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Minimal Inflation

Inflation solves the horizon and flatness problems. When treated
quantum-mechanically, it can also provide a mechanism for the generation of
the perturbations that have resulted in the anisotropies observed in the CMB.
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Slow-roll Approximation (HSRPs)

Slow-roll approximation:
V(g)>¢*,  [o| < [3H], [V
First Hubble slow-roll parameter (HSRP)
H 392 i N
EH=—"—""%5 = —— —=H*(1—¢
SR T fyay o )

Inflation ends exactly when ey = 1.
Second HSRP .
_9

H¢

Friedmann and Klein-Gordon equations become

H =
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Slow-roll Approximation (PSRPs)

The shape of the potential is encoded in the potential slow-roll parameters
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Number of e-folds and Inflationary Observables

The HSPRs can be related to the PSRPs through the Friedmann and
Klein-Gordon equations. One finds Liddle et al. astro-ph/9408015
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Taylor expansion (1st order)
€g = €y, nH =1V — €v
Scalar spectral index and tensor-to-scalar ratio
ng =1—4eg + 2ng ~ 1 — bey + 2y, r = 16eg ~ 16ey

Number of e-folds
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Planck 2015 Results
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Scalar-Tensor Gravity

5= [d'ay=g { GA@R - JB@)" (7,8) (V.0) = V@) } + 5, [ V]

A conformal rescaling and field redefinition can fix two of the model functions
to get different parametrizations, e.g..

@ Jordan frame Boisseau-Esposito-Farése-Polarski-Starobinski parametrization
A=F(¢p), B=1, V=V(¢), o=0,

@ Jordan frame Brans-Dicke-Bergmann-Wagoner parametrization

A=, B:“’f), V=V(T), o=0,

@ Einstein frame canonical parametrization

A=1 B=2 V=V(p), o=0a(p)
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Outline of the Paper

Scalar-tensor gravity action:

1 1
5= [d'ay=g{GA@R - JB@)" (7,8) (V.0) V@) } + 5, [ Vg0]
What we do:
@ Infroduce quantities invariant under conformal rescaling and scalar field
redefinition

@ Write the field equations in ferms of these invariants

@ Calculate inflationary observables up fo third order in the slow-roll
approximation

@ Express inflationary observables in terms of invariants
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Transformation rules

5= [atev=g {JA@R- LB@) (7,8) (7.0) - V(@) } + 5, [ g0.]

@ Under conformal rescaling and scalar field reparametrization

G = 62*7(@)@“/’ ¢ = JF((T)) )

the functions transform as Flanagan gr-gqc/0403063

= 2@y (f(®),
= D [(F)2B(f(@)) - 6(7)2A (f(®)) — 67 F AT,

)
)

V(@) = TPV (f(@),
| )

= o (f(®)) +7(2),

@ Use these rules to find combinations which remain invariant.

Alexandros Karam (University of loannina) arXiv: 1707.00984 Corfu, September 6 2018 9/28



Scalar Invariants

Three basic independent quantities, invariant under rescaling and
reparametrization Jarv et al. 1411.1947:

620'(<I>)
Matter coupling invariant I (®) = (@)
V(P)
Potential i jant Tyv(®) =
otential invarian V( ) (.A(<I>))2
N2\ 1/2
Field invariant Ty(®) = / (W) de

e dZ,,/d® # 0 means nonminimal coupling
e dZy/d® # 0 means nonvanishing mass or self-interactions

e dZ;/d® # 0 means ® is dynamical--the integrand can be interpreted as
an invariant volume form of the 1-dimensional space of the scalar field.
Kuusk et al. 1605.07033,1509.02903
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Classification of Inflationary Models Jar et al. 1612.06863

Induced gravity inflation:
gravity inficr Starobinsky inflation: f(R) = R + bR>

A®) = @
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Classification of Inflationary Models

AK, Pappas, Tamvakis 1707.00984

A _ e\ 2 1 _27\2
Iv(Zy) = ? (1 —e 1+6§Z¢’> Iy(Zy) = 3D (1 —€ \/§I¢)
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Tensorial Invariants and FLRW Cosmology

Use the transformation properties of the model functions to define tensorial
invariants:

Inv. Einstein: G, = A(®)g,,, Inv.Jordan: g, = eza(q))gw, =T Guv
FLRW:  ds? = g dztda” = —dt? + (a(t))? 6;jda’da’ .
Due to homogeneity and isotropy. the scalar field and the invariants may only

depend on the cosmic time, i.e. Z; = Ii(t) etc. We can also put the invariant
metric g,,,, also in a FLRW form:

d 14 o

An analogous fransformation, namely
d 1 d ~ — lda 1 ~ 1dInZ,
—=——, a(t)=+vIna(t H=-—=—+|\H+ -—+—
dt I, di’ Q mél) adt \/Im< 2 di >
takes the invariant metric g,,,, to the FLRW form as well, but with different time
parameter.
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Slow-roll in the Einstein Frame

The field equations in terms of the invariants in the EF have the form

o 1| /azs\?
H? = - 5’) +T
3[(dt v

The standard HSRPs are

ez di 24z,

5 <

df dz,\? d°z _dZ, 1dT
fo () i

dt S 2dZ,

o
o
\
\
>
>
Il

f -1

L dA ()
dt dt?

Introduce new series of Hubble slow-roll parameters:

. 1Az, \* . 1 dko o . 1 di;
Ro = = 2), k= — -2 =2(—+&), Rig1=———
°T he2 < i ) " Hi, df (=1 +é), A H#, di
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Slow-roll in the Jordan Frame

The field equations in terms of the invariants in the JF have the form

2! <dI¢>2+HdlnIm 1 <dlnIm)2 1 Iy

3\ dt dt 4\ dt 3T,
d’T, — dInZ,\ dZ, 1 dZy
- (*31” G ) o T, dz,
dH _ 1pdinZy, 1 (dInZ, P (dT,\? | 1d*InZ,
at = 2 dt 4 di dt 2 df?
The standard HSRPs in the JF have the form
1 dH _dz,\ "' 4%z,
€GO=——=—=—— n=-—H— —
o="ma " ( di ) e
Introduce new series of Hubble slow-roll parameters:
_ 1 dZ, 2 _ 1 dgkg o _ 1 dk;
= —= — ], = ———=2(— , i1 = =——
"= ( dt ) M=~ 2R, R = e
1 dlnZ,, - 1 dXo 1 d\
0= o7 —, M= =——, ANj1=5——=
2H dt H)\y dt H\; dt
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Invariant Potential Slow-roll Parameters

The potential slow-roll parameters are manifestly invariant

1 [/dTy\? 1 (dTy
€ = — _— _—— [EE——
"Tag\az,) 0 "V T a2

Higher-order parameters can be encoded in

o (LY () (@
V= 27Ty dZ, dIgH‘l)

@ (dIV> BTy
V —
473 \dZ, ) \ dZ}

FR <d2IV> (d4IV>
vV = 3 2 4
873 \ dZ2 dz}
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Einstein Frame Results

Using the Green’s function method of Stewart, Gong astro-ph/0101225
Scalar spectral index:

fis =1 — 2Ro — A1 — 2kg + k12 + (20 — 3)Rok1 — 2&f + (6o — 17 + 7°)Ag i

)i
2 2 2
+<—2+“—)ﬁﬁe2+(—a—+” >/€mg—|—< a +3a—7+—)@a

Tensor-to-scalar ratio:

2 2 2 2 2
A 161 — ok _ T ap @ _ T\ g2 X T Nen
1"—16/'-@0{1 oml—i—( a+5 2)}1051—1—(2—1—1 8)H1+<2 24) H2:|

where a = (2 —In2 — v) ~ 0.729637 and v ~ 0.577216.
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Jordan Frame Results

Scalar spectral index:
fis =1 — 2R — R1 — 2Rg — 2XoA1 + aR1Re — R1do — 4Roho + (2a — 3)R1ko — 2R
2
— 8oy — 6AgRo + (6o — 17 + ) RgR1 — Raing + (—2 + %) Rif2

o 7

P!
=+ 20&5\05\15\2 + (605 — 9)5\01_4/0/%1 + (404 — 4);05\11_4/0 + (CM + 1)1_4/15\05\1 + ZOéXOI_ﬂELQ

2
—4A5M + 2a00AT + <— RiR3 + <—a2 +3a—-T7+ %) RoR1

2 TN a?
+ | —« +4a—7—|—ﬁ Rok1R2 + —74‘@ K1K2K3

Tensor-to-scalar ratio:

2
F=16Ro |14 2Xo — a1 4 3A5 — 2ahoA1 — 3ahoR1 + (—a +5— l) RoR1

2
_|_ :+1_: RQ‘F :_: R R
2 8 ! 2 24 12
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Equivalence of the Frames

