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Motivation

Effective action with composite fields - J. M. Cornwell, R. Jackiw, E.
Tomboulis, Phys. Rev. D, 1974.

Extension to gauge theories - P.M.L., Theor. Math. Phys. 1990.
Gauge independence on-shell.

Functional renormalization group (FRG) approach, average effective action
- C. Wetterich, Nucl. Phys. B, 1991; Phys. Lett. B, 1993.

Gauge dependence and new formulation of FRG - P.M.L., I. L. Shapiro,
JHEP, 2013.

Explicit form of average effective action in Abelian gauge model -
P.M.L., B. S. Merzlikin, Phys. Rev. D, 2015
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Clairaut-type equations

A Clairaut equation is a differential equation of the form

y − y′x = ψ(y′),

where y = y(x), y′ = dy/dx and ψ = ψ(z) is a real function of z. It is
well-known that the general solution of the Clairaut equation is the family
of straight line functions given by

y(x) = Cx+ ψ(C),

where C is a real constant. The so-called singular solution is defined by
the equation

ψ′(z) + x = 0, z = y′

if a solution to this equation exists in the form z = ϕ(x) with a real
function ϕ of x. Then

y(x) = xϕ(x) + ψ(ϕ(x))

presents the singular solution.
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Clairaut-type equations

A first-order partial differential equation

y − y′ixi = ψ(y′),

which is also known as the Clairaut equation. Here y = y(x) is the real
function of variables x ∈ Rn, x = {x1, x2, ..., xn}, ψ = ψ(z) is a real
function of variables z = {z1, z2, ..., zn} and the notation

y′i = ∂iy(x) ≡ ∂y(x)

∂xi
,

is used. In terms of new function zi = zi(x) = y′i(x) this equation
rewrites

y − zixi = ψ(z).

Differentiation with respect to xi leads to a system of differential
equations

∂zj
∂xi

(
∂ψ

∂zj
+ xj

)
= 0, i = 1, 2, ..., n.
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Clairaut-type equations

In the case of the Hessian matrix vanishing Hij = 0 where

Hij =
∂zj
∂xi

=
∂2y

∂xi∂xj
,

zi = Ci = const. Therefore the solution to the Clairaut equation is the
family of linear functions

y(x) = Cix
i + ψ(C), C = {C1, C2, ..., Cn}.

Consider the case when
∂ψ

∂zj
+ xj = 0, j = 1, 2, ..., n.

If there are any real solutions to these equations

zj = ϕj(x), j = 1, 2, ..., n,

then the singular solution to the Clairaut equation is

y(x) = ϕi(x)xi + ψ(ϕ(x)).
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Clairaut-type equations

We have found two new types of ψ(z) when the singular solutions to the
Clairaut - type equation admits singular solutions:

a) ψ(z) = −α(z1z2 · · · zn)β

b) ψ(z) = α ln(1− aizi)

where α, β and ai, i = 1, 2, ..., n are real constants.

In the case of a) it was known (E. Kamke, 1959) the singular solutions
when

n = 2, β = 1, α = −1

n = 3, β = 1, α = −1

β = 1/(n+ 1), α = −(n+ 1)

The case b) is most important for QFT with composite fields.
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Clairaut-type equations

Explicit form of singular solutions of Clairaut-type equations in these cases
reads

a) y(x) = α(nβ − 1)

(
n∏
i=1

xi

αβ

) β
nβ−1

b) y(x) = bix
i − α ln(bix

i)− α+ α lnα,

where the constant vector b = {b1, b2, ..., bn} satisfies the condition
bia

i = 1.
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Clairaut-type equations

We can consider the functional Clairaut-type equations. Let Γ = Γ[F ] be
a functional of fields Fm = Fm(x) ,m = 1, 2, ..., N , which are real
integrable functions of real variables x ∈ Rn. We use the notion of
functional Clairaut-type equations for the equations of the form

Γ− δΓ

δFm
Fm = Ψ

[
δΓ

δF

]
,

where Ψ = Ψ[Z] is a given real functional of real variables
Zm = Zm(x) ,m = 1, 2, ..., N . Here the following notation

δΓ

δFm
Fm =

∫
dnx

δΓ

δFm(x)
Fm(x)

is used. The functional derivatives are defined by the rule

δFm(x)

δF k(y)
= δmk δ(x− y) .
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Clairaut-type equations

In the available scientific literature we didn’t find discussions concerning
functional Clasiraut-type equations. Let Zm(x) = δΓ/δFm(x) be new
unknown functions of x. Then

Γ− ZmFm = Ψ[Z].

