><latexit sha1_base64="7mBKE75RtZIrU2qwdKd0kNyDGII="></latexit>

LXY = [[X,Y ]]
<latexit sha1_base64="vkDZQgW547TQvjrSyBHMUNfNUh0="></latexit><latexit sha1_base64="vkDZQgW547TQvjrSyBHMUNfNUh0="></latexit><latexit sha1_base64="vkDZQgW547TQvjrSyBHMUNfNUh0="></latexit><latexit sha1_base64="vkDZQgW547TQvjrSyBHMUNfNUh0="></latexit>

LX⌘ = 0
<latexit sha1_base64="xyn0orNs+a7xcTurBc+1e4FKhQg="></latexit><latexit sha1_base64="xyn0orNs+a7xcTurBc+1e4FKhQg="></latexit><latexit sha1_base64="xyn0orNs+a7xcTurBc+1e4FKhQg="></latexit><latexit sha1_base64="xyn0orNs+a7xcTurBc+1e4FKhQg="></latexit>

not true in general  
for Lie derivative

D-bracket

[[X, fY ]] = f [[X,Y ]] +X[f ]Y
<latexit sha1_base64="N7tuZzuvYKvz0XYxfVZ7vlpdvEs="></latexit><latexit sha1_base64="N7tuZzuvYKvz0XYxfVZ7vlpdvEs="></latexit><latexit sha1_base64="N7tuZzuvYKvz0XYxfVZ7vlpdvEs="></latexit><latexit sha1_base64="N7tuZzuvYKvz0XYxfVZ7vlpdvEs="></latexit>



  

• Compatible with               generalized integrability

➡ Eigenbundles      and      are Dirac structures (involutive)  
 
 
 
 
 
 
      

D-structure

K
<latexit sha1_base64="F6z1jEFbWYWCyuxIvg9nufb2Khc="></latexit><latexit sha1_base64="idP1GGdY5GwLNCBhWfwXAvXJcV0="></latexit><latexit sha1_base64="idP1GGdY5GwLNCBhWfwXAvXJcV0="></latexit><latexit sha1_base64="JE5suo6HemZUqE+T1b5VPoGvjlY="></latexit>

[[L,L]] ✓ L
<latexit sha1_base64="88DvB4Yhk5PlF3pImd/QoX288Bc="></latexit><latexit sha1_base64="ABT/tzCpy93ahbtcrXaiS+QiZI0="></latexit><latexit sha1_base64="ABT/tzCpy93ahbtcrXaiS+QiZI0="></latexit><latexit sha1_base64="hO7a8pXy9QhsQmexkmb1En2Qn50="></latexit>

[[L̃, L̃]] ✓ L̃
<latexit sha1_base64="dd1OtnJVHJ3A7nbYNFSf8CdQDKc="></latexit><latexit sha1_base64="+Fc8YQIBSpRlxGO3ycZ6OOG0OzI="></latexit><latexit sha1_base64="+Fc8YQIBSpRlxGO3ycZ6OOG0OzI="></latexit><latexit sha1_base64="1w1NB4qCMSLfqIdbX7azRZBs7xI="></latexit>

L
<latexit sha1_base64="x+2yyLt1qwSRYRtGKFnO+XobHqw="></latexit><latexit sha1_base64="tnyl9cle91lTP72Xa3ExRhO1zJU="></latexit><latexit sha1_base64="tnyl9cle91lTP72Xa3ExRhO1zJU="></latexit><latexit sha1_base64="XJPadx7Hcx3zm+l5+jvKGFZ6ZM4="></latexit>

L̃
<latexit sha1_base64="kJiaTIH0Jy00dsm3BoNiuyOCXFk="></latexit><latexit sha1_base64="HiielhtejHvh2fPDKvXPadYqboo="></latexit><latexit sha1_base64="HiielhtejHvh2fPDKvXPadYqboo="></latexit><latexit sha1_base64="PFgTgsabG8Pyq4BnmN9OybIt4q4="></latexit>

