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What is a geometry ?

Connes’ reconstruction theorem

The whole metric and spin structure of a compact, orientable, Riemannian, spin®
manifold can be encoded in the *-algebra C°° (M) of smooth functions, Hilbert
space L2(S) of square-integrable spinors and the Dirac operator
Dy = iv* (0 + wy) together with the 5 grading and the charge conjugation
operator.
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manifold can be encoded in the *-algebra C°° (M) of smooth functions, Hilbert
space L2(S) of square-integrable spinors and the Dirac operator
Dy = iv* (0 + wy) together with the 5 grading and the charge conjugation
operator.

Spectral triple (A, H,D,~, J)

A is a *-algebra represented on Hilbert space H, v = vT, 42 = 1 is a Z/2Z-grading
commuting with A, J is an antilinear isometry s.th. [Ja*J 1, b] = 0 for all
a,be A
D is essentially self-adjoint operator with compact resolvent and s.th. [D,a] is
bounded for all a € Dom(D) and Dy = —D.
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What is a geometry ?

Connes’ reconstruction theorem

The whole metric and spin structure of a compact, orientable, Riemannian, spin®
manifold can be encoded in the *-algebra C°° (M) of smooth functions, Hilbert
space L2(S) of square-integrable spinors and the Dirac operator
Dy = iv* (0 + wy) together with the 5 grading and the charge conjugation
operator.

Spectral triple (A, H,D,~, J)

A is a *-algebra represented on Hilbert space H, v = vT, 42 = 1 is a Z/2Z-grading
commuting with A, J is an antilinear isometry s.th. [Ja*J 1, b] = 0 for all
a,be A
D is essentially self-adjoint operator with compact resolvent and s.th. [D, a] is
bounded for all a € Dom(D) and Dy = —D.

Moreover DJ = eJD, J? = €'id and Jy = €’'vJ with €, €, = £1 defining
K O-dimension.

There are additional compatibility conditions for D and for ~.
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Almost-commutative geometry for the Standard Model

(C®(M)® (CoH® Ms3(C)),L*(S) ® Hf, Py ® 1+ 75 @ Dy, v5 @ v5, Jur ® Jg)

HfZHLGBHREDHEEBHIC{
Dy € Mos(C)

vy - chirality operator
Jj - exchange particle with antiparticle and complex conjugates
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Almost-commutative geometry for the Standard Model

(C®(M)® (CoH® Ms3(C)),L*(S) ® Hf, Py ® 1+ 75 @ Dy, v5 @ v5, Jur ® Jg)

Hf :HLGBHR@HE@HIC{
Dy € Mys(C)
vy - chirality operator

Jj - exchange particle with antiparticle and complex conjugates

Expansion of the Euclidean spectral action reproduces the effective action for the
SM and allows for the expression of bosonic parameters by fermionic one.
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Questions

1. How to include the Lorentzian structure ?
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Questions

1. How to include the Lorentzian structure ?
2. Is the finite part also Lorentzian ?
3. What does it imply for the SM ?
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Finite pseudo-Riemannian spectral triple of signature (p, q)

(A, H,D,v,J,B)
1. A is a *-algebra represented on an Hilbert space H
2. For p+ qeven v* =, ¥2 = 1 is a Z/2Z-grading commuting with A
3. J is antilinear isometry with [Ja*J~1,b] =0
4. B=p% B2 =1 commuting with A
5. DI = (-1)PBDB
6. [D,a] is bounded
7. Dy=—yD
8. DJ=eJD, J? =¢€id, Jy=¢€'~J
p—qgmod8 | O 1 2 3 4 5 6 7
€ + |- |+ |+t ]|+ -] +]+
€ + |+ -] -] -|-[+[+
e’ + — + —
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Finite pseudo-Riemannian spectral triple of signature (p, q)

10.
11.