Expanding the EF slow-roll parameters up to third order in the JF slow-roll
parameters:

ko &~ Ro + 21‘%05\0 + 3/7&05\%, k1 ~ K1+ Félj\o + /7&15\(2) + 2;\05\1 + 45\3;\1,
fiko R R1Ro 4 2R1RaN0 + F1AoAL + 20007 + 2X0A1 \a,
RoR1Ro = RoR1Rky, Ri1koky = R1RaR3.
Then, plugging the above in the EF expressions for the indices we find
ng =mng,
r=T.
Therefore, the spectral indices calculated in the EF and JF coincide. Since the
Green’s function method is valid up to arbitrary order in the slow-roll expansion,

we expect the equivalence between the spectral indices in the JF and EF to
also hold to all orders.
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Invariant Expressions for the Inflationary Observables

Scalar spectral index:

10
ng =1— 6ey + 2nv + <24a — ?) — (16 + 2) evnv + 3nv + (2a + ) CV

_ <90a2 _ 104 . 3734 877 )E% N <90a2 L4, 1190 87e? )E%V

3 9 2 3 3 2

42 28x?
_ (16012 + 12« 79 8; > 6v7]%/ — (12(12 + 4o + % — 47r2) eVC‘Q/

(a2 8a s B BTN 2 A (2,2 2 T
39T 3 g ) VeV T gV 3%T9 T 12) PV

Tensor-to-scalar ratio:

4 2 2 1472
r = 16ey —(da+ <z )ev+ |20+ - | v + 160> —1——8 +@— il e%/
3 3 9 3
88  7n? 1 =

—(14a* +1 = 202 + 204+ — — — | ni

( a+0a+3 2)6v7iv+<a+a+9 2)77\/
5 2 2 7\
+(O‘+3a+9 12) %
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Number of e-folds

The number of e-folds is usually defined in the EF as

N A 1 1 1
dN=Hdt=dlna=—-——dZy = ———=dZy = — dZ,.

Vie T Va7 Vem ©
The number of e-folds in the JF becomes

o 1 1dInTZ,
AN =dN + - dInZ, = ( - - dzZ,.
tadm < Jar 2 g, ) ¢
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Non-minimal Coleman-Weinberg Inflation

The model functions are Kannike, Racioppi, Raidal 1509.05423
A(®) =£9*, B(®) =1, o(®)=0

(I)Q

V(®) = A* + B,\q) <ln
v

Minimize and rewrite the potential as

_ 4 P2 P! _ 146e (@
SR R G

Invariant potential Zy, in terms of Z

28 —4,/-2% 1
Ty =A* |4 T |
v < 1+ 6¢ st e >

Alexandros Karam (University of loannina) arXiv: 1707.00984 Corfu, September 6 2018 22 /28



Non-minimal Coleman-Weinberg Inflation

Interpolates between quadratic and linear inflation (which is an attractor
solution AK, Marzola, Racioppi, Pappas, Tamvakis 1711.09861)
4

V3

Doleso ~16EAT TS, Tyleoo ~ —= AT,

0.15;
0.10¢

0.05;

: — 'n
095 096 097 0.98 0.99°
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Non-minimal Coleman-Weinberg Inflation

ng) ngll) ey e ¢
N =60 | 0.96702 | 0.96712 | 0.12782 | 0.12552 | 107°
N =60 | 0.96699 | 0.96709 | 0.12792 | 0.12562 | 10~°
N =60 | 0.96935 | 0.96956 | 0.09655 | 0.09466 | 107>
N =60 | 0.96911 | 0.96933 | 0.09736 | 0.09544 | 1073
N =60 | 0.97451 | 0.97477 | 0.06796 | 0.06675 | 0.1
N =60 | 0.97320 | 0.97348 | 0.07148 | 0.07013 | 0.1
N =60 | 0.97482 | 0.97507 | 0.06716 | 0.06597 | 10
N =60 | 0.97276 | 0.97305 | 0.07264 | 0.07125 | 10

CORE 1612.08270 and LiteBIRD 1311.2847 will measure r with accuracy of 0.001.
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Non-minimal Coleman-Weinberg Inflation

4r — N - 60 e—folds
— N — 50 e—folds

10-5 104 0.001 0.010 0.100 1 10
g
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Related Results

Other observables/features computed in terms of invariants

@ Parametrized post-Newtonian parameters for point mass and cosmological
de Sitter attractor solutions Jéarv, Kuusk, Saal, Vilson 1411.1947

@ Parametrized post-Newtonian parameters for homogeneous sphere
Hohmann, Scharer 1708.07851

@ Correspondence of frames even at the wpp — 0 limit Jarv, Kuusk, Saal,
Vilson 1504.02686

The formalism of invariants has been generalized to
@ Multiscalar-tensor gravity fields Kuusk, Jarv, Vilson 1509.02903
@ Scalar-tensor gravity in the Palatini approach Kozak, Borowiec 1808.05598
@ Scalar-torsion gravity Hohmann 1801.06531
@ Higher-dimensional scalar-tensor gravity AK, Lykkas, Tamvakis 1803.04960
In progress...