P̃ [[P (X), P (Y )]] = 0
<latexit sha1_base64="fli9EPTqgDSFNL+JdxmOnMrHbwk="></latexit><latexit sha1_base64="fli9EPTqgDSFNL+JdxmOnMrHbwk="></latexit><latexit sha1_base64="fli9EPTqgDSFNL+JdxmOnMrHbwk="></latexit><latexit sha1_base64="fli9EPTqgDSFNL+JdxmOnMrHbwk="></latexit>

P [[P̃ (X), P̃ (Y )]] = 0
<latexit sha1_base64="2ftAarOZLPi5+07R8Mhp63ClS08="></latexit><latexit sha1_base64="2ftAarOZLPi5+07R8Mhp63ClS08="></latexit><latexit sha1_base64="2ftAarOZLPi5+07R8Mhp63ClS08="></latexit><latexit sha1_base64="2ftAarOZLPi5+07R8Mhp63ClS08="></latexit>



  

• Compatible with               generalized integrability

➡ Eigenbundles      and      are Dirac structures (involutive)  
 
 
 
 
 
 
      

D-structure 
 

D-bracket     
• Leibniz property
• Compatible with 
• Compatible with 

D-structure

K
<latexit sha1_base64="F6z1jEFbWYWCyuxIvg9nufb2Khc="></latexit><latexit sha1_base64="idP1GGdY5GwLNCBhWfwXAvXJcV0="></latexit><latexit sha1_base64="idP1GGdY5GwLNCBhWfwXAvXJcV0="></latexit><latexit sha1_base64="JE5suo6HemZUqE+T1b5VPoGvjlY="></latexit>

[Freidel, FJR, 
   Svoboda ’18]

(P, ⌘,K, [[ , ]])
<latexit sha1_base64="Zg5MY1v9n4taScgV8ORWZhYgqRA="></latexit><latexit sha1_base64="Zg5MY1v9n4taScgV8ORWZhYgqRA="></latexit><latexit sha1_base64="Zg5MY1v9n4taScgV8ORWZhYgqRA="></latexit><latexit sha1_base64="Zg5MY1v9n4taScgV8ORWZhYgqRA="></latexit>

[[L,L]] ✓ L
<latexit sha1_base64="88DvB4Yhk5PlF3pImd/QoX288Bc="></latexit><latexit sha1_base64="ABT/tzCpy93ahbtcrXaiS+QiZI0="></latexit><latexit sha1_base64="ABT/tzCpy93ahbtcrXaiS+QiZI0="></latexit><latexit sha1_base64="hO7a8pXy9QhsQmexkmb1En2Qn50="></latexit>

[[L̃, L̃]] ✓ L̃
<latexit sha1_base64="dd1OtnJVHJ3A7nbYNFSf8CdQDKc="></latexit><latexit sha1_base64="+Fc8YQIBSpRlxGO3ycZ6OOG0OzI="></latexit><latexit sha1_base64="+Fc8YQIBSpRlxGO3ycZ6OOG0OzI="></latexit><latexit sha1_base64="1w1NB4qCMSLfqIdbX7azRZBs7xI="></latexit>

L
<latexit sha1_base64="x+2yyLt1qwSRYRtGKFnO+XobHqw="></latexit><latexit sha1_base64="tnyl9cle91lTP72Xa3ExRhO1zJU="></latexit><latexit sha1_base64="tnyl9cle91lTP72Xa3ExRhO1zJU="></latexit><latexit sha1_base64="XJPadx7Hcx3zm+l5+jvKGFZ6ZM4="></latexit>

L̃
<latexit sha1_base64="kJiaTIH0Jy00dsm3BoNiuyOCXFk="></latexit><latexit sha1_base64="HiielhtejHvh2fPDKvXPadYqboo="></latexit><latexit sha1_base64="HiielhtejHvh2fPDKvXPadYqboo="></latexit><latexit sha1_base64="PFgTgsabG8Pyq4BnmN9OybIt4q4="></latexit>

P̃ [[P (X), P (Y )]] = 0
<latexit sha1_base64="fli9EPTqgDSFNL+JdxmOnMrHbwk="></latexit><latexit sha1_base64="fli9EPTqgDSFNL+JdxmOnMrHbwk="></latexit><latexit sha1_base64="fli9EPTqgDSFNL+JdxmOnMrHbwk="></latexit><latexit sha1_base64="fli9EPTqgDSFNL+JdxmOnMrHbwk="></latexit>

