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OUTLINE

@ Non-perturbative approach to quantum (coloured) tensor fields

¢*-interaction Ag = 1

)

» correlation functions ng
G, : {coloured graphs} — function space

» full Ward-Takahashi Identities
» Schwinger-Dyson equations (joint work with Raimar Wulkenhaar)
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MOTIVATION

@ Tensor models generalize the random 2D geometry of random matrices
(“Quantum Gravity")
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MOTIVATION

@ Tensor models generalize the random 2D geometry of random matrices
(“Quantum Gravity")

o " 1 k 1
z-Yf Digletull o Y y@mk)
i (Pieimacee

(o)

@ tensor models also useful in AdS,/CFTy (Gurau-Witten
Sachdev-Ye—Kitaev-like model; course by V. Rivaseeau)
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Matrix models® as “Rank-2 tensor models”

@ For complex matrix models /D[M,]\i/l]efTr(MMJr)*)‘V(M’MJF)

--. = dual triangulation to —>< <—\
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Matrix models® as “Rank-2 tensor models”

@ For complex matrix models /D[M,M]efo(MMJr)*AV(M’MJF)

--. = dual triangulation to —>< <—\

@ rectangular matrices, M € My, xn, (C) and M — I/\/(1>M(W(2))t

(W@ e U(N,)). U(Ny) x U(Ny)-invariants are Tr((MM*)), g € Z>1
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COLOURED, TENSOR. MODELS

@ a QFT for tensors ¢g,. q;, and @almaD, whose indices transform
independently under each factor of G = U(N7) x U(Np) x ... x U(Np)

e for each g = (W,..., WPy e G, W e UN,),

((Pl>ﬂ1a2...ul) W(l) W(Z) (D)

8
<Du1a2-"uD — a1h1 a2b2 : WIZDbD (PblbD
— 8 (1) 75(2) (D) —
q)alaz..‘aD — (q) )ﬂlﬂzmﬂD Wa1b1 Wa2b2 ce WanD q)blhz...hD

® Sol¢, p] = Tra(¢, ) = o——=2 is the kinetic term and higher G-invariants
serve as interaction vertices. For instance, the @3-theory has:

=" =2 Q2

Sintl@, ¢ = A( ) ( ) ( )
e Z= /D 5] e~V (So+Sint) [9.9) (with D[, ¢] = H 27‘;11%

C. |. Pérez Sénchez (Math. Miinster) Coloured Tensors



An example of O(A*) Feynman graph of the ¢3-model, where gffs is the
propagator:
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Vertex bipartite regularly edge—D-coloured graphs

® (Vacuum) Feynman graphs of a model V, Feyn/j'“(V), are (D + 1)-coloured
graphs. PL-manifolds can be crystallized [Pezzana, ‘74] by such graphs

@ 1/N-expansion

A(G) = AV9)/2N E(9) v - exp(—Sregee[N, D, A])
/ N - —— tele)

«~  generalizes g; not topol SIIVEITENNS

[Guru, '09], [Bonzom, Gurdu, Riello, Rivasseau, '11]
v
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On the low-dim topology of colored tensor models without Pezzana's
theorem [CP 2017, J.Geom.Phys. 120 (2017) (arXiv:1608.00246)]

C. |. Pérez Sénchez (Math. Miinster) Coloured Tensors



CORRELATION FUNCTIONS

@ replace the expansion of log Zgpr[J] by the respective CTM-one

log ZgerlJ] = ) %/dxl oy Gl (21, %2, ) (21T (%2) - - T (0)
n=0 """



CORRELATION FUNCTIONS

@ replace the expansion of log Zgpr[J] by the respective CTM-one
> 1
log ZgerlJ] = ) o /dxl oy Gl (21, %2, ) (21T (%2) - - T (0)
n=0""

® Feynp (V) = {open Feynman diagrams of the (rank-D) tensor model V'}.

@ The boundary dG of G € Feynp (V) has as vertex-set the external legs of G
and as a-coloured edges Oa-paths in G between them.



CORRELATION FUNCTIONS

@ replace the expansion of log Zgpr[J] by the respective CTM-one
> 1
log ZgerlJ] = ) o /dxl oy Gl (21, %2, ) (21T (%2) - - T (0)
n=0""

® Feynp (V) = {open Feynman diagrams of the (rank-D) tensor model V'}.

