An Introduction to Nonassociative Physics

Richard Szabo

ERIOT " MAXWELL INSTITUTE FOR
WATT 1 MATHEMATICAL SCIENCES

UNIVERSITY

ZcoskE Action MP 1405

Quantum Structure of Spacetime

HORmozo

Dualities and Generalized Geometries
Corfu Summer Institute September 13, 2018



Outline

Introduction: A brief history of nonassociativity in physics

Magnetic Poisson brackets

Classical & quantum dynamics in fields of magnetic charge

Closed strings in locally non-geometric flux backgrounds

M2-branes in locally non-geometric flux backgrounds

M-waves in locally non-geometric KK-monopole backgrounds



Jordanian Quantum Mechanics

If A, B are Hermitian operators, then
sois AoB=131(AB+BA) (Jordan 32):

AoB = BoA , (A%0B)oA = A%0(BoA)




Jordanian Quantum Mechanics

If A, B are Hermitian operators, then
sois AoB=131(AB+BA) (Jordan 32):

AoB = BoA , (A%0B)oA = A%0(BoA)

» Commutative, nonassociative “special” Jordan algebra

» Sufficient to demand “alternative”: (AB)A = A(BA) — use to
define noncommutative Jordan algebras (Albert '46; Shafer '55)



Jordanian Quantum Mechanics

If A, B are Hermitian operators, then
sois AoB=131(AB+BA) (Jordan 32):

AoB = BoA , (A%0B)oA = A%0(BoA)

Commutative, nonassociative “special” Jordan algebra

Sufficient to demand “alternative”: (AB)A = A(BA) — use to
define noncommutative Jordan algebras (Albert '46; Shafer '55)

Only 3 x 3 Hermitian matrices over octonions O are non-special
(Jordan, von Neumann & Wigner '34; Zelmanov '84; ...)

“Octonionic quantum mechanics” satisfies von Neumann axioms,
no Hilbert space formulation (Giinaydin, Piron & Ruegg '78)
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» Only 4 normed division algebrasover R: R , C , H , O

» Octonions Q: ag+ajer +are + -+ a; & noncommutative
Jordan algebra with multiplication given by Fano plane:

(e
e e =e; = —e5 e etc.
ef‘ =-1
eaeg = —daB + MaBC €c

Symmetry: G, C SO(7)

©, \&/ N

> Rewrite e4,65,656 = f1, b, f:
[er, &] 2¢€ijk ek [er,ei] = 2f;
[fi, fi] —2¢jjk € , [er,fi] = —2¢
lei, il = 2(djer — i fi)

» Jacobiator: [G‘A., es, ec] = —12 NABCD €D = 6 ((eA eB) ec — éa (eB ec))
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Nambu Dynamics

Bi-Hamiltonian dynamics with Nambu—Poisson 3-bracket on R3:
{f,g, h} = EUk 8;f8jg6kh
obeying Leibniz rule and “fundamental identity” (Nambu '73)

Euler equations [+@xL=0 for rotating rigid body in R3
equivalent to bi-Hamiltonian equations:

Li={L;,[%T}
where T =13 [-& and 8, =0/0L;
Quantization? Nambu—Heisenberg bracket := “half-Jacobiator”:
[A,B,Clxu = [A,B]C+[C,A|B+[B,C]A

Nambu later suggests to use nonassociative algebras to quantize
3-bracket as a Jacobiator:

[A. B, C] = [[A,B], C] +[[C, A], B] + [[B, C], A]

Related to formulating nonassociative quantum mechanics
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Nonassociativity in String/M-Theory

Closed string field theory: L..-algebras (Strominger '87; Zwiebach '93)

D-branes in curved backgrounds: H = dB controls Jacobiator
(Cornalba & Schiappa '01; Herbst, Kling & Kreuzer '01)

Topological T-duality of principal torus bundles

(Mathai & Rosenberg '04; Bouwknegt, Hannabuss & Mathai '06;
Brodzki, Mathai, Rosenberg & Sz '08)

Multiple M2-branes & 3—a|gebras (Basu & Harvey '05; Bagger & Lambert '07)

Open M2-branes in C-field backgrounds: Quantization of

Nambu—Poisson 3-brackets (Bergshoeff, Berman, van der Schaar & Sundell '00;
Kawamoto & Sasakura '00; Chu & Smith '09; Sdmann & Sz '12)

Gy- and Spin(7)-backgrounds of M-theory

In these lectures, we focus on two related occurences:
» Magnetic monopoles (Jackiw '85; Giinaydin & Zumino '85)

> Locally non-geometric string & M-theory backgrounds

(Blumenhagen & Plauschinn '10; Liist '10; Mylonas, Schupp & Sz '12;
Giinaydin, List & Malek '16; Kupriyanov & Sz '17; List, Malek & Sz '17;
Freidel, Leigh & Minic '17; ...)
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Magnetic Poisson Brackets

M =R? configuration space x/, M* momentum space p;,
M = T*M = M x M* phase space X' = (x, p;), with canonical
symplectic 2-form wqy = dp; A dx’

B € Q2(M) ‘magnetic field' deforms wg to almost symplectic form:

wB:wo—B

0 = agl defines magnetic Poisson brackets {f,g}g = 05 0,f 0,8
of f,g € C*(M):

{(xX.x}s=0 , {<,p}e=07 ., {pi.p}s=—Bjx)

H-twisted Poisson structure on M with H = dB ‘magnetic charge’
[05,08]s = \° HﬁB(de) gives nonassociative algebra with
Jacobiators {f,g, h}p = [08,08]5X 0/f 0,8 Ok h:

{pi, pj, P }B = —Hiji(x)
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» d =3 and Bj = ec;x BX governs motion of electric charge e in a
static magnetic field B on R3
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» dB =0 gives classical Maxwell theory V-B =0 , B=V xA
» Dirac monopole field on R3\ {0}: V- Bp = 47 g 60)(x)

= X
Bp = g >3
|X]
> In the lab: Neutron scattering off spin ice pyrochlore lattices
(Castelnovo, Moessner & Sondhi '08; Morris et al. '09; ..
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» d =3 and Bj = ec;x BX governs motion of electric charge e in a
static magnetic field B on R3
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» dB =0 gives classical Maxwell theory V-B =0 , B=V xA
» Dirac monopole field on R3\ {0}: V- Bp = 47 g 60)(x)

= X
Bp = g >3
|X]
> In the lab: Neutron scattering off spin ice pyrochlore lattices
(Castelnovo, Moessner & Sondhi '08; Morris et al. '09; ..
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» Smooth H = dB # 0 gives smooth distributions V- B #0
of magnetic charge
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Locally Non-Geometric Fluxes

Born reciprocity (x, p) = (p, —x) preserves wp, maps
B € Q2(M) — B € Q?(M*) with twisted Poisson brackets:

{<',\X}s==p"p) , {xX.pts=05 , {pp}s=0
Twisting by ‘R-flux’ R =dS € Q3(M*) gives nonassociative
configuration space:

{x', %, x"}s = —=R™(p)
R-flux model: Phase space of closed strings propagating in
‘locally non-geometric’ R-flux backgrounds

M = T3 with H-flux gives geometric and non-geometric fluxes via
T—duality (Shelton, Taylor & Wecht '05)
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Locally Non-Geometric Fluxes

Born reciprocity (x, p) = (p, —x) preserves wp, maps
B € Q2(M) — B € Q?(M*) with twisted Poisson brackets:

{<',\X}s==p"p) , {xX.pts=05 , {pp}s=0
Twisting by ‘R-flux’ R =dS € Q3(M*) gives nonassociative
configuration space:

{x', %, x"}s = —=R™(p)
R-flux model: Phase space of closed strings propagating in
‘locally non-geometric’ R-flux backgrounds

M = T3 with H-flux gives geometric and non-geometric fluxes via
T—duality (Shelton, Taylor & Wecht '05)

Hie s o s @F, &k Rik
Sends string winding (w') € Hi(T3,Z) = Z* to momenta (p;)