P [[P̃ (X), P̃ (Y )]] = 0
<latexit sha1_base64="2ftAarOZLPi5+07R8Mhp63ClS08="></latexit><latexit sha1_base64="2ftAarOZLPi5+07R8Mhp63ClS08="></latexit><latexit sha1_base64="2ftAarOZLPi5+07R8Mhp63ClS08="></latexit><latexit sha1_base64="2ftAarOZLPi5+07R8Mhp63ClS08="></latexit>

[[ , ]]
<latexit sha1_base64="QmwGKA1Y1MHZE7/FFztU9DC0O2I="></latexit><latexit sha1_base64="Gs0Wxpjl329cP6G7vJnETIAeULc="></latexit><latexit sha1_base64="Gs0Wxpjl329cP6G7vJnETIAeULc="></latexit><latexit sha1_base64="t+qdoGNH/8QOGyqW5koa/0bSdr8="></latexit>

K
<latexit sha1_base64="F6z1jEFbWYWCyuxIvg9nufb2Khc="></latexit><latexit sha1_base64="idP1GGdY5GwLNCBhWfwXAvXJcV0="></latexit><latexit sha1_base64="idP1GGdY5GwLNCBhWfwXAvXJcV0="></latexit><latexit sha1_base64="JE5suo6HemZUqE+T1b5VPoGvjlY="></latexit>

⌘
<latexit sha1_base64="Uzj5gPFerG48IRyLIUUjshFPwxI="></latexit><latexit sha1_base64="Uzj5gPFerG48IRyLIUUjshFPwxI="></latexit><latexit sha1_base64="Uzj5gPFerG48IRyLIUUjshFPwxI="></latexit><latexit sha1_base64="Uzj5gPFerG48IRyLIUUjshFPwxI="></latexit>



  

Riemann vs Born

• para-Hermitian manifold
• Structure
• D-structure

• Gen. Lie derivative
• D-bracket  
 
 

Differential geometry 
Riemannian manifold

“Generalized” geometry 
Born manifold

P
<latexit sha1_base64="aRPU4Tp1G1UygfQ3PeOtX238gV4="></latexit><latexit sha1_base64="aRPU4Tp1G1UygfQ3PeOtX238gV4="></latexit><latexit sha1_base64="aRPU4Tp1G1UygfQ3PeOtX238gV4="></latexit><latexit sha1_base64="aRPU4Tp1G1UygfQ3PeOtX238gV4="></latexit>

(⌘,K)
<latexit sha1_base64="cZEEAU44ZZnVjdU/26ZDn5FTuY4="></latexit><latexit sha1_base64="cZEEAU44ZZnVjdU/26ZDn5FTuY4="></latexit><latexit sha1_base64="cZEEAU44ZZnVjdU/26ZDn5FTuY4="></latexit><latexit sha1_base64="cZEEAU44ZZnVjdU/26ZDn5FTuY4="></latexit>

• Riemannian manifold
• Metric
• Differentiable structure

• Lie derivative
• Lie bracket

• Metric compatibility
• Torsion
• Levi-Civita connection

LX
<latexit sha1_base64="B/bBb42LjXHpeDlcnV5u9McjQBk="></latexit><latexit sha1_base64="B/bBb42LjXHpeDlcnV5u9McjQBk="></latexit><latexit sha1_base64="B/bBb42LjXHpeDlcnV5u9McjQBk="></latexit><latexit sha1_base64="B/bBb42LjXHpeDlcnV5u9McjQBk="></latexit>

[ , ]
<latexit sha1_base64="rrNAWMFvBJUNCL0E3AO08MlN8OU="></latexit><latexit sha1_base64="rrNAWMFvBJUNCL0E3AO08MlN8OU="></latexit><latexit sha1_base64="rrNAWMFvBJUNCL0E3AO08MlN8OU="></latexit><latexit sha1_base64="rrNAWMFvBJUNCL0E3AO08MlN8OU="></latexit>

g
<latexit sha1_base64="6EEGhd1R7cbl0DbjSH5yRqWeZjk="></latexit><latexit sha1_base64="6EEGhd1R7cbl0DbjSH5yRqWeZjk="></latexit><latexit sha1_base64="6EEGhd1R7cbl0DbjSH5yRqWeZjk="></latexit><latexit sha1_base64="6EEGhd1R7cbl0DbjSH5yRqWeZjk="></latexit>