@ The boundary dG of G € Feynp (V) has as vertex-set the external legs of G
and as a-coloured edges Oa-paths in G between them.
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@ Also F = w—--a has as boundary €%, but F ¢ Feyn(¢3).

1
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Expansion of the free energy

imdy = d Feynp(V) is the boundary sector of the model V

R 1 (26)
WiILT =3, Y G« J(B) .
k=1 BeaFeynp(V(9,9)) | Aute(B)]
2k=#(BO))

v
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Expansion of the free energy

@ imdy = d Feynp (V) is the ﬁ of the model V

- e 1
WL =Y. Y ———— G& « J(B).
k=1 Beimdy
2k=#(Vertices of B)

|Aut.(B)]

v
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Expansion of the free energy

e imdy = d Feynp (V) is the boundary sector of the model V

WL = i Y. mutlw G2 « 1(B) .

k=1 BeoFeynp(V(9,p))

Zk#(Bm))//
@ Coloured automorphisms of BB

v
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Expansion of the free energy

e imdy = d Feynp (V) is the boundary sector of the model V

v 1 (2K)
WL T =), Y G2 « [(B) .
k=1 BedFeynp(V(¢,)) |Aut(B)]
2k=#(B(0)

@ Coloured automorphisms of BB
Jy1 Jy1

e 3//@\\ (H(B))(l(l_/'"/xk):]xl"']xkjyl jy’\'

Jor! Tk (Z2)F

v
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Expansion of the free energy

e imdy = d Feynp (V) is the boundary sector of the model V

=y 1 (2K)

WILT =Y, Y G % J(B).
k=1 BeoFeynp(V(p,p)) ’AutC(B)‘ x
2k=#(B0)) .

@ Coloured automorphisms of BB )
Jxl jyl \

C /@\\ (H(B))(l(l_//xk) :]x1 “']xkjyl :: jy’\'

5 ‘7 @0y

@ Correlation function ng) = asz[],ﬂ/a]J(B)\,:j:O -7

v
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Expansion of the free energy

e imdy = d Feynp (V) is the boundary sector of the model V

R 1 (2K)
WL T =), Y G2 % J(B) .
i1 Beoreynp(vigg) AUt(B)]
2k=#(B0))

@ Coloured automorphisms of BB
Jy1 Jy1

° f/@\ : (H(B))(l‘]_/-\.,.,_)(ﬁ):]xl...]xkjyl

Jor! Tk (Z2)F

@ Correlation function ng) = aszU ﬂ/aﬂ( )‘] J=0
® F: Mpyp)(Z)—C; x:(FJ(B))—Fx]J(B ZF

v
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n=10
SDE < > WTI
8 8 8 8 8 ®) e 8
.8 S Com % S Cg %@ o 4
SDE( )WTI
R c® g g G(% Gi¥h, GE, G,
23 T3 12
SDE < ) WTI
4) (4) ) (4)
n—=4 G1(]j1 GQI:IQ G3lj3 G\6|‘8|
SDE < ) WTI
)
n=2 G@

[CP](arXiv:1608.08134) [CP, R. Wulkenhaar](arXiv:1706.07358)
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Boundary graphs and bordisms interpretation

@ for quartic melonic theories, the boundary sector is the set of all (possible
disconnected) coloured graphs

@ since B = 9§ represents the ‘boundary of a simplicial complex that G
triangulates’, one can give a bordism-interpretation to the Green’s functions
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Boundary graphs and bordisms interpretation

@ for quartic melonic theories, the boundary sector is the set of all (possible
disconnected) coloured graphs

@ since B = 9§ represents the ‘boundary of a simplicial complex that G
triangulates’, one can give a bordism-interpretation to the Green’s functions

for instance, if |A(B)| = S> U (S? x 81) L3 = M, then Gg = oW[],]] /B
describes the bulk compatible with the triangulation of M

/" > "‘\ /" & "\

€}

, -genera md ~ -gel wnnd , ,,(n(! lt((
4D-bulk 4D Ts\\lk 4]) hnlk

éeeé“e

Each correlation function supports also a 1/N-expansion, ng) = Zng’w).
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Theorem (CP) (Full Ward-Takahashi Identity for arbitrary tensor models)
The partition function Z|[],]] of a tensor model with Sy = Try(p, E@) such that

Epr..po1mapasiopp — Eprpuinapoir..pp = E(Ma,ng)  foreacha =1,...,D,
satisfies, as consequence of the U(N) invariance of the path-integral measure,

8*Z[J.]]

pi€EZ oIPl ---Pa—1MaPa+1---PD (S]P] ++-Pa—1MaPa+1---PD

- <(Snz“naY£r?n) Urﬂ) : ZU:H
1 - 1) 1) -
— = N\ ]7 Mg..PD o7 _]'J Mg PD o7 Z ]/]
p;z E(mﬂ/ nﬂ) ( . " (Sjpl...na...pp . w 5]]01...111”...]00) [ ]

mn ]] ch ma

- o xE(ria)

—
E(riha) —

4
=2 7
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SCHWINGER-IDYSON EQUATIONS

SDEs for the q)fneLD—modeI (k> 2) [CP, R. Wulkenhaar]

Let D > 3 and let B be a connected boundary graph
9G = B € Grph§) C dFeynp (¢ p)-

v
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SCHWINGER-IDYSON EQUATIONS

SDEs for the ¢*

»-model (k > 2) [CP, R. Wulkenhaar]

mel,[

Let D > 3 and let B be a connected boundary graph J \ A
x2 y

dG = B € Grph$ C aFeynD(cpfn,D). N UhLe
Let X = (xl, . ,xk) and s = yl. Then ng) obeys : @ :
5 T’ T
2\ 2 2k
(1+ % 62 6wan 6870
S a=1qa
(—24) ¢ 9Z[J, J]
fr— 0‘ f & +
Es = &eAgZ(B) B ” f; Ja/Sa) 0 9a(B;1,0)(X)
1 (2) (2K)
— G X) -G X
bZ”E(Sa/ba)[ B ( ) B ( |Sn%bﬂ)]

where (Sa,qa) = (91,92, - - -+ 9a—1,5a,Ja+1, - - -, D)-

v
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A SIMPLE QUARTIC MODEL

@ Proposal of a model with V[, ] = A - 11

Solg, @] = Tra(@,E@) = Y u(m® + [x*)x, |x|* =x]+25+13.
xeZ3

@ The boundary sector is:

d Feyns(151) = {3-coloured graphs with connected components in @},

being 1
@:{6, 1@1,@, @/@/ @,-..}
® Let Xy be the graph in © with 2k vertices, and G(%) = G()?zi)i

G2 =g® @ =g GO =g g6 =g o) — 1o

e v Tl O = by e e}

@ Full tower of exact equations obtained [CP, R. Wulkenhaar]
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The exact 2pt-function equation. Melonic (planar) limit, conjecturally

2 2
<m2 +x2+210 Y anil(xlfq,p)> G2 (x)
qpEZ

1 2 2
=14+21) 2 [Gr(nil(xl,xz,ag) — Gr(ngl(q,xz,xg}
qeZ 1 9
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The exact 2pt-function equation. Melonic (planar) limit, conjecturally

’ 2
(mz + [x|2 424 Z G;A(ﬁﬂbﬁ)) ’Gingl(x)
qpEZ

=1+21)

2 2
D (G2 (x1, %2, %3) — G2, (4, %2, %3)]
q

The exact 2k-pt-function equation. Melonic limit, conjecturally

1+ Z G xl,q, ) ngf(xl,...,xk)

(=24) [ : 1 (20-2) (1 “1y | ~(2k=2p+2) k
= G X, ..., xP -G x°, ..., x
RN P <x?>2 o (G ) G 08 )

2k
B 2 x%,x%,x%, 2,...,xk) anef(q,xz,xé, 2,...,xk)}
qeZ (XD2 - q2
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CONCLUSIONS & OUTLOOK

[} (Coloured) tensor field theories [Ben Geloun, Bonzom, Carrozza, Gurdu, Krajewski,
Oriti, Ousmane-Samary, Rivasseau, Ryan, Tanasa, Toriumi, Vignes-Tourneret,.. .] provide
a framework for 3 < D-dimensional random geometry

» A bordism interpretation of the correlation functions was given

» A (non-perturbative) Ward-Takahashi identity [CP] based that for
matrix models has been found

» It has been used to derive the full tower of SDE [CP-Wulkenhaar]

» Closed equations: hope of a solvable theory for the simple 1Z[1-model
(spherical 3-geometries)

@ Outlook:

» Apply these techniques SYK-like (Sachdev-Ye-Kitaev) models [Witten]

» Applications to GFT

> Gauge fields on colored graphs (random spaces) by representing graphs
on finite spectral triples
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