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Introduction

Motivations

generalized geometry: invariance under diffeomorphisms, B-transforms, more
generally T-dualities =⇒ bundle TM ⊕ T ∗M with bracket on sections and bilinear
form;

graded Poisson algebra of C∞(T ∗[2]M ⊕ T [1]M), degree −2 {·, ·}, T ∗[2]T [1]M is
symplectic with Θ deg-3 Hamiltonian

=⇒ generalized geometry (Courant algebroid) is derived structure of graded and
symplectic T ∗[2]T [1]M

[Roytenberg, 2002]

gravity multiplet (g ,H, φ) not complete:
when graded algebra side incorporates φ and G := g + B, it provides a
(g ,H, φ)-dependent connection ∇̃ on E

10-dim SUGRA NS sector:

S =

∫
M

Vold=10

(
R − 1

12
H2 + 4 (∇φ)2

)
e−2φ

is scalar from Ricci tensor of this ∇̃.
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New Poisson brackets

Derived Courant structure

T ∗[2]T [1]M with standard symplectic ω, (x i , χa, θ
b︸ ︷︷ ︸

=:ξa

, pj) coordinates

Hamiltonian vector field (shifted) Θ of deg 3

{{e1,Θ}, e2} = [e1, e2], e1, e2 linear functions in ξ
{{e1,Θ}, f } = ρ(e1)f , f ∈ C∞(M) ,

well-defined derived object if:

{Θ,Θ} = 0

i.e. a bracket [·, ·] on sections Γ(TM ⊕ T ∗M) and an anchor map ρ : TM ⊕ T ∗M → TM
for a Courant algebroid remain defined, provided that

Θ = θipi +
1

3!
Cabc ξ̃

aξ̃b ξ̃c

(TM ⊕ T ∗M, ρ, [·, ·], 〈·, ·〉) Courant algebroid if:

[e1, [e2, e3]] = [[e1, e2], e3] + [e2, [e1, e3]] Jacobi id;

[e1, fe2] = f [e1, e2] + ρ(e1)f e2 Leibniz rule;

ρ(e)〈e1, e2〉 = 〈[e, e1], e2〉+ 〈e1, [e, e2]〉 compatibility of [·, ·] and 〈·, ·〉;
ρ(e1)〈e, e〉 = 2〈[e, e], e1〉 control of symmetric part of [·, ·].

U = X + η, V = Y + ζ, X ,Y ∈ Γ(TM), η, ζ ∈ Γ(T ∗M):

[U,V ]Dorfman = [X ,Y ] + LX ζ − ιY dη is bracket for Courant algebroid.
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New Poisson brackets

New Poisson brackets

T ∗[2]T [1]M 3 (x i , χa, θ
b︸ ︷︷ ︸

ξa

, pj) Darboux chart, ω = dx i dpi + dχa dθ
a

{x , p}(−) = δ, {χ, θ}(+) = δ ;

but more general Poisson brackets are allowed:

{ξa, ξb}′ = Gab, {pi , ξa}′ = Γb
aiξb, {pi , pj}′ = Rij .

Choose

Gab = λ2

(
2g(x) δ
δ 0

)
, λ := e−

1
3
φ(x) ,

Rij = 0;

then the connection coefficients are provided by:

{pi , ξa}′ = λ−1∂iλ ξa + ∂i (g(x) + B(x))ac ξ̃
c

= Γc
aiξc (Weitzenboeck connection ↔=: ∇ )
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New Poisson brackets

Courant structure, general Poisson algebra

(TM ⊕ T ∗M = E , ρ′, [·, ·]′Dorf, 〈·, ·〉
′) from the Poisson algebra of T ∗[2]T [1]M with

metric Gab and Weitzenboeck connection ∇:

{ea, eb}′ = Gab = 〈ea, eb〉′ .
{{e1,Θ

′}′, e2}′ = λ[e1, e2]Dorf + (ρ(e1)λ) e2 − (ρ(e2)λ) e1︸ ︷︷ ︸+λ Lρ(e1)G(e2)︸ ︷︷ ︸
−λG([e1, e2])− λ ιρ(e2)d G(e1)︸ ︷︷ ︸+dλ (〈e1, e2〉+ 2g(e1, e2)) = [ea, eb]′Dorf .

{{e,Θ′}′, f }′ = λρ(e) f = ρ′(e) f

G(x) := (g(x) + B(x)) : Γ(TM)→ Γ(T ∗M)

Θ′ = λ−1θp

Fully contracted bracket with the fluxes Cabc :

{{{e1,
1

3!
λ−3 Cabc ξ̃

aξ̃b ξ̃c}′, e2}′, e3}′ = C(e1, e2, e3) .

Takes into account the geometric and non-geometric fluxes:

Hijk
Tk−→ f k

ij

Tj−→ Q jk
i

Ti−→ R ijk .
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Courant algebroid connection

Koszul formula

If
[U,V ]L

def
= ρ(U)V − ρ(V )U ,

for the Courant algebroid (E ′, ρ′, [·, ·]′, 〈·, ·〉′), the previous bracket can be written as:

[U,V ]′D = 〈∇UV , ·〉′ − 〈∇VU, ·〉′ + 〈∇·U,V 〉′

〈[U,V ]′D,W 〉
′ − 〈[U,V ]′L,W 〉′ = 〈∇UV ,W 〉′ − 〈∇VU,W 〉′ − 〈[U,V ]′L,W 〉′ + 〈∇WU,V 〉′

= 〈T∇(U,V )︸ ︷︷ ︸
gen. torsion

,W 〉′ + 〈∇WU,V 〉′ =: 〈∇̃WU,V 〉′

In components:

∇̃kξi =

(ΓL.C. j
ik + 1

2 H
j
ik −

1
3

(
∂iφ δ

j
k − ∂

jφ gik + ∂kφ δ
j
i

))
∂j − 1

3 (∂iφ gkj + ∂kφ gij ) dx j

− 1
3

(
∂kφ g ij − ∂ jφδik

)
∂j 0

 .

The part for vector fields provides a generalized Koszul formula for G and φ:

λ32g(∇̃ZX ,Y ) =λ3 [X · G(Y ,Z) + Z · G(X ,Y )− Y · G(X ,Z)]

+ λ3 [G(X , [Y ,Z ])− G(Y , [X ,Z ])− G([X ,Y ],Z)]

+ λ2 [X (λ)2g(Y ,Z)− Y (λ)2g(X ,Z) + Z(λ)2g(X ,Y )] .
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Courant algebroid connection

SUGRA

The connection ∇̃ involves the metric g , the Neveu-Schwarz field H and the dilaton φ;
once projected onto the maximal isotropic subbundle TM, we can compute the Riemann
tensor R:

RklX =
[
∇̃k , ∇̃l

]
X − ∇̃[∂k ,∂l ]X .

The Ricci tensor is:

Ril = Rj
ikl δ

k
j

= RL.C.
il +

1

2
∇L.C.

k H k
li −

1

4
H k

im H m
kl −

d − 4

6
∇L.C.

k φH k
li

+
(d − 2)

9

(
∇L.C.

i φ∇L.C.
l φ− gil

(
∇L.C.φ

)2
)
− 1

3

[
(2− d)∇L.C.

i ∇L.C.
l φ− gil(∇L.C.)2φ

]
.

Proposal for a scalar built from R:

Tr
(
e

2
3
φg−1 (g + B) e

2
3
φg−1 R

√
det ge−

d
3
φ
)

in 10 dim, gives SUGRA NS sector :

S =

∫
M

Vold=10

(
RL.C. − 1

12
H2 + 4

(
∇L.C.φ

)2
)
e−2φ
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Courant algebroid connection

Summary and comments

In brief:

1 In the most general Poisson algebra of functions of (T ∗[2]T [1]M, ω,Θ) we set a
metric Gab for ξa (vector fields and forms) and the curvature to be null =⇒ a
torsionful connection ∇ remains defined;

2 We looked at the change in the structures of (E , ρ′, [·, ·]′, 〈·, ·〉′) and found that ∇
combines into a new connection ∇̃ (through definition of [·, ·]L);

3 We projected onto TM and computed the curvature, the Ricci tensor R and a scalar
through a particular trace of R that combined G and g−1.

Few comments:

seen also as a homomorphism ϑ: ξ → λ (ξ + j ◦ G ◦ ρ(ξ));

even if in the end we restrict to TM, it is important to start with graded structure:
no “magic” of derived bracket otherwise;
results not new for Courant algebroid side: e.g. [Coimbra, Strickland-Constable, Waldram
2012], [Garcia-Fernandez 2014], [Jurco, Vysoky 2015], [Deser, Saemann 2016].
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Conclusions and Outlook

Conclusions and Outlook

Graded symplectic geometry can be given a torsionful connection. That induces a
connection for the Courant algebroid; its Ricci tensor can be contracted in a way that
yields the SUGRA Lagrangian in 10 d.

Further enquires on:

the antisymmetric bracket [·, ·]L;

Moser theorem;

geodesic eq’s in the graded symplectic manifold;

R sector of SUGRA.

Thanks for the attention!
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