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Motivation

“Good” understanding of flux-less supersymmetric vacua

I δεψ ∼ ∇ε = 0⇒ “Special holonomy”
I Type II SUGRA −→ D = 4 N = 2 ⇒ Calabi-Yau geometry

Fluxes? AdS?

I δεψ ∼ ∇ε+ /F ε = 0

Emanuel Malek ExFT and SUSY AdS6/7 vacua Corfu 2 / 24



Motivation

“Good” understanding of flux-less supersymmetric vacua

I δεψ ∼ ∇ε = 0⇒ “Special holonomy”
I Type II SUGRA −→ D = 4 N = 2 ⇒ Calabi-Yau geometry

Fluxes? AdS?
I δεψ ∼ ∇ε+ /F ε = ∇ExFT ε = 0
I Exceptional field theory / generalised geometry
I “Generalised special holonomy”

Emanuel Malek ExFT and SUSY AdS6/7 vacua Corfu 2 / 24



Motivation

“Good” understanding of flux-less supersymmetric vacua

I δεψ ∼ ∇ε = 0⇒ “Special holonomy”
I Type II SUGRA −→ D = 4 N = 2 ⇒ Calabi-Yau geometry

Fluxes? AdS?
I δεψ ∼ ∇ε+ /F ε = ∇ExFT ε = 0
I Exceptional field theory / generalised geometry
I “Generalised special holonomy”

Powerful tool”

I ExFT → “good variables” for global solutions.
I Universal consistent truncations
I Consistent truncations with matter (c.f. Valent́ı’s talk)
I Moduli e.g. [Ashmore, Gabella, Graña, Petrini, Waldram 2016]
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Outline

Half-maximal SUSY structures

AdS vacua and consistent truncations

Applications:

I SUSY AdS7 vacua of mIIA & “minimal” consistent truncations.
I SUSY AdS6 vacua of IIB & “minimal” consistent truncations.

Valent́ı’s talk: Consistent truncations with vector multiplets.
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Exceptional field theory & half-maximal SUSY

Local symmetries of 11-d/IIB SUGRA −→ generalised
diffeomorphisms (local Ed(d))

Should also capture half-maximal SUSY.

Consistent truncations to half-maximal gSUGRA.
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Reminder of G -structures: Calabi-Yau

CY3 (no flux, preserves N = 2 SUSY of type II).

Algebraic condition: One well-defined internal spinor ψ.
Structure group SU(3) ⊂ SU(4)
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Reminder of G -structures: Calabi-Yau

CY3 (no flux, preserves N = 2 SUSY of type II).

Algebraic condition: One well-defined internal spinor ψ.
Structure group SU(3) ⊂ SU(4)

ω(2) ∧ Ω(3) = 0 , Ω(3) ∧ Ω(3) = ω3
(2) = vol6 6= 0 .
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Reminder of G -structures: Calabi-Yau

CY3 (no flux, preserves N = 2 SUSY of type II).

Algebraic condition: One well-defined internal spinor ψ.
Structure group SU(3) ⊂ SU(4)

ω(2) ∧ Ω(3) = 0 , Ω(3) ∧ Ω(3) = ω3
(2) = vol6 6= 0 .

Differential condition: SUSY Minkowski vacuum
∇ψ = 0 =⇒ SU(3) holonomy.

dω(2) = dΩ(3) = 0 .
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Algebraic condition

Half-maximal set of Hd spinors Ψ.
Generalised structure group Ghalf = Spin(d − 1) ⊂ Hd ⊂ Ed(d).

H̃d −→ Spin(d − 1)S × Spin(d − 1)R

D Ed(d) H̃d Ghalf GR

7 SL(5) USp(4) SU(2) SU(2)
6a Spin(5, 5) USp(4)×USp(4) SU(2)× SU(2) SU(2)× SU(2)
6b Spin(5, 5) USp(4)×USp(4) USp(4) USp(4)
5 E6(6) USp(8) USp(4) USp(4)
4 E7(7) SU(8) SU(4) SU(4)×U(1)
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Algebraic condition

Half-maximal set of Hd spinors Ψ.
Generalised structure group Ghalf = Spin(d − 1) ⊂ Hd ⊂ Ed(d).

H̃d −→ Spin(d − 1)S × Spin(d − 1)R

D Ed(d) H̃d Ghalf GR

7 SL(5) USp(4) SU(2) SU(2)
6a Spin(5, 5) USp(4)×USp(4) SU(2)× SU(2) SU(2)× SU(2)
6b Spin(5, 5) USp(4)×USp(4) USp(4) USp(4)
5 E6(6) USp(8) USp(4) USp(4)
4 E7(7) SU(8) SU(4) SU(4)×U(1)

D = 5, 6a, 7 similar pattern.

D = 4, 6b slightly different.
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Ghalf-structures and half-maximal SUSY

Describe bosonically using “generalised differential forms”.

Sections of R1, R2, R3, . . . , RD−3

D Ed(d) R1 R2 R3 R4 Rc

7 SL(5) 10 5 5 10 ∅
6a Spin(5, 5) 16 10 16 48 1
5 E6(6) 27 27 78 n/a 27
4 E7(7) 56 133 n/a n/a 1539

R1 R2 . . . RD−3
∧ ∧ ∧

RD−3 . . . R2 R1
d d d
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Ghalf-structures and half-maximal SUSY

Generalised tensors stabilised by Spin(d − 1) ⊂ Ed(d):

Ju
M ∈ Γ (R1) , K̂ I ∈ Γ (RD−4) ,

u = 1, . . . , d − 1 of Spin(d − 1)R , satisfying(
δwu δ

x
v −

1

d − 1
δuvδ

wx

)
Jw ∧ Jx = 0 ,

K̂ ×Rc K̂ = 0 , δuvJu ∧ Jv ∧ K̂ > 0 .

Generalisations of ω(2), Ω(2) on K3.
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Ex: Spin(4) ⊂ Spin(5, 5) structure

Generalised tensors stabilised by Spin(4) ⊂ Spin(5, 5):

Ju
M ∈ Γ (R1) , K̂ I ∈ Γ (R2) ,

u = 1, . . . , 4 of Spin(4)R ,
M = 1, . . . , 16,
I = 1, . . . , 10, satisfying(

δwu δ
x
v −

1

d − 1
δuvδ

wx

)
Jw

MJx
N
(
γI
)
MN

= 0 ,

K̂I K̂J η
IJ = 0 , δuvJu

MJv
NK̂I

(
γI
)
MN

> 0 .
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SUGRA background from Ghalf -structures

For CY, gij = Ii
kωkj .

Ju and K̂ define SUGRA background:

{SUGRA fields} =MMN ∼ Ĵu,M ĴuN − dMNI K̂
I

+ εu1...ud−1
(
Ju1Ju2 . . . Jud−1

)
MN

,

dMNI is an Ed(d) invariant and Ĵu = Ju ∧ K̂ .
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SUGRA background from Ghalf -structures

For CY, gij = Ii
kωkj .

Ex Spin(5, 5) ExFT:

√
2MMN = 4 Ĵu,M Ĵu −

(
γI
)
MN

K̂I

− 1

4!
εuvwx (γI )MP (γJ)NQ

(
γIJ
)S

RJu
PJv

QJw
R Ĵx S ,

ĴuM =
(
γI
)
MN

Ju
NK̂I .
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Differential conditions: 1/2-maximal AdS vacua

BPS equations = “Special holonomy” (“intrinsic torsion”)
1/2-max AdS vacua:

LJuJv = Ruvw︸︷︷︸
c.c. Λ

Jw , LJu K̂ = 0 ,

and

I D = 7: dK̂ = εuvwRuvwJ
x ∧ Jx ,

I D = 6: dK̂ = εuvwxRuvwJx ,

Emanuel Malek ExFT and SUSY AdS6/7 vacua Corfu 11 / 24



Differential conditions: 1/2-maximal AdS vacua

BPS equations = “Special holonomy” (“intrinsic torsion”)
1/2-max AdS vacua:

LJuJv = Ruvw︸︷︷︸
c.c. Λ

Jw , LJu K̂ = 0 ,

and

I D = 7: dK̂ = εuvwRuvwJ
x ∧ Jx ,

I D = 6: dK̂ = εuvwxRuvwJx ,

D d Spin(d − 1)R AdS R-symmetry

7 4 SU(2) SU(2)
6 5 SU(2)× SU(2) SU(2)
5 6 USp(4) SU(2)×U(1)
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Differential conditions: 1/2-maximal AdS vacua

BPS equations = “Special holonomy” (“intrinsic torsion”)
1/2-max AdS vacua:

LJuJv = Ruvw︸︷︷︸
c.c. Λ

Jw , LJu K̂ = 0 ,

and

I D = 7: dK̂ = εuvwRuvwJ
x ∧ Jx ,

I D = 6: dK̂ = εuvwxRuvwJx ,

D d Spin(d − 1)R AdS R-symmetry

7 4 SU(2) SU(2)
6 5 SU(2)× SU(2) SU(2)
5 6 USp(4) SU(2)×U(1)

Ju generalised Killing vector fields, generate R-symmetry

K̂ invariant under R-symmetry
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Consistent truncations

Consistent truncation → study AdS vacua via lower-dim gSUGRA.

Conjecture (Gauntlett & Varela)

For any SUSY solution of D = 10 or D = 11 SUGRA that consists of a
warped product AdSD ×w M, there is a consistent truncation on M to a
D-dimensional gauged SUGRA keeping only the gravitational
supermultiplet.

Can we get a free lunch?
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AdS consistent truncation: SUGRA multiplet

Given Ju(Y ), K̂ (Y ) of 1/2-max AdS, the Ansatz

Ju(x ,Y ) = X−1(x) Ju(Y ) , K̂(x ,Y ) = X 2(x) K̂ (Y ) ,

Aµ(x ,Y ) = Aµ
u(x) Ju(Y ) , . . . ,

gives a consistent truncation.

Consistency follows from special holonomy.

X (x) scalar, Aµ
u(x) vector fields of grav. supermultiplet.

“Minimal” truncation ⇒ no vector multiplets.

Spacetime fields from MMN −→ non-linear truncation Ansatz.
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Constructing AdS solutions from ExFT

Geometric Ansatz → Ju, K̂

I Algebraic conditions (existence of spinors)
I Differential conditions (SUSY vacuum)

Construct generalised metric

MMN = Ĵu,M ĴuN − dMNI K̂
I +
(
Jd−1

)
MN

.

ExFT dictionary: MMN = {SUGRA fields}.
Minimal consistent truncation for free.
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Example 1: AdS7 from ExFT

Consider AdS7 × S3 of mIIA in SL(5) ExFT.

Ansatz: S2 fibred over I .

“Constrained coords” yu on S2 ⊂ R3 with yuyu = 1.

z coord on I .

LJu︸︷︷︸
m

Jv = RuvwJ
w , LJu K̂ = 0 .

Ju → SU(2)R triplets, K̂ → SU(2)R singlets:

I yu, f (z),
I Killing vecs vu, ∂z ,
I dyu, volS2 = 1

2εuvwy
udy v ∧ dyw ,

I dz , dyu ∧ dz , volS2 ∧ dz .
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Ghalf structure on S3

IIA: ∂[ab] = (∂i5, /∂45, /∂i4), i = 1, . . . , 3, a = (i , 4, 5)

Ju ∈ Γ (R1), R1 = TM ⊕ T ∗M ⊕ Λ0T ∗M ⊕ Λ2T ∗M

K̂ ∈ Γ (R3), R3 = Λ0T ∗M ⊕ Λ2T ∗M ⊕ Λ3T ∗M

Algebraic conditions uniquely give:

Ju =
√

2vu +
1

2

(
−h(z)

q(z)
yu dz + g(z)dyu

)
− q(z) yu

+
1

2
√

2
(yu q(z) g(z) z volS2 + h(z)εuvwy

v dyw ∧ dz) ,

K̂ = s(z) +
1

2
√

2
(g(z) s(z)− t(z)) volS2 ,

Natural gauge choice: h(z) = q(z).
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Ghalf structure on S3

IIA: ∂[ab] = (∂i5, /∂45, /∂i4), i = 1, . . . , 3, a = (i , 4, 5)

Ju ∈ Γ (R1), R1 = TM ⊕ T ∗M ⊕ Λ0T ∗M ⊕ Λ2T ∗M

K̂ ∈ Γ (R3), R3 = Λ0T ∗M ⊕ Λ2T ∗M ⊕ Λ3T ∗M

Algebraic and differential conditions uniquely gives:

Ju =
√

2vu −
1

2
d (yu z) + ẗ(z) yu

+
1

2
√

2
ẗ(z) (yu z volS2 − εuvwy v dyw ∧ dz) ,

K̂ = −ṫ(z) +
1

2
√

2

(
z ṫ(z)− t(z)

)
volS2 ,

with
...
t = −m

2 , t ≥ 0.
Infinitely many solutions determined by t(z).
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AdS7 × S3 solution

Generalised metric M(Ju, K̂ ) and EFT ↔ IIA SUGRA dictionary:

ds2
10 = 4

√
− t

ẗ
ds2

AdS7
+

1

2

√
− ẗ

t

(
t2

ṫ2 − 2 ẗ t
ds2

S2 + dz2

)
,

eψ =
(
− t

ẗ

)3/4 1√
ṫ2 − 2 ẗ t

,

B2 =
1

2
√

2

(
z − ṫ t

ṫ2 − 2 ẗ t

)
vol2 ,

F2 =
1

2
√

2

(
2ẗ +

m ṫ t

ṫ2 − 2 ẗ t

)
vol2 ,

with
...
t = −m/2.

These are the general AdS7 solutions of mIIA [Apruzzi, Fazzi, Rosa, Tomasiello] in
coords of [Cremonesi, Tomasiello] .
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AdS7 minimal consistent truncation

Consistent truncation for AdS7 × S3.
Ju(x ,Y ) = X−1(x)Ju(Y ), K̂(x ,Y ) = X 2(x)K̂ (Y ):

ds2
10 = 4

√
− t

ẗ
X 1/2ds2

7 +
1

2

√
− ẗ

t

[
X−5/2dz2 + X 5/2 t2

ṫ2X 5 − 2 ẗ t
ds2

S2

]
,

eψ = X 5/4
(
− t

ẗ

)3/4 1√
X 5ṫ2 − 2 ẗ t

,

B2 =
1

2
√

2

(
z − ṫtX 5

ṫ2X 5 − 2 ẗ t

)
volS2 ,

F2 =
1

2
√

2

(
2ẗ + X 5 mṫt

ṫ2X 5 − 2 ẗ t

)
volS2 ,

...
t = −m/2. Reproduces [Passias, Rota, Tomasiello].
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Example 2: AdS6 from ExFT

Consider AdS6 of IIB in SO(5, 5) ExFT.

LJuJv = RuvwJ
w , dK̂ = εuvwxRuvwJx , LJu K̂ = 0 ,

with u = 1, . . . , 4, Ruvw = εuvwxΛx . Wlog Λu = (0, 0, 0, 1).

LJI JJ = εIJKJ
K , LJI J4 = 0 , LJI K̂ = 0 , dK̂ = J4 .

Ansatz: IIB on S2 fibred over Riemann surface Σ2.

“Constrained coords” yI on S2 ⊂ R3 with y I yI = 1.

χα coord on Σ2, α = 1, 2.

JI → SU(2)R triplets, J4, K̂ → SU(2)R singlets
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Ghalf structure on S2 × Σ2

IIB: ∂M =
(
∂i , /∂

iα
, /∂ ijk

)
, i = 1, . . . , 4, α = (1, 2)

Ju ∈ Γ (R1), R1 = TM ⊕ 2 · T ∗M ⊕ Λ3T ∗M

K̂ ∈ Γ (R2), R2 = 2 · Λ0T ∗M ⊕ Λ2T ∗M ⊕ 2 · Λ4T ∗M

Most general structure after algebraic and differential conditions:

JI = vI + d(kαyI ) +
1

2
d
(
kαεIJKy

JdyK ∧ dkα
)
,

J4 = dpα − kα dp
α ∧ volS2 ,

K̂ = pα − (r + pαk
α)volS2 .

Depends on four real functions, kα, pα, on Σ2 satisfying

|dk|2 ≡ ? (dkα ∧ dkα) = ? (dpα ∧ dpα) ≥ 0 , dkα ∧ dpα = 0 ,

dr = −pα dkα .
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AdS6 solutions in IIB

From generalised metric and ExFT ↔ IIB dictionary we find SUGRA
fields

ds2 =

√
2 r5/4 ∆1/4

33/4 |dk|1/4

(
12

r
ds2

AdS6
+
|dk|
∆

ds2
S2 +

4

r2
dkα ⊗ dpα

)
, C(4) = 0 ,

C(2)
α = −

4

3
volS2

(
kα +

r pγ ∂βk
γ ∂βpα

2∆
|dk|1/2

)
, Hαβ =

|dk|1/2 pαpβ + 6 r ∂γkα∂γpβ

2
√

3 ∆ r
,

∆ =
3

4
r |dk|+

1

2
|dk|1/2 pαpβ∂γk

α∂γpβ , Hαβ =
1

Im τ

(
|τ |2 Re τ
Re τ 1

)
.

Can use diffeos on Σ2 to make g |Σ2 conformally flat

dkα = I · dpα .

I complex structure on Σ2.

Solutions defined by two holomorphic functions f α = kα + i pα with
df α ∧ df̄α ≥ 0.

Upon field redefinition matches [D’Hoker, Gutperle, Karch, Ulhemann 2016]
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AdS6 minimal consistent truncations

Minimal consistent truncation for free:

Ju(x ,Y ) = X−1(x) Ju(Y ) , K̂(x ,Y ) = X 2(x) K̂ (Y ) .

From generalised metric and ExFT/IIB dictionary:

ds2 =

√
2 r5/4 ∆1/4

33/4 |dk|1/4

(
12

r
ds2

6 +
X 2 |dk|1/2

∆
ds2

S2 +
4

X 2 r2
dkα ⊗ dpα

)
, C(4) = 0 ,

C(2)
α=−

4

3
volS2

(
kα +

X 4 r pγ ∂βk
γ ∂βpα

2∆
|dk|1/2

)
, Hαβ =

X 4 |dk|1/2 pαpβ + 6 r ∂γkα∂γpβ

2
√

3 ∆ r
,

∆ =
3

4
r |dk|+

1

2
X 4|dk|1/2 pαpβ∂γk

α∂γpβ .

Can study AdS6 solution using minimal 6d gSUGRA.
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Conclusions

Exceptional geometry underlying 1/2-max AdS vacua.

ExFT useful new tool to construct AdS vacua.

Reproduce all mIIA AdS7 × S3, IIB AdS6 × S2 solutions.

Consistent truncation (grav. multiplet) for free.

Useful for studying & finding new solutions (e.g. domain-wall
solutions for holographic RG flow)
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Outlook

Consistent truncations with matter (c.f. Valent́ı’s talk)

Uplift of moduli, e.g. N = 4 AdS5 vacua.

Classification of AdS vacua?

Other amounts of SUSY, e.g. N = 2 [Ashmore, Gabella, Graña, Petrini,

Waldram].

Also, N = 6 AdS5 vacua dual to 4d N = 3 SCFT?
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