M
<latexit sha1_base64="k5n5TVXQIGnNfJ80a1a/gh1yaa4="></latexit><latexit sha1_base64="k5n5TVXQIGnNfJ80a1a/gh1yaa4="></latexit><latexit sha1_base64="k5n5TVXQIGnNfJ80a1a/gh1yaa4="></latexit><latexit sha1_base64="k5n5TVXQIGnNfJ80a1a/gh1yaa4="></latexit>

T
<latexit sha1_base64="bjfdGed2NQFuaIYFQMg0kJPZorg="></latexit><latexit sha1_base64="bjfdGed2NQFuaIYFQMg0kJPZorg="></latexit><latexit sha1_base64="bjfdGed2NQFuaIYFQMg0kJPZorg="></latexit><latexit sha1_base64="bjfdGed2NQFuaIYFQMg0kJPZorg="></latexit>

rg
<latexit sha1_base64="Fs6hrPjEo6Y5+Kt2+NaYN5+xt9w="></latexit><latexit sha1_base64="Fs6hrPjEo6Y5+Kt2+NaYN5+xt9w="></latexit><latexit sha1_base64="Fs6hrPjEo6Y5+Kt2+NaYN5+xt9w="></latexit><latexit sha1_base64="Fs6hrPjEo6Y5+Kt2+NaYN5+xt9w="></latexit>

LX
<latexit sha1_base64="Tfn7t6V4245PWS/W/i6iwfOoTCU="></latexit><latexit sha1_base64="Tfn7t6V4245PWS/W/i6iwfOoTCU="></latexit><latexit sha1_base64="Tfn7t6V4245PWS/W/i6iwfOoTCU="></latexit><latexit sha1_base64="Tfn7t6V4245PWS/W/i6iwfOoTCU="></latexit>

[[ , ]]
<latexit sha1_base64="fj5NBEB1OEkPVhR2NJnktK7ANJw="></latexit><latexit sha1_base64="fj5NBEB1OEkPVhR2NJnktK7ANJw="></latexit><latexit sha1_base64="fj5NBEB1OEkPVhR2NJnktK7ANJw="></latexit><latexit sha1_base64="fj5NBEB1OEkPVhR2NJnktK7ANJw="></latexit>



  

• Can define a D-bracket for any metric-compatible 
connection 

D-structure

r
<latexit sha1_base64="3pLtusBuPWvhE5dWqvdRH5KlrZg="></latexit><latexit sha1_base64="3pLtusBuPWvhE5dWqvdRH5KlrZg="></latexit><latexit sha1_base64="3pLtusBuPWvhE5dWqvdRH5KlrZg="></latexit><latexit sha1_base64="3pLtusBuPWvhE5dWqvdRH5KlrZg="></latexit>

⌘([[X,Y ]]r, Z) = ⌘(rXY �rY X,Z) + ⌘(rZX,Y )
<latexit sha1_base64="H+E4jStr2Zy41YYtM9JKeCfmSCU="></latexit><latexit sha1_base64="H+E4jStr2Zy41YYtM9JKeCfmSCU="></latexit><latexit sha1_base64="H+E4jStr2Zy41YYtM9JKeCfmSCU="></latexit><latexit sha1_base64="H+E4jStr2Zy41YYtM9JKeCfmSCU="></latexit>



  

• Can define a D-bracket for any metric-compatible 
connection

• Among all D-brackets, there is a canonical one which 
projects onto the Lie bracket when restricted to      and     

D-structure

r
<latexit sha1_base64="3pLtusBuPWvhE5dWqvdRH5KlrZg="></latexit><latexit sha1_base64="3pLtusBuPWvhE5dWqvdRH5KlrZg="></latexit><latexit sha1_base64="3pLtusBuPWvhE5dWqvdRH5KlrZg="></latexit><latexit sha1_base64="3pLtusBuPWvhE5dWqvdRH5KlrZg="></latexit>

⌘([[X,Y ]]r, Z) = ⌘(rXY �rY X,Z) + ⌘(rZX,Y )
<latexit sha1_base64="H+E4jStr2Zy41YYtM9JKeCfmSCU="></latexit><latexit sha1_base64="H+E4jStr2Zy41YYtM9JKeCfmSCU="></latexit><latexit sha1_base64="H+E4jStr2Zy41YYtM9JKeCfmSCU="></latexit><latexit sha1_base64="H+E4jStr2Zy41YYtM9JKeCfmSCU="></latexit>

L
<latexit sha1_base64="x+2yyLt1qwSRYRtGKFnO+XobHqw="></latexit><latexit sha1_base64="tnyl9cle91lTP72Xa3ExRhO1zJU="></latexit><latexit sha1_base64="tnyl9cle91lTP72Xa3ExRhO1zJU="></latexit><latexit sha1_base64="XJPadx7Hcx3zm+l5+jvKGFZ6ZM4="></latexit> L̃

<latexit sha1_base64="kJiaTIH0Jy00dsm3BoNiuyOCXFk="></latexit><latexit sha1_base64="HiielhtejHvh2fPDKvXPadYqboo="></latexit><latexit sha1_base64="HiielhtejHvh2fPDKvXPadYqboo="></latexit><latexit sha1_base64="PFgTgsabG8Pyq4BnmN9OybIt4q4="></latexit>

[[P (X), P (Y )]] = P ([P (X), P (Y )])
<latexit sha1_base64="y6EBZe6OLjJKQhN0psnvqQiZAyI="></latexit><latexit sha1_base64="y6EBZe6OLjJKQhN0psnvqQiZAyI="></latexit><latexit sha1_base64="y6EBZe6OLjJKQhN0psnvqQiZAyI="></latexit><latexit sha1_base64="y6EBZe6OLjJKQhN0psnvqQiZAyI="></latexit>

[[P̃ (X), P̃ (Y )]] = P̃ ([P̃ (X), P̃ (Y )])
<latexit sha1_base64="aVkWStnwLRF86MtxPjvPiiBHGlY="></latexit><latexit sha1_base64="aVkWStnwLRF86MtxPjvPiiBHGlY="></latexit><latexit sha1_base64="aVkWStnwLRF86MtxPjvPiiBHGlY="></latexit><latexit sha1_base64="aVkWStnwLRF86MtxPjvPiiBHGlY="></latexit>



  

• The canonical D-bracket is unique:  

• Note:   
The bracket is unique but the connection is not, i.e. there 
are different connections giving the canonical bracket.

D-structure

Proposition 

On a para-Hermitian manifold                 there exists a unique 
canonical D-bracket           with the above properties (Leibniz, 
compatibility with      and      ) and which projects onto the 
Lie bracket         when restricted to     and     .

(P, ⌘,K)
<latexit sha1_base64="hL/CcLmVOvkhFVyR6uK7xp0apCc="></latexit><latexit sha1_base64="CsHAd8y8hOkmRSRneidJaSsUrfQ="></latexit><latexit sha1_base64="CsHAd8y8hOkmRSRneidJaSsUrfQ="></latexit><latexit sha1_base64="buIFft7EYn9ufV3DzC0kSJ8RnVg="></latexit>

[Freidel, FJR, Svoboda ’18]

K
<latexit sha1_base64="F6z1jEFbWYWCyuxIvg9nufb2Khc="></latexit><latexit sha1_base64="idP1GGdY5GwLNCBhWfwXAvXJcV0="></latexit><latexit sha1_base64="idP1GGdY5GwLNCBhWfwXAvXJcV0="></latexit><latexit sha1_base64="JE5suo6HemZUqE+T1b5VPoGvjlY="></latexit>

⌘
<latexit sha1_base64="Uzj5gPFerG48IRyLIUUjshFPwxI="></latexit><latexit sha1_base64="Uzj5gPFerG48IRyLIUUjshFPwxI="></latexit><latexit sha1_base64="Uzj5gPFerG48IRyLIUUjshFPwxI="></latexit><latexit sha1_base64="Uzj5gPFerG48IRyLIUUjshFPwxI="></latexit>

[[ , ]]c
<latexit sha1_base64="zuI/ni/hEXBsdW31kPNtQWy+U/o="></latexit><latexit sha1_base64="zuI/ni/hEXBsdW31kPNtQWy+U/o="></latexit><latexit sha1_base64="zuI/ni/hEXBsdW31kPNtQWy+U/o="></latexit><latexit sha1_base64="zuI/ni/hEXBsdW31kPNtQWy+U/o="></latexit>

[ , ]
<latexit sha1_base64="Ui1Bs5/ZOfBTIs5kGkxJquqC0JQ="></latexit><latexit sha1_base64="Ui1Bs5/ZOfBTIs5kGkxJquqC0JQ="></latexit><latexit sha1_base64="Ui1Bs5/ZOfBTIs5kGkxJquqC0JQ="></latexit><latexit sha1_base64="Ui1Bs5/ZOfBTIs5kGkxJquqC0JQ="></latexit>

L
<latexit sha1_base64="x+2yyLt1qwSRYRtGKFnO+XobHqw="></latexit><latexit sha1_base64="tnyl9cle91lTP72Xa3ExRhO1zJU="></latexit><latexit sha1_base64="tnyl9cle91lTP72Xa3ExRhO1zJU="></latexit><latexit sha1_base64="XJPadx7Hcx3zm+l5+jvKGFZ6ZM4="></latexit>

L̃
<latexit sha1_base64="kJiaTIH0Jy00dsm3BoNiuyOCXFk="></latexit><latexit sha1_base64="HiielhtejHvh2fPDKvXPadYqboo="></latexit><latexit sha1_base64="HiielhtejHvh2fPDKvXPadYqboo="></latexit><latexit sha1_base64="PFgTgsabG8Pyq4BnmN9OybIt4q4="></latexit>



  

• Ordinary torsion

➡ Difference between brackets 

Generalized Torsion

Tr(X,Y ) = rXY �rY X � [X,Y ]
<latexit sha1_base64="Dge4M8STVm9pfIN63kCOwvKx5hw="></latexit><latexit sha1_base64="CCaD7ZC1d4FHdN3zVW49E6uzWYo="></latexit><latexit sha1_base64="CCaD7ZC1d4FHdN3zVW49E6uzWYo="></latexit><latexit sha1_base64="nyXPSmJErJHwA8gGkpG28jpAh1o="></latexit><latexit sha1_base64="l9NetvmEN6FGikthLMtwbhXHm7Q="></latexit><latexit sha1_base64="l9NetvmEN6FGikthLMtwbhXHm7Q="></latexit><latexit sha1_base64="+SdBT25u0ldqZadRzGvWoJXo56c="></latexit><latexit sha1_base64="+SdBT25u0ldqZadRzGvWoJXo56c="></latexit><latexit sha1_base64="CCaD7ZC1d4FHdN3zVW49E6uzWYo="></latexit><latexit sha1_base64="CCaD7ZC1d4FHdN3zVW49E6uzWYo="></latexit><latexit sha1_base64="CCaD7ZC1d4FHdN3zVW49E6uzWYo="></latexit><latexit sha1_base64="CCaD7ZC1d4FHdN3zVW49E6uzWYo="></latexit><latexit sha1_base64="+SdBT25u0ldqZadRzGvWoJXo56c="></latexit>

[X,Y ]r := rXY �rY X
<latexit sha1_base64="5aAS6qjelvZUrF2FClwBpX7pf6Q="></latexit><latexit sha1_base64="Ihys7GzYkDF0EPljgAOdvO85B+U="></latexit><latexit sha1_base64="Ihys7GzYkDF0EPljgAOdvO85B+U="></latexit><latexit sha1_base64="mdiNXuTj5+RDm7h8jimb8118Auw="></latexit>



  