12.

p(p—1)
P

By = (=1)PyB, BJ = (-1)
[JaJ 71, [D,b]] =0

orientability : there exist A > ai,aé, wnab i=1,..ksth.

ePJp

k
A ; Y, M even
> JatJa§[D,ai]...[D, ak] = {1, o odd

=1

time-orientation : there exist A 3 b?, bé, N b;, i=1,..,k sth.

k/
B=>_Jb'Jby[D, b]...[D, bf].
i=1
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Motivation

Clifford algebra : vy + VbYa = 2Mabl

v =i 2 1 Aptg

there exists unitary B s.th. By; = ey B and BB* = ¢’. Define J¢ := By*.
D=—3;m;70;

By =¢€'vB

B = i%p(p_l)'n,..'yp

BDB = (~1)PD}
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Finite triples

N

A:@Mni((c)v ’H:@’Hij
2%

i=1

Hi]' = PiHPj ~Chi @Crii @ CM

Yij =V = 1n; @ T35 ® 1n;
Qij = Tij7:; is symmetric for KO-dimension 0 and 4 and antisymmetric for
KO-dimension 2 and 6

Djjw =P JP;J IDP,JPJ 1

there exists £ = Zi;&j P;dPj s.th. D =¢ + JEJ L 46

Djiii = €JDjipd 1

for odd p and some ~;; = &1, r;; > 0 there is no pseudo-Riemannian
structure
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Riemannian from pseudo-Riemannian

) .
Dy = (D+D), D_= (D-D)

We get two Riemannian spectral triples (A, 7, H, D+, J,~), that differ by
K O-dimensions, with additional selfadjoint grading S s.th.

D+ = £(=1)PD+p,

By=(-1P9B, BJ = (-1 Dergp,
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Riemannian from pseudo-Riemannian

) .
Dy = (D+D), D_= (D-D)

We get two Riemannian spectral triples (A, 7, H, D+, J,~), that differ by
K O-dimensions, with additional selfadjoint grading S s.th.

BDx = £(-1)’D+p,
By=(-1P18, pJ = (-1 Dergp
Drg =D+ +D_

Jg=JB, or Jg=JBy

(A,7,H,Dg, Jg,v) is a Riemannian spectral triple of signature (0, —(p + q)).
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Example : Noncommutative Torus

Take H = ¢%2(Z?) ® C? as a Hilbert space with orth. basis {|n,m,®) | n,m € Z}.
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with |A| =1 and take
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Example : Noncommutative Torus

Take H = ¢%2(Z?) ® C? as a Hilbert space with orth. basis {|n,m,®) | n,m € Z}.
Define two unitary operators
7(U)|n,m,£) =|n+1,m,£), 7(V)n,m,£)=A""|n,m+1,4)
with |A| =1 and take

’\/I’nﬁ m, i) = i|n7m7i>7 J‘nvmv :l:> = :F>\mn |—7’L, —m, i)

Bln,m,£) = £iln,m,F), Dln,m,£) = (n£tm)n,m,F).
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Example : Noncommutative Torus

It is a pseudo-Riemannian spectral triple of signature (1,1) that is time-orientable,
ie. g =4VI[D,V].
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Example : Noncommutative Torus

It is a pseudo-Riemannian spectral triple of signature (1,1) that is time-orientable,
ie. B =14VI[D,V]. We have

Dy nym,£) = nlnm,F), D_|n,m,+) = tim |n,m, F)

and
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Example : Noncommutative Torus

It is a pseudo-Riemannian spectral triple of signature (1,1) that is time-orientable,
ie. B =14VI[D,V]. We have

Dy n,my£) = nlnym, F), D_ |n,m,+) = *im n,m, F)
and

Dg|n,m,£) = (ntim) |n,m,F), Jg|n,m,x)=EN""i|n,m,F).

Arkadiusz Bochniak!



Example : Noncommutative Torus

It is a pseudo-Riemannian spectral triple of signature (1,1) that is time-orientable,
ie. B =14VI[D,V]. We have

Dy n,m, %) =nln,m,F), D-|n,m,+) = £im|n,m,F)
and
Dg|n,m,£) = (ntim) |n,m,F), Jg|n,m,x)=EN""i|n,m,F).

These give the data of the usual equivariant Riemannian spectral triple over the
noncommutative torus.
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Example : Functions over 2-point space

Take A = C2, H = @ H, ; with H;; = C for 4,5 = 1,2.
ij
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Example : Functions over 2-point space

Take A =C2 H = @ H;,j with Hi; = C for ¢,5 = 1,2. We define J, y as matrices:

%,

1 0 0 0 1 0 0 0

0 -1 0 0 Soloo 1o,
1o o -1 0| Tl o 10 o0 :

0 0 0 1 00 0 1
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Example : Functions over 2-point space

Take A =C2 H = @ H;,j with Hi; = C for ¢,5 = 1,2. We define J, y as matrices:

%,

1 0 0 0 1 0 0 0

0 -1 0 0 Soloo 1o,
1o o -1 0| Tl o 10 o0 :

0 0 0 1 00 0 1

Now, we can easily identify a nontrivial additional symmetry (Z/2Z-grading)
and construct a Dirac operator D4, which is real, satisfies first-order condition
and commutes with 3:

1 0 0 0 0 d d* 0
01 0 o0 & 0 0 0
=10 01 o | Dt = d 0 0 0
00 0 -1 0 0 0 0
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This data gives us a Riemannian real spectral triple of KO-dimension 0 over the
algebra of functions on two points, which has an additional symmetry.
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This data gives us a Riemannian real spectral triple of KO-dimension 0 over the
algebra of functions on two points, which has an additional symmetry.

In contrast to the full Riemannian spectral triple, where the Dirac operator has
two arbitrary complex entries the restriction due to the S-symmetry gives only one
free parameter into the family of possible Dirac operators.
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free parameter into the family of possible Dirac operators.

Similarly we construct D_, which satisfies D_3 = —8D_.
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Both these triples could be seen as Riemannian parts of a pseudo-Riemannian
spectral triple with signature (4,4) or (0,0).
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This data gives us a Riemannian real spectral triple of KO-dimension 0 over the
algebra of functions on two points, which has an additional symmetry.

In contrast to the full Riemannian spectral triple, where the Dirac operator has
two arbitrary complex entries the restriction due to the S-symmetry gives only one
free parameter into the family of possible Dirac operators.

Similarly we construct D_, which satisfies D_3 = —8D_.

Both these triples could be seen as Riemannian parts of a pseudo-Riemannian
spectral triple with signature (4,4) or (0,0).

The full Dirac operator D:

0 d d* 0
d* 0 0 c
D= d 0 0 c* ’

where ¢, d are arbitrary complex numbers.
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The Standard Model

Af=CoHe Ms3(C), Hf=(H ®Hy)® (HoHqg)
Hl = <{VR76R7(VL76L)}>

Hy = ({ugr,dr, (ur,dr)}e=1,2,3)
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The Standard Model

Af=CoHe Ms3(C), Hf=(H ®Hy)® (HoHqg)
Hl = <{VR76R7(VL76L)}>

Hy = ({ugr,dr, (ur,dr)}e=1,2,3)

7\, h,m) =A@ AP h on H; and Hy

7(X\,h,m) = X on Hj and 14 ® m on Hy

(s Tt (S
=3 5) s (s

Tvr = YRUR
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The Standard Model

Y,

Ye

v¢ - chirality grading
Jy - real structure
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The Standard Model

Y,

Ye

v¢ - chirality grading
Jy - real structure

Yq

@ The existence of right neutrinos implies nonorientability of the geometry

@ It is well known that the above Dirac operator is not unique within the
model-building scheme of noncommutative geometry. Even the introduction
of more constraints, like the second-order condition or Hodge-duality does
not allow to exclude the terms, which would introduce the couplings

between lepton and quarks and lead to the leptoquark fields
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The Standard Model

There exists 0-cycle
B=mn(1,1,-1)Jpm(1,1,-1)J 5"

that is a Z/2Z-grading which distinguish between leptons and quarks.

Arkadiusz Bochniak!



The Standard Model

There exists 0-cycle
B=mn(1,1,-1)Jpm(1,1,-1)J 5"

that is a Z/2Z-grading which distinguish between leptons and quarks.
Moreover, this 8 makes the geometry to be a finite pseudo-Riemannian spectral
triple of signature (4k,4k 4+ 2 (mod 8)) with k& € N.
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The Standard Model

There exists 0-cycle
B=mn(1,1,-1)Jpm(1,1,-1)J 5"

that is a Z/2Z-grading which distinguish between leptons and quarks.
Moreover, this 8 makes the geometry to be a finite pseudo-Riemannian spectral
triple of signature (4k,4k 4+ 2 (mod 8)) with k& € N.

(Ay,Hy,Dy,vy5,J5,B) could be seen as a Riemannian restriction of a real even

pseudo-Riemannian spectral triple of signature (0, 2).
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Possible pseudo-Riemannian structures for the Standard Model

Take as a Hilbert space H 2 F ¢ F* with

vr ul ud b
en dy di dd
vy, “}, u% ui

ep dY &2 &

F>v= € My(C).

Vectors from H can be represented as {Z] , with v, w € M4(C).
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Possible pseudo-Riemannian structures for the Standard Model

Take as a Hilbert space H 2 F ¢ F* with

vr ul ud b
en dy di dd
vy, “}, u% ui

ep dY &2 &

Fs>v= € My(C).

Vectors from H can be represented as {Z] , with v, w € M4(C). The real structure

] =[]
w v
We can identify Endc(H) with M4(C) ® M2(C) ® M4(C) and denote by e;; a

matrix with the the 1 in position (¢, j) and zero everywhere else.

is given by
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Possible pseudo-Riemannian structures for the Standard Model

Elements of the algebra A = C @ H & M3(C) are represented by

A
5\ 0

0 q

A 0

®611®1+|: 0

m :|®€22®17

where A € C,q € H and m € M3(C).
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Possible pseudo-Riemannian structures for the Standard Model

Elements of the algebra A = C @ H & M3(C) are represented by

A
5\ 0

0 q

A 0

®611®1+|: 0

m :|®€22®17

where A € C,¢q € H and m € M3(C). The grading is of the form

1 1
y= |2 Qe ®1+1Qen®| 2 .
—19 12
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Possible pseudo-Riemannian structures for the Standard Model

Elements of the algebra A = C @ H & M3(C) are represented by

Aol o A |0
®e11 ®1+ Qe ®1,
0 q 0 m

where A € C,¢q € H and m € M3(C). The grading is of the form
1 -1
v={2 1]®611®1+1®622®{ 2 }
—12 12

The Dirac operator is of the form

D = Do + D1,

where D1 = JDgJ 1.
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Possible pseudo-Riemannian structures for the Standard Model

We would like to have a spectral triple of KO-dimension 6, with a selfadjoint
Dirac operator, but such that commutes with a suitable 8 that represents the
shadow of a pseudo-Riemannian structure.
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Possible pseudo-Riemannian structures for the Standard Model

We would like to have a spectral triple of KO-dimension 6, with a selfadjoint
Dirac operator, but such that commutes with a suitable 8 that represents the
shadow of a pseudo-Riemannian structure. Let us now take the general form of a
Dirac operator that satisfies an order-one condition. We have

M N
DO:{MT }®eu®611+{]\ﬁ ]®€11®(1*611)+

A B AT 0
+{0 0}@612@611+{BT 0}@621@611,

where M, N, A, B are 2 X 2 complex matrices.
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Possible pseudo-Riemannian structures for the Standard Model
We look for a 8 that is a 0-cycle, i.e. a sum of elements of the form
1

B =7n(A1,q1,m1)Jm(A2, g2, m2)J ",

with A1, A2 € C, q1,q2 € H, m1,ma2 € M3(C).

Arkadiusz Bochniak!



Possible pseudo-Riemannian structures for the Standard Model

We look for a 8 that is a 0-cycle, i.e. a sum of elements of the form

B =m(A1,q1,m1)Jm(Ae, g2, m2)J ",

with A1, A2 € C, q1,q2 € H, m1,ma2 € M3(C).
Up to the trivial rescaling (by —1) we have three possibilities.

@ w(1,1,-1)
@ w(1,-1,1)
® (—1,1,1)
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Possible pseudo-Riemannian structures for the Standard Model

We look for a 8 that is a 0-cycle, i.e. a sum of elements of the form
B =m(A1,q1,m1)Jm(A2, g2, m2) ],

with A1, A2 € C, q1,q2 € H, m1,ma2 € M3(C).
Up to the trivial rescaling (by —1) we have three possibilities.

@ w(1,1,-1)
@ w(1,-1,1)
® (—1,1,1)

For the case 8 = m(1,—1,1)Jn(1,—1,1)J ! the restrictions for the Dirac operator
are M = N = 0 and no restriction for A, B.
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Possible pseudo-Riemannian structures for the Standard Model
We look for a 8 that is a 0-cycle, i.e. a sum of elements of the form
B =m(\,q1,m1)Jm(Aa, g2, m2)J !,

with A1, A2 € C, q1,q2 € H, m1,ma2 € M3(C).
Up to the trivial rescaling (by —1) we have three possibilities.

@ m(1,1,—1)

@ w(1,-1,1)

@ m(—1,1,1)
For the case 8 = m(1,—1,1)Jn(1,—1,1)J ! the restrictions for the Dirac operator
are M = N = 0 and no restriction for A, B. Furthermore, if

B =m(=1,1,1)Jn(=1,1,1)J ! then again M, N, B = 0 and A has to satisfy
A= A-diag(1,-1).
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Possible pseudo-Riemannian structures for the Standard Model

We look for a 8 that is a 0-cycle, i.e. a sum of elements of the form
B =m(A1,q1,m1)Jm(A2, g2, m2) ],

with A1, A2 € C, q1,q2 € H, m1,ma2 € M3(C).
Up to the trivial rescaling (by —1) we have three possibilities.
@ m(1,1,—1)
@ w(1,-1,1)
@ r(—1,1,1)
For the case 8 = m(1,—1,1)Jn(1,—1,1)J ! the restrictions for the Dirac operator
are M = N = 0 and no restriction for A, B. Furthermore, if
B =m(=1,1,1)Jn(=1,1,1)J ! then again M, N, B = 0 and A has to satisfy
A = A-diag(1,—1). It is worth noting that both of these restrictions lead not only

to unphysical Dirac operators that do not break the electroweak symmetry but
also do not satisfy the Hodge duality.
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Possible pseudo-Riemannian structures for the Standard Model
We look for a 8 that is a 0-cycle, i.e. a sum of elements of the form
B =m(\,q1,m1)Jm(Aa, g2, m2)J !,

with A1, A2 € C, q1,q2 € H, m1,ma2 € M3(C).
Up to the trivial rescaling (by —1) we have three possibilities.

® (1,1,-1)
@ w(1,-1,1)
® (—1,1,1)

For the case 8 = 7(1,—1,1)J7x(1,—1,1)J ! the restrictions for the Dirac operator
are M = N = 0 and no restriction for A, B. Furthermore, if

B =m(=1,1,1)Jn(=1,1,1)J ! then again M, N, B = 0 and A has to satisfy

A = A-diag(1,—1). It is worth noting that both of these restrictions lead not only
to unphysical Dirac operators that do not break the electroweak symmetry but
also do not satisfy the Hodge duality.

Finally, with the 8 = 7(1,1, —1)Jn(1,1,—1)J~! we have no restriction whatsoever
for M, N while then B = 0 and A needs to satisfy: A = A - diag(1,—1). That
leaves the possibility that Aj; and Ag; coefficients are present, providing no
significant physical effects, and in particular leading only to terms involving a
sterile neutrino.
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Summary

@ We proposed new definition of the finite pseudo-Riemannian spectral triples

@ We proposed an alternative explanation of the observed quarks-leptons
symmetry which prevents the SU(3)-breaking, as a shadow of the
pseudo-Riemannian structure

@ We proposed that the consistent model-building for the physical interactions
and possible extensions of the Standard Model within the noncommutative
geometry framework should use possibly the pseudo-Riemannian extension
of finite spectral triples. We demonstrated that the pseudo-Riemannian
framework allows for more restrictions and, in the discussed case introduces
an extra symmetry grading, which we interpreted as the lepton-quark
symmetry
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