. ) T; . e
In Double Field Theory: Hy = 0By +— R = JlipHl
(Andriot, Hohm, Larfors, Liist & Patalong '12)
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Classical Motion in Fields of Magnetic Charge

» For d = 3, motion in magnetic field B (with or without sources)
governed by Lorentz force

—

p=—pxB , f=mx

3o

Hamiltonian equations X! = {X!'H} g for H = 2i p2

m

> ,§ — constant:

Motion follows helical trajectory with uniform
velocity along B-direction

» Dirac monopole field B = Bp: (Bakas & Liist '13)

Conservation of Poincaré vector K confines
motion to surface of cone, electric charge never
reaches magnetic monopole and
nonassociativity plays no role




Classical Motion in Fields of Magnetic Charge

» B = (0,0, pz), constant magnetic charge p: (Kupriyanov & Sz '18)
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Classical Motion in Fields of Magnetic Charge

» B = (0,0, pz), constant magnetic charge p: (Kupriyanov & Sz '18)

[T

] ; |

Motion follows Euler spiral with uniform ‘ ‘
velocity along z-direction | g
Y

|

e

» B = %p)?, constant magnetic charge p: Motion is no longer

integrable or confined, equivalent to motion in Dirac monopole field
Bp with additional frictional forces (Bakas & Liist '13)

» Questions:

» What substitutes for canonical quantization of locally non-geometric
closed strings?

> |s there a sensible nonassociative quantum mechanics?
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Quantization of Magnetic Poisson Brackets
» Quantization: Linear map f+—— Of on f € C®(M):
[Of,0g] = 1R Os g3, + O(R?)
[0, 041=0 , [04,05] = 118"}, [0, 0p] = —ihB;(Ox)
» Magnetic translation operators P, = exp (% Op.v):

PLOGP, = Oy

> Representation of translation group R9? (Jackiw '85)

PW Pv = e i¢2(X;V,W) 7)v+w , PW (Pv Pu) = ¢ i¢3(x;u.v,w) (PW Pv) Pu
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Quantization with dB = 0

» B =dA is field strength of a (trivial) line bundle L — M = R¢

> Oxi = xf , Op,. = —iha,‘—FA;(X)
Represented on quantum Hilbert space H = L2(M, L) = L2(M)

» Magnetic translations given by Wilson lines (parallel transport in L):

/ P =ep (5 [ AJvix—v)

X=Vv

» Defines weak projective representation of translation group R on H:

(P Put)(x) = wv,w(x) (Prwt))(x)

wy,w(x) = exp (—% /A

2-cocycle on R with values in C*°(M, U(1))

B) (= e 2 BvW) (o B constant)

2(xiw,v)



Quantization with dB = 0
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Quantization with dB = 0

» Magnetic Weyl correspondence f € C*®°(M) — Of € End(H):

W(x,p): H—H , (W(xp)p)(y) = e P* e Y (Pap)(y)

» Magnetic Moyal-Weyl star product Of,,gz = Of O;
e.g. for B constant:

(f*sg)(X)zﬁ /M /M e~ wws(2) F(X-Y)g(X=2Z)dY dZ

» Canonical quantum mechanics = phase space quantum mechanics:

> Observables/states: (real) functions on phase space
> Operator product: star product , Traces: integration
» State function (density matrix): $§>0 , [,, S=1

» Expectation values: (O) = [, O+gS ...
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Quantization with H=dB # 0

> Operator/state formulation of canonical quantization cannot handle

nonassociative magnetic Poisson brackets
» For Dirac monopole Bp = gx/|%|*:
> Magnetic Poisson brackets are associative on M° = R*\ {0},
Bp = dAp locally
> Quantum Hilbert space is H = L?*(M°, L) for a non-trivial line

bundle L — M° iff Dirac charge quantization: h% S/
(Wu & Yang '76)

» Magnetic Weyl correspondence on M° induces associative phase
space star product (Soloviev '17)

» For generic smooth distributions H € Q3(M), standard canonical

quantization breaks down

» Can be studied perturbatively in H using noncommutative Jordan
algebra of quantum moments (Bojowald, Brahma, Biiyiikcam & Strobl '14)



Deformation Quantization

» For any H = dB € Q3(M), Kontsevich formality provides
noncommutative and nonassociative star product on C°°(

f*Hg—fg+ (f.g)

n>2

M[[A]]:

h
[f, g, hla, = =12 {F, g,h}s+z ! ) ta(f, g, h) S
n>3 ! h

f

where b, = U,,(QB,...,GB) , th = U,,+1([93,93]S793,...

8
795)

h

are bi-/tri-differential operators (Mylonas, Schupp & Sz '12)



Deformation Quantization

» For any H = dB € Q3(M), Kontsevich formality provides
noncommutative and nonassociative star product on C°°(M)[[A]]:

f*Hg—fg+ (f.g) 7%
n>2 .
f g
) 1h) o [65-6,]
[f7g7h]*H:_h {f g7h}B+Z fvgah) S
n>3 ' L
f 8 h
where b, = U,,(QB,...,GB) , th = U,,+1([93,93]S795,...,95)
are bi-/tri-differential operators (Mylonas, Schupp & Sz '12)
> For H constant, Bj(x) = % Hj x*:

(Fxng)(X) = # /M /M e~V D) F(X_Y)g(X-2Z)dY dZ
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» Nonassociative magnetic translations P, := e WPV give 3-cocycle:
Pv *H pw = nv,W(X) Pv+w
(pu *H Pv) *H Pw = wu,v,W(X) Pu *H (Pv *H Pw)

Hxvw) and wyyw(x) = ew

where M, ,(x) = e~ & H(u,v,w)
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Deformation Quantization

» Nonassociative magnetic translations P, := e WPV give 3-cocycle:
Pv *H PW = nv,W(X) Pv+w
(pu *H Pv) *H Pw = wU,V,W(X) Pu *H (Pv *H Pw)

where My (x) = ¢ 8 H%) and wyy(x) = e MO

» Phase space formulation of nonassociative quantum mechanics is

physically sensible and gives novel quantitative predictions
(Mylonas, Schupp & Sz '13)

» R-flux model: Expectation values of oriented volume uncertainty
operators Vi = (1 [Ax/, Ax/, Ax¥],,) give quantum of volume

ik _ 1 43 pijk
vik — 1R

For d = 3, no DO-branes in locally non-geometric string backgrounds
(T-dual to Freed—Witten anomaly for D3-branes on T3 with H-flux)
(Wecht '07)
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{.p} = {&,p} = {x'.B} = 4
{pi.pi} = Bi(x) + 3 £ (9Byj(x) — Hix(x))
{pi, B} = {Bip} = 3 Bi(x)
» O(3,3)x0(3,3)-invariant Hamiltonian
~ 0 1
H = %PIUUPJ y P = (phpi) , Nno= (1 0)
reproduces Lorentz force ﬁ = Zpx B , p = mx

> Consistent Hamiltonian reduction eliminates auxiliary coordinates iff
H = 0: No polarisation of extended symplectic algebra consistent
with Lorentz force and nonassociative magnetic Poisson algebra

» Higher structures: Use 2-Hilbert space of sections of a gerbe on
M with field strength H =dB # 0 (Bunk, Miiller & Sz '18)



Hilbert Space Formulation?

» Symplectic realization: “Double” M to extended phase space
(X’7 X', pi, ﬁ,) with symplectic brackets: (Kupriyanov & Sz '18)

{.p} = {&,p} = {x'.B} = 4
{pi.pi} = Bi(x) + 3 £ (9Byj(x) — Hix(x))
{pi, B} = {Bip} = 3 Bi(x)
» O(3,3)x0(3,3)-invariant Hamiltonian
~ 0 1
H = %PIUUPJ y P = (phpi) , Nno= (1 0)
reproduces Lorentz force ﬁ = Zpx B , p = mx

> Consistent Hamiltonian reduction eliminates auxiliary coordinates iff
H = 0: No polarisation of extended symplectic algebra consistent
with Lorentz force and nonassociative magnetic Poisson algebra

» Higher structures: Use 2-Hilbert space of sections of a gerbe on
M with field strength H =dB # 0 (Bunk, Miiller & Sz '18)

» Transgression: Send field strength of gerbe on M to field strength
of line bundle on loop space C*(S?, M) (Samann & Sz '12)



How do Closed Strings see Nonassociativity?

» Configuration space triproducts in R-flux model (Aschieri & Sz '15)

(fagah)(x) = (F(x)*rg(x) *r h(x)|
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How do Closed Strings see Nonassociativity?

» Configuration space triproducts in R-flux model (Aschieri & Sz '15)

(fagah)(x) = (F(x)*rg(x) *r h(x)|

i e ’o . 1ot
_ / F(k) (k') (K" e_% RUGK K)o i (k467
Kk, k' k!

» Quantizes 3-bracket [f,g,hln = Asym(f A g A h) (Takhtajan '94)
[x',x/, xK], = 3 Rk

» Agrees with multiplication of tachyon vertex operators

Vi(z,2) = : e 'kX(2.2) . in CFT scattering of momentum states in
. 3
R-flux background: (Vi Vi Vi) o ~ exp ( — 55 R(k, k', k"))

(Blumenhagen, Deser, Liist, Plauschinn & Rennecke '11)
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How do Closed Strings see Nonassociativity?
Configuration space triproducts in R-flux model (Aschieri & Sz '15)
(f A g h)(x) = (f(x) *R g(x)) *R h(x)‘p:0

i e ’o . 1ot
_ / F(k) (k') (K" e_% RUGK K)o i (k467
Kk, k' k!

Quantizes 3-bracket [f,g,h], = Asym(f A g A h) (Takhtajan '94)
[xi,xj,xk]A = Kg Rk

Agrees with multiplication of tachyon vertex operators

Vi(z,2) = : e 'kX(2.2) . in CFT scattering of momentum states in
-3

R-flux background: (Vi Vi Vi) o ~ exp ( — 55 R(k, k', k"))

(Blumenhagen, Deser, Liist, Plauschinn & Rennecke '11)

Violates strong constraint of Double Field Theory
(Blumenhagen, Fuchs, Hassler, Liist & Sun '13)
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How do Closed Strings see Nonassociativity?

Configuration space triproducts in R-flux model (Aschieri & Sz '15)

(fagah)(x) = (F(x)*rg(x) *r h(x)|

i e ’o . 1ot
= [ RRER Ry e R i
Kk, k' k!

Quantizes 3-bracket [f,g,h], = Asym(f A g A h) (Takhtajan '94)
[xi,xj,xk]A = Kg Rk

Agrees with multiplication of tachyon vertex operators
Vi(z,2) = : e 'kX(2.2) . in CFT scattering of momentum states in

R-flux background: (Vi Vi Vier) , ~ exp ( — -5 R(k, K, k"))

(Blumenhagen, Deser, Liist, Plauschinn & Rennecke '11)

Violates strong constraint of Double Field Theory
(Blumenhagen, Fuchs, Hassler, Liist & Sun '13)

On-shell associativity of CFT amplitudes: [ fagAah = [fgh



Nonassociative Gravity?

» Nonassociative (Riemannian) differential geometry can be developed
using quasi-Hopf algebra 2-cochain (coboundary is a 3-cocyle) twist

deformation techniques (Mylonas, Schupp & Sz '13; Aschieri & Sz '15;
Barnes, Schenkel & Sz '15; Blumenhagen & Fuchs '16;
Aschieri, Dimitrijevi¢-Ciri¢ & Sz '17)
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» Nonassociative (Riemannian) differential geometry can be developed
using quasi-Hopf algebra 2-cochain (coboundary is a 3-cocyle) twist
deformation techniques (Mylonas, Schupp & Sz '13; Aschieri & Sz '15;

Barnes, Schenkel & Sz '15; Blumenhagen & Fuchs '16;
Aschieri, Dimitrijevi¢-Ciri¢ & Sz '17)
» Metric formulation of nonassociative gravity on phase space:

Ricci tensor, unique metric-compatible torsion-free connection,
non-trivial real deformation of spacetime Ricci tensor:

2 b m m
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Nonassociative Gravity?