Varying this equation with respect to Fn(y) we have∫
dx

δZm(x)

δFn(y)

[
δΨ[Z]

δZm(x)
+ Fm(x)

]
= 0.

If δZm(x)/δFn(y) = 0 then

Γ = CmF
m + Ψ[C], Cm = const,m = 1, 2, ..., N

are solutions for any set of {Cm}. Singular solutions (if exist) should be
found from the functional system of equations

δΨ[Z]

δZm(x)
+ Fm(x) = 0, m = 1, 2, ..., N.
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Legendre transformations and Clairaut-type equations

Let us consider a field model which is described by a non-degenerate
action, S[φ], of the scalar field φ = φ(x). The generating functional of the
Green functions, Z[J ], and the generating functional of the connected
Green functions, W [J ], are defined in the standard way

Z[J ] =

∫
Dφ ei(S[φ]+Jφ) = eiW [J ] ,

where J = J(x) is usual source to φ and Jφ =
∫
dxJ(x)φ(x). The

effective action, Γ = Γ[Φ], is introduced by the Legendre transformation of
W [J ]

Γ[Φ] = W [J ]− JΦ ,

δW [J ]

δJ(x)
= Φ(x) ,

δΓ[Φ]

δΦ(x)
= −J(x) .
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Legendre transformations and Clairaut-type equations

Eliminating the source J one obtains the equation (Γ = Γ[Φ])

Γ− δΓ

δΦ
Φ = W

[
− δΓ
δΦ

]
,

which has exactly the form of functional Clairaut-type equation. The
practical application requires solving the equation for W [J ]. The standard
way to find a solution of this equation with the functional W is related to
using the perturbation theory. In the tree approximation, Γ[Φ] = Γ(0)[Φ],
it follows Γ(0)[Φ] = S[Φ]. In the one-loop approximation,
Γ[Φ] = S[Φ] + Γ(1)[Φ], one derives

Γ(1)[Φ] =
i

2
Tr lnS

′′
[Φ], S

′′
[Φ](x, y) =

δ2S[Φ]

δΦ(x)δΦ(y)

In fact, specific features of the Clairaut-type equation disappear within
the perturbation expansion.
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Effective action with composite fields

Consider now an approach to QFT based on concept of composite fields.
The starting point of such the approach is the generating functional of
Green functions Z[J,K],

Z[J,K] =

∫
Dφ ei(S[φ]+Jφ+KL(φ)) = eiW [J,K] ,

where W = W [J,K] is the generating functional of connected Green
functions. Here J = J(x) and K = K(x, y) are sources to field φ = φ(x)
and composite field L(φ) = L(φ)(x, y), respectively, and the notation
KL(φ) =

∫
dxdyK(x, y)L(φ)(x, y) is used. Let L(φ)(x, y) depend

quadratically on the field φ

L(φ)(x, y) =
1

2
φ(x)φ(y) .
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Effective action with composite fields

The effective action with composite field, Γ = Γ[Φ, F ], is defined by using
the double Legendre transformation

Γ[Φ, F ] = W [J,K]− JΦ−K
(
L(Φ) +

1

2
F
)
,

δW [J,K]

δJ(x)
= Φ(x) ,

δW [J,K]

δK(x, y)
= L(Φ)(x, y) +

1

2
F (x, y) ,

δΓ[Φ, F ]

δΦ(x)
= −J(x)−

∫
dyK(x, y)Φ(y) ,

δΓ[Φ, F ]

δF (x, y)
= −1

2
K(x, y) ,
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Effective action with composite fields

Eliminating the sources J and K one obtains the equation

Γ− δΓ

δΦ
Φ− δΓ

δF
F = W

[
− δΓ
δΦ

+ 2
δΓ

δF
Φ,−2

δΓ

δF

]
− 2

δΓ

δF
L(Φ) .

Since the right-hand side of the last equation depends on the fields Φ not
only through derivatives of functional Γ = Γ[Φ, F ], the equation does not
belong to the Clairaut-type equation.
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Effective action with composite fields

But, the one-loop approximation for the effective action with composite
field, Γ(1) = Γ(1)[Φ, F ] by itself satisfies the equation

Γ(1) − δΓ(1)

δF
F =

i

2
Tr ln

(
S
′′
[Φ]− 2

δΓ(1)

δF

)
,

being exactly the Clairