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(P,n, K) :P 2n-dimensional manifold, n signature (n, n) metric,
K € End(TP), K> =1, n(K-,K:) = -1

@ Analogous to Hermitian geometry, except K is a para-Complex structure

— real eigenbundles L, L
@ Fundamental form w = nK, dw = 0 — para-Kahler geometry

LL Lagrangians of w, isotropic w.r.t. n
@ In the frame (L, Z) K takes the form

< %)

o Land Lin general need not be integrable and integrability is independent

@ For our applications we demand that L is integrable — P is foliated by
Space-time leaves: P = J; M;
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Given an (almost) para-Hermitian manifold, we define the D-bracket [ , ] by
the following properties

o Leibniz property
[X, Y] = fIX, Y] + X[f]Y,

o Compatibility with n

X[’?(sz)] = n(I[Xv Y]]’Z) +77(Y7 I[XvZ]])
n(Y’ |IX7X]|) = n(I[va]]vX)a

o Compatibility with K: vanishing generalized Nijenhuis tensor

Ni = [X, Y] + [KX, KY] — K ([KX, Y] + [X, KY]) = 0.

@ Relationship with the Lie bracket
[PX, PY] = P([PX, PY]),
[PX,PY] = P([PX,PY)),
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Theorem (Freidel, Rudolph, DS)

A unique D-bracket exists on any almost para-Hermitian manifold and is given
by the formula

n([X, Y], Z2) = n(VxY = Vi X, Z) + 0(VxZ,Y), (1)

where V&Y = VxY + 1K(VxK)Y, V being the Levi-Civita connection of 1.

Remarks:

@ In the “DFT limit", when n = ((1) é) and w = ((IJ _01) (1) recovers

the usual expression

[X, Y]° = (x’a, v/ —v'ax’ + n,mKJY’aKxL) a;.

@ (1) recovers Dorfman brackets on M /M by the formula

77(|[X7 Y]]i7 Z) = n(vi’/ﬁxy - v.‘CD/.‘5YX7 Z) + U(V;/PXZ7 Y)7
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The B-transformation

e Fix (9, K) = unique [, ]
Question: How to get the twisted bracket/fluxes?
Answer: Deform K and look at the D-bracket associated to the deformed
structure

@ Introduce a B-transformation of K:

KHKB:(Q]IB —0]1)’ B:L>1L

When B satisfies n(BX, Y) = —n(X, BY), (Kg,n) is an (almost)
para-Hermitian structure

e Eigenbundles of Kg are L = L + B(L) and L (unchanged)
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Because B satisfies n(BX, Y) = —n(X, BY), it defines a 2-form b and a
bi-vector :

b=nBeTl(N’L*), B=Bn"'el(N\I])

= B can be thought of as a 2-form in the space-time directions L or as a
bi-vector in the directions of the dual space-time L

In coordinates, we have

b=bjdx' Ndx, B=b;d N

The fundamental form deforms as w +— w + 2B

If Kg is a B-transformation of K by B, then K is a B-transformation of
Kg by —B.
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B-transform as a deformation

Recall: the D-bracket associated to any para-Hermitian structure (7, K) is
compatible with K in the following sense:

Nk = [X, Y] + [KX, KY] = K([KX, Y] + [X, KY]) = 0.

Theorem (DS)

Let Kg be a B-transformation of a para-Hermitian structure (n, K). Then the
D-bracket of Kg is compatible with K if and only if the covariantized H-flux

M = Oyibjg + bd'big

vanishes.

The vanishing of a covariantized H-flux takes the coordinate-free expression

deb + (N°n)[8, 8] =0,

and therefore can be understood as a Maurer-Cartan element associated to the
deformation K — Kpg.
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as a result of a choice of non-integrable splitting of TP (Kg), which can
be B-transformed into an integrable para-Kahler structure (K)

@ Question: Starting from any K, can we in general find para-Kahler K’,
such that K is a B-transform (+ T-duality?) of K’ (at least in some local
sense)? = “Normal coordinates”?

o Full set of fluxes = include the dual B-transform B : [ — L

o Full deformation theory of Para-Hermitian geometry
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