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Motivation: Hierarchies 

•    Λ ≡ ρvac ∼10−122 M P
4

•    
mHiggs ∼10−16 M p

•    minflaton ≪ HI (slow roll) 



Symmetry origin? 

⇒ SUSY    Δ = ΔSUSY ∼ TeV (?)

   Λ ∼10−60 M P
4

   minflaton ∼ HI (η − problem)

⇒ Pseudo-Goldstone scalars 

⇒ Scale invariance 

  
φ →φ + c ⇒ mφ = 0
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Field theory:  δm2 not measureable 
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Only	
  	
  m2 = 0 special (“classical” (quantum?) scale invariance) 

⇒

 Scale independence? 



Gravity and scale invariance??  



equivalent to  

Brans-­‐Dicke	
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Gravity and scale invariance  



BD form is globally Weyl invariant:  

  
gµν (x)→ e−2ε ( x )gµν (x), det(−g(x))→ e−4ε ( x ) det(−g(x))

Coordinates are scale free numbers. 
Length is defined by the covariant metric. 
Fields have canonical mass (length)-1 dimension 

Weyl (scale) invariance: 
	
  

Noether current: 

  φ(x)→ eε ( x )φ(x)



  
K µ = (1−α )φ ∂µφ, ∇µK µ = 0

Noether current: 

Integrable 

  
K µ = ∇µK , Kernel  K = 1

2
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Integrating: 

  
φ 2 = φ0

2 + c dt
a(t)3∫ ⇒ K → constant



Weyl symmetry is hidden ! 

Goldstone mode– dilaton, σ 

…redefine metric  

Spontaneously broken Weyl symmetry	
  

  
Λ = λ

4
φ0
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f = 2K0 where K0 =

1
2

(1−α )φ0
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•    Λ ≡ ρvac ∼10−122 M P
4

•    
mHiggs ∼10−16 M p

•    
HI << M P, minflaton ≪ HI (slow roll) 

To investigate this consider two scalar fields: 

  

φ → Dilaton
χ → Inflaton / "Higgs"

Can our world have a hidden Weyl invariance? 

… need to generate variety of mass scales 



“matter” “dilaton” 

Weyl invariant Brans-Dicke theory: 

 λ ≪δ ≪ ξ



“matter” “dilaton” 

Weyl invariant Brans-Dicke theory: 

Effective Planck mass 

 λ ≪δ ≪ ξ

  
M P

2 = Mφ
2 + M χ

2 = − 1
6αφ

2 − 1
6 βχ
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“matter” “dilaton” 

Weyl invariant Brans-Dicke theory: 

Effective Planck mass 

 λ ≪δ ≪ ξ

  
M P

2 = Mφ
2 + M χ

2 = − 1
6αφ

2 − 1
6 βχ

2

Noether current  

  K
µ = (1−α )φ ∂µφ + (1− β )χ ∂µ χ ≡ ∂µ K

  
K = 1

2
(1−α )φ 2 + 1

2
(1− β )χ 2 → Constant



Field equations 

Weyl invariant Brans-Dicke theory: 



Weyl invariant Brans-Dicke theory: 

Inflation?  

Jordan	
  Frame	
  

  FRW :

  6M 2 = −(αφ 2 + βχ 2 )



Weyl invariant Brans-Dicke theory: 

Inflation?  

  6M 2 = −(αφ 2 + βχ 2 )

  βχ
2 ≫αφ 2

 β ≫α

   W (φ,χ ) ! ξ χ 4

Slow roll: 

   M
2 ! − 1

6 βχ
2
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scale invariance 
  O(α )



Slow roll 

  x = (1−α )φ 2 , y = (1− β )χ 2

  x + y = 1

   
∂N x ! − 4

3
α x(x − x0 )   N = ln(a(t))



Slow roll 

  x = (1−α )φ 2 , y = (1− β )χ 2

  x + y = 1

   
∂N x ! − 4

3
α x(x − x0 )   N = ln(a(t))

End of inflation:  

   
ε = 4

3
α x

1− x
! 1

  x = 1−O(α )



Slow roll 

  x = (1−α )φ 2 , y = (1− β )χ 2

  x + y = 1

   
∂N x ! − 4

3
α x(x − x0 )   N = ln(a(t))

End of inflation:  

   
ε = 4

3
α x

1− x
! 1

  x = 1−O(α )

IR fixed point:  

  x(t →∞) = x0
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Cosmology of symmetry broken phase 
Inflation 

Reheat 

Dark energy? 



Cosmology of symmetry broken phase 

 

ξ
β

= 10−5, α <10−1



Inflationary post-dictions 
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Summary 

• Spontaneously broken scale-invariant “SM”+gravity  
 - only dimensionless ratios meaningful 
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• Slow roll inflation with acceptable properties possible  

•

Small or zero – c.c. fine tuned 

Massless dilaton – decouples …no 5th force avoiding BD bounds 

• Classical è Quantum scale invariance?  

  r < 0.01, ns < 0.967

c.f. D. Ghilencea’s talk -tomorrow 
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; M → M (φ,χ )

Quantum 
Deformed  
ellipse 

Hierarchy related to hierarchy of couplings (input but technically natural) 
(No heavy states) 







  e.g. M = K(φ,χ )



  
H 2(N ) = 18ξ

β 2

M χ
4

M 2

Inflationary post-dictions 

Einstein frame:    
gµν = Ω2 g! µν

  
Ω2 =

M P
2

Mφ
2 + M χ

2

   
r = 16ε = −16 d ln H!

d N!
, η = ε − ε '

2ε
, ns = 1+ 2η − 4ε

   
δ H

2 =
VH

150π 2 M P
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ξ
β 2 = 4.10−10 ⇒ ξ

β 2 ∼10−10

   
H! = Ω(1− d lnΩ

dN
)H

Observables: 



Inflationary post-dictions 
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