Nonassociative (Riemannian) differential geometry can be developed
using quasi-Hopf algebra 2-cochain (coboundary is a 3-cocyle) twist
deformation techniques (Mylonas, Schupp & Sz '13; Aschieri & Sz '15;
Barnes, Schenkel & Sz '15; Blumenhagen & Fuchs '16;
Aschieri, Dimitrijevi¢-Ciri¢ & Sz '17)

Metric formulation of nonassociative gravity on phase space:

Ricci tensor, unique metric-compatible torsion-free connection,
non-trivial real deformation of spacetime Ricci tensor:

. 2 b m m
Ricj = Ricj + 5 R b (ak (928" (Dbgim) OT) — 3; (028" (Dbgim) DT
+ Ocgmn (02(&" T5) D6l — 2(g"" ) D61}

+ (T 028" — 0 67) 05T — (T} 028" — 0a;6™) 04T, )

Question: Is there an equivalent O(d, d)-invariant (off-shell)
nonassociative version of the closed string effective action?
1 . 1 4 gk 1 i
_ _ = Hiy H* — Z 5, )
s 167TG/M\/§(RIC 12 ° i g IPIoT

[cf. Invariance of noncommutative Yang—Mills theory of D-branes
on T under open string SO(d, d; Z) T-duality]



M-Theory Lift of the R-Flux Model

(Giinaydin, Liist & Malek '16; Liist, Malek & Syvari '17)
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(Giinaydin, Liist & Malek '16; Liist, Malek & Syvari '17)

st wm

|

M

S' radius A — string coupling gs

» Generate string R-flux starting from twisted torus M = T3
flik Tk, Rik — R ik

» Lift to M-theory on M = M x Sj,;: T-duality = U-duality
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M-Theory Lift of the R-Flux Model

(Giinaydin, Liist & Malek '16; Liist, Malek & Syvari '17)

st wm

|

M

S' radius A — string coupling gs

Generate string R-flux starting from twisted torus M = T3
flik Tk, Rik — R ik
Lift to M-theory on M = M x Sj,;: T-duality = U-duality

Sends membrane wrapping (w?) € Hy(M,Z) to momenta (p;)

In SL(5) Exceptional Field Theory: C,,, e Quve with
Ruveeh — HulvQredl (Not a 5-vector!) (Blair & Malek '14)

Choice R*#ef — RetvaB breaks SL(5) — SO(4)



» No DO-braneson M = p,

> RHvpaB Py
', <}

<, p}

{pi, P}

{5, X"}
{pfaxjka}

{pi. pj, X}
{pis pjs Pk}

M2-Brane Phase Space

0 along M-theory direction

0 = membrane has 7D phase space M:

3; REIK 4 XY = 3522 RH123

6jx +)\sijkxk, {x,p,-} = )\x,-

*/\S/‘jkPk

;%RA,WAXA’ R . 7%',?4.%4)@

;:s R12 (5 ok — 5K p) | (i xd X'} = A;ﬁ RY4 p,
-2 U- x* 7)\(0 x; — 0; xj) R {p,'.,pj,x3} = A a,jkxk
0



M2-Brane Phase Space

» No DO-braneson M — p; = 0 along M-theory direction

> RHvpef pp = 0 = membrane has 7D phase space M:

A 3 .

(X} = 3; R (X} = 3ﬁ25 RH123

{xi,pj} = 6jx +)\sijk X, Y = A x

{pipi} = —Aepp

o 3 B - 2
P B N I TN Gty S

Xj k . )\LS 4,1234 (¢ j k Xj A2 és R4 ijka
{pi, <, x"} = 3R (6i —0; PJ) {pi, ¥ x*}y = T Pk
{p;,pj.xk} = -\ U- x* 7)\(0 x; — 0; xj) R {p,'.,pj,x3} = A aijkxk
{pispjspk} = 0

» Originates from nonassociative, alternative, octonion algebra Q:

(x") = (<, x"p) = Alea) = %(\/)\EE’ R/3 £, \/[NER/3 e, —\er)

> Reduces to magnetic Poisson brackets for closed strings at A =
(with x* = 1 central)



Quantization of M2-Brane Phase Space  (kupriyanov & sz '17)

> Go-structure: R’ carries cross product (E XnP)a = nasc ke pc,
invariant under G, C SO(7)

» Represented on @ through X; = kAes: X; = 1X: X
K K 2 1N

X, k!