@ Anatomy of inflationary attractors Jarv, AK, Runkla, Saal
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Summary and Conclusions

@ Non-minimally coupled field can also drive inflation
@ Such models belong to the class of scalar-tensor theories
@ Frame issue can be circumvented by the introduction of invariants

@ We calculated the inflationary observables up to third-order in the slow-roll
approximation in both frames and showed their equivalence

@ We expressed the observables in terms of PSRPs which are invariant

@ However, number of e-folds differs in the two frames. We regard the

Jordan e-folds as the fundamental one since it can be expressed in terms
of all three principal invariants and also includes the Einstein definition
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Horizon Problem

s T T T T T T
o 1100 10 3 /i 0 \ 3 10 1100
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E % g
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doa4 B
é 30l 0.4 E
= | E
e Ho2 8
S wf- &
£ | Y o1
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A1) 5
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-
= -
=
= 20—
=]
g B
-30 —
-40 —

causal contact
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Flatness Problem

The Friedmann equation (with zero cosmological constant),

1 K K

For some earlier fime t; we can write

1= Q(t) = [1 - 2(to) (?“‘”)2

a(t;)

0—44

If we go back to the Planck time, tp; ~ 5 X 1 s, we find

1— Q(tpl) <1076,

During inflation, the Hubble parameter H is almost constant and the scale
factor grows as

a(t) ~ Geng exp [Hy (t — tend)] = exp[-N()], 1—Qoxe 2N 50

28 /28
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Horizon Evolution

comoving
scales
(aH)™!
~ 4
~ '
~ k4
~ 'l
RN R = const. .7
. S . 7
subhorizon s superhorizon .
e - E~ 1

o — H

[ 7 ! 1

' ~ s ' ' '

oo - | | i

N ‘ | | H

~ 7’ i i 1

~ 4 H H H
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~ ‘< ' ' '
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~ 4 ] 1 1

e i i i
- — 4 : : » time

horizon reheating horizon VB today
exit ” re-entry N

s Karam (University of loannin arXiv: 1707.00984 Corfu, September 6



Mukhanov-Sasaki Equation

The evolution of linear (tensor and scalar) curvature cosmological perturbations
in a flat FLRW background and in the presence of a scalar inflaton field is
governed by the Mukhanov-Sasaki equation (MSE) which reads

d?v , 1d%z .
@ (kzd7'2>1/_0’ V:ZRk

For tensor and scalar perturbations:

a 2 a  dz, a dZ,
— — g _—— — 27 ~ .
SRV e \/;H(l—/\o) @~ Vha

Asymptotic solutions for v (subhorizon and superhorizon limit)

[t
——e T as — kT — 00,
vV — vV 2k
Az as — k7t — 0.
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Green’s Function Method

By infroducing the dimensionless variable x = —k7 and redefining the field as
y = VvV 2kv, the asymptotic solutions become

e " as © — 00,
Y V2kArz as © — 0.

Also, by assuming the following ansatz for z:

z= éf(ln;zc)7

we can recast the MSE in the form

d?y 2 1
d2 <1 - xz) y= ﬁg(lnif)y,
where the function g is defined through
1 1 21
g(lnz) = _3df(nm) d*f(lnz)
f(nx) dlnz d(Inx)?

arXiv: 1707.00984 Corfu, September 6 2018
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Green’s Function Method

The homogeneous solution with the appropriate asymptotic behavior at

T — 00 s ]
)
= ]_ —_

We can rewrite the MSE as an integral equation

oo

@) = wnla) + 5 [ dusgnuy(u 4w (o) - v (@)ow)

T

Taylor-expanding xz around x = 1 in the following way:

zz= f(lnz) = Zf—'(lnx) fn:m

n=0

The second-order power spectrum is then given in terms of the coefficients f,
f1and f5 as

- (o ) () ()]
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