• Ordinary torsion

➡ Difference between brackets 

• Generalized torsion

➡ Defined in terms of the unique canonical D-bracket

Generalized Torsion

Tr(X,Y ) = rXY �rY X � [X,Y ]
<latexit sha1_base64="Dge4M8STVm9pfIN63kCOwvKx5hw="></latexit><latexit sha1_base64="CCaD7ZC1d4FHdN3zVW49E6uzWYo="></latexit><latexit sha1_base64="CCaD7ZC1d4FHdN3zVW49E6uzWYo="></latexit><latexit sha1_base64="nyXPSmJErJHwA8gGkpG28jpAh1o="></latexit><latexit sha1_base64="l9NetvmEN6FGikthLMtwbhXHm7Q="></latexit><latexit sha1_base64="l9NetvmEN6FGikthLMtwbhXHm7Q="></latexit><latexit sha1_base64="+SdBT25u0ldqZadRzGvWoJXo56c="></latexit><latexit sha1_base64="+SdBT25u0ldqZadRzGvWoJXo56c="></latexit><latexit sha1_base64="CCaD7ZC1d4FHdN3zVW49E6uzWYo="></latexit><latexit sha1_base64="CCaD7ZC1d4FHdN3zVW49E6uzWYo="></latexit><latexit sha1_base64="CCaD7ZC1d4FHdN3zVW49E6uzWYo="></latexit><latexit sha1_base64="CCaD7ZC1d4FHdN3zVW49E6uzWYo="></latexit><latexit sha1_base64="+SdBT25u0ldqZadRzGvWoJXo56c="></latexit>

[X,Y ]r := rXY �rY X
<latexit sha1_base64="5aAS6qjelvZUrF2FClwBpX7pf6Q="></latexit><latexit sha1_base64="Ihys7GzYkDF0EPljgAOdvO85B+U="></latexit><latexit sha1_base64="Ihys7GzYkDF0EPljgAOdvO85B+U="></latexit><latexit sha1_base64="mdiNXuTj5+RDm7h8jimb8118Auw="></latexit>

T r(X,Y ) = [[X,Y ]]r � [[X,Y ]]c
<latexit sha1_base64="pTsp/2xDCZ5yrb30iExInDgsF8g="></latexit><latexit sha1_base64="pTsp/2xDCZ5yrb30iExInDgsF8g="></latexit><latexit sha1_base64="pTsp/2xDCZ5yrb30iExInDgsF8g="></latexit><latexit sha1_base64="pTsp/2xDCZ5yrb30iExInDgsF8g="></latexit>



  

Riemann vs Born

• para-Hermitian manifold
• Structure
• D-structure

• Gen. Lie derivative
• D-bracket  

• Gen. torsion  

Differential geometry 
Riemannian manifold

“Generalized” geometry 
Born manifold

P
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• Riemannian manifold
• Metric
• Differentiable structure

• Lie derivative
• Lie bracket

• Metric compatibility
• Torsion
• Levi-Civita connection

LX
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• Start from para-Hermitian manifold 

• Include another metric 

➡ Chiral structure 

Born Geometry

H
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Proposition 

Born Geometry is equivalent to a para-Hermitian structure             
along with a choice of Riemannian metric     on     .g L

(η, K)

(P, ⌘,!)
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Riemann vs Born

• Riemannian manifold
• Metric
• Differentiable structure

• Lie derivative
• Lie bracket

• Metric compatibility
• Torsion
• Levi-Civita connection

• Born manifold
• Structures 
• D-structure

• Gen. Lie derivative
• D-bracket  

• Gen. torsion

Differential geometry 
Riemannian manifold

“Generalized” geometry 
Born manifold

LX
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• Connection compatible with Born geometry

• Vanishing generalized torsion

Born Connection [Freidel, FJR, Svoboda ’18]

rB⌘ = rB! = rBH = 0
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The Born connection exists and is unique! 

(Like Levi-Civita connection for Riemannian geometry.)