(Kupriyanov & Sz '17)

Quantization of M2-Brane Phase Space
> Go-structure: R’ carries cross product (E P)a = nasc ks pc,

invariant under G, C SO(7)
> Represented on O through X; = kA ea
= X (X X) defines octonion exponential

> Alternativity (X X)X
X = cos|k| + sin| K
K]

ka P %[XEvXE/}

Xg




Quantization of M2-Brane Phase Space  (kupriyanov & sz '17)

-

» Go-structure: R’ carries cross product (k X, p)a = nasc ks pc.
invariant under G, C SO(7)

> Represented on O through X; = kA eq: ka o= %[X,;,XEJ

> Alternativity (X X)X = X (X X) defines octonion exponential:

. sin |k
e = cos|k| + | |XE
K|
g Xs oo .
» BCH formula eXt eX# = " 51(F) can be computed explicitly

giving octonionic Weyl correspondence and star product:

(o)) = [ FR)a(R) e i
k

such that (£ *y g)(¥) 222 (f xg g)(x)



Quantization of M2-Brane Phase Space  (kupriyanov & sz '17)

-

» Go-structure: R’ carries cross product (k X, p)a = nasc ks pc.
invariant under G, C SO(7)

> Represented on O through X; = kA eq: ka o= %[X,;,XEJ

> Alternativity (X X)X = X (X X) defines octonion exponential:

. sin |k
e = cos|k| + | |XE
K|
g Xs oo .
» BCH formula eXt eX# = " 51(F) can be computed explicitly

giving octonionic Weyl correspondence and star product:

(o)) = [ FR)a(R) e i
k

such that (£ *y g)(¥) 222 (f xg g)(x)

» Triproduct (f A) g A h)()?) = ((f *) 8) *x h)(x“,p,-)‘p:0
quantizes the 3-Lie algebra As:

[xH, x" x¥ s, = @2 R ehveB xB



Magnetic Monopoles & Quantum Gravity

» Apply canonical transformation (x,p) — (p, —x) , 2 R +— h% e p:

[x',x¥] = —ihxe? X

[pip] = ihepejx”, [ps,pi] = ihAepx

[,p] = ihdjpsa+ihdepwpe,  [X,p] = —ihN°X
Reduces to magnetic brackets for electric charges at A = 0

» 7-dimensional phase space with “extra” momentum mode py



Magnetic Monopoles & Quantum Gravity

Apply canonical transformation (x, p) — (p, —x) , £2 R +— h% e p:

[x',x¥] = —inXxeP* X

[pip] = ihepejx”, [ps,pi] = ihXepx

[,p] = ihdjpsa+ihdepwpe,  [X,p] = —ihN°X
Reduces to magnetic brackets for electric charges at A = 0

7-dimensional phase space with “extra” momentum mode py

Quaternion subalgebra: Setting p = 0 reveals noncommutative
associative deformation of spacetime with [p;, pj] = 0;

restrict to \2p2 +p? = 1: (Freidel & Livine '05)
X', ¥ = —ihixe* x| [xi,p] = ih\/1— X252 6; + ihNejp pa

Ponzano—Regge spin foam model of 3D quantum gravity

Uncontracted octonion algebra is related to monopoles in the
spacetime of 3D quantum gravity, with A = ¢p/h!



M-Wave Phase Space (Liist, Malek & Sz '17)

» Embed magnetic monopole into IlA string theory as a D6-brane,
electric probes are DO-branes



M-Wave Phase Space (Liist, Malek & Sz '17)

» Embed magnetic monopole into IlA string theory as a D6-brane,

electric probes are DO-branes

> Lift to M-theory as KK-monopole, electric probes are M-waves along
x* € S1 (graviton momentum modes p; = he/Ry1):

ds?y = ds? + UdR-dR+ U (dx* + A-dx)

:ﬁu y V2U:p

>

V x



M-Wave Phase Space (Liist, Malek & Sz '17)
Embed magnetic monopole into IlA string theory as a D6-brane,
electric probes are DO-branes

Lift to M-theory as KK-monopole, electric probes are M-waves along
x* € S1 (graviton momentum modes p; = he/Ry1):

ds?y = ds? + UdR-dR+ U (dx* + A-dx)

VxA =VU , VU =p
2 3 3/2 )
Parameters: (2 = (3/Ri1 , g = (Ru/[p) (Witten '95)
M-theory string theory: g, Ri1 — 0 with /s finite

A~ lp ~R?—0



M-Wave Phase Space (Liist, Malek & Sz '17)
Embed magnetic monopole into IlA string theory as a D6-brane,
electric probes are DO-branes

Lift to M-theory as KK-monopole, electric probes are M-waves along
x* € S1 (graviton momentum modes p; = he/Ry1):

ds?y = ds? + UdR-dR+ U (dx* + A-dx)

VxA =VU , VU =p
Parameters: éi = €%/R11 . g = (Ru/[p)3/2 (Witten '95)
M-theory string theory: g, Ri1 — 0 with /s finite
A~ lp ~R?—0
Non-geometric KK-monopole: p = smearing of Dirac

monopoles, no local expression for A and metric

1
Taub-NUT —— R3 Sl-gerbe over R3



M-Theory Phase Space 3-Algebra

> Spin(7)-structure: [£4,&5,6e)e = dagep €p for & = (fo,f) = (1, en),
where ¢oagc = nasc and dasco = nascp; Symmetry: Spin(7) C SO(8)



M-Theory Phase Space 3-Algebra
> Spin(7)-structure: [£4,€5,€clo = Basep Ep for & = (60,6 ) = (1, ),
where ¢oasc = nasc and ¢apcp = nascp; Symmetry:  Spin(7) C SO(8)

» 8D phase space coordinates X = (x*,p,) = (/15,—%50) have
50(4)xS50(4)-symmetric 3-brackets:

by = *§ A PSS PR 2265 pbiiks Xk
P, o, x"ly = _ﬂ R4 py AZA ROk

o e = =% 22 R©1234 51 py — % R4

b xls = A e x4 B2 (5 x — ot x)

[pispisx'le = = h'22A3 e X, Ipipipde = —2h° Xejipa

loe, ') = /\ng RY™ by lpa, X' x*e = _2 ’g RM12% i
[ps, pro 1o = 7#7/\‘5{X4* #E,ﬂ‘ Xk

4 2,3 2.2
[pa, pisx]e = —% xi,  [pa,pispile = _k 2/\

K
Eijk P



M-Theory Phase Space 3-Algebra
> Spin(7)-structure: [€4,€5,Eels = dasen Ep for £ = (£,€) = (1, ea),
where ¢0ABC = naBC and ¢ABCD = MABCD; Symmetry: Spin(?) C 50(8)

» 8D phase space coordinates X = (x*,p,) = (/15,—%50) have
50(4)xS50(4)-symmetric 3-brackets:

by = *g A PSS PR RS Xk
P, o, x"ly = _ﬂ R4 py #Rw“pk

i, x*ls = a2 e:;‘ RO 51, — ﬂ .

[phpj’x}(]d’ = % Eukx + B2a — (O X — o %)

e pro o = 7h22/\3 e X, Ipipipde = —2h° Xejipa
[PA,X'.’Xj]d) = '\ng RO b, [p4,xi,x4]¢ _ A ig A1
lpes i Xl = 7#7/\6{’(4* L;zEfjk Xk

[P4.Pf.,><4]o = —# Xy lpapispile = _5,22/\2 - pk

> [f,gle¢ := [f,g,G]s for any constraint G(X) = 0;
breaks Spin(7) — G, , 8=7@®1

» G(X) = ps gives M2-brane phase space, G(X) = x* gives M-wave
phase space; Born reciprocity is a Spin(7)-transformation