(P, ⌘,!,H)
<latexit sha1_base64="/Kv05VuHijNNFFQoXubf/eEeDkE="></latexit><latexit sha1_base64="vrlTLfKO4MXMK3p2Xlt6lapNtk4="></latexit><latexit sha1_base64="vrlTLfKO4MXMK3p2Xlt6lapNtk4="></latexit><latexit sha1_base64="urH8huvh4sbpj+6RvNXerheLJt0="></latexit>



  

Born Connection

Theorem (Freidel, FJR, Svoboda) 

There exists a unique connection        compatible with the Born 
structure                 and with vanishing generalized torsion      . It is 
given by 

where                                   are the projected components 
associated with the splitting of         given by the chiral structure      .
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• Lagrangian subspaces

• Chiral subspaces

Born Connection

J : TP = C+ � C�
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Born Connection

• Born geometry analogue of Koszul formula for Levi-Civita 
connection

• No coincidence:             is a Riemannian vector bundle  
recalling 

(L, g)
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• Born geometry analogue of Koszul formula for Levi-Civita 
connection

• No coincidence:             is a Riemannian vector bundle  
recalling 

Projected Born Connection

Theorem 

The Born connection        restricts on      to the Levi-Civita 
connection        of 

(L, g)
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Riemann vs Born

• Riemannian manifold
• Metric
• Differentiable structure

• Lie derivative
• Lie bracket

• Metric compatibility
• Torsion
• Levi-Civita connection

• Born manifold
• Structures 
• D-structure

• Gen. Lie derivative
• D-bracket

• Structure compatibility
• Gen. torsion
• Born connection

Differential geometry 
Riemannian manifold

“Generalized” geometry 
Born manifold
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 Outlook



  

• Make relation to DFT precise

➡ Include Dilaton: need weighted bundle (tensor density)

➡ Include Fluxes: obstruction to closure, integrability

• Generalized Fluxes in Born geometry

➡ Twisted D-bracket:

• Analogue of Riemann Normal Coordinates

• …

Outlook

[[ , ]] = [[ , ]]0 + F
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• Born Geometry: possible geometry for Quantum Gravity

• para-Hermitian manifold + dynamical metric

• Generalized differentiable structure: D-bracket

• Born Connection      : unique, torsion-free, compatible

• Reduces to Levi-Civita connection       on 

Summary
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 Extensions



  

Riemann vs Born

• Riemannian manifold
• Metric
• Differentiable structure

• Lie derivative
• Lie bracket

• Metric compatibility
• Torsion
• Levi-Civita connection

• Born manifold
• Structures 
• D-structure

• Gen. Lie derivative
• D-bracket

• Structure compatibility
• Gen. torsion
• Born connection

Differential geometry 
Riemannian manifold

“Generalized” geometry 
Born manifold
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• The frame     is only determined up to an          trafo

•     is a constant metric on 

• Riemannian metric 

Born Geometry

Proposition 

There always exists a frame                        in which the 
triple                takes the form

E ∈ GL(2d)
(⌘,!,H)
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◆
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Structure Groups

Sp(2d) ∩ O(d, d) ∩ O(2d) = O(d)



  

neutral metric

Structure Groups

Sp(2d) ∩ O(d, d) ∩ O(2d) = O(d)

sympletic form 
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Generalized Kinematics & 

Dynamics for DFT



  

• Generalization of geometry suitable for strings in a 
doubled space

• Kinematical structure encoded in

➡Neutral metric  

➡ Symplectic form 

• Dynamical d.o.f. in generalized metric 

Generalization

⌘ 2 O(d, d)

! 2 Sp(2d)

(⌘,!)

H(g,B)



  

• DFT is limit of Born geometry

• Right setup to allow for general     and

• Accommodate:

➡ Geometric and non-geometric fluxes

➡ Non-commutativity, non-associativity, non-geometry, ...

Generalizations for DFT

⌘
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 T-Duality



  

• What is T-duality?

➡ Sigma model with two sets of fields       and 

➡ Integrate out one or the other

➡ Get T-duality related actions

• Canonical transformation on phase space

➡ No need for compact dimensions or isometries

T-Duality
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• Worldsheet symmetry (exchanges     and    )

• Target space symmetry

• Doubled string actions with manifest symmetry

T-Duality
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chiral structure

[Tseytlin ’90, Duff '90, Siegel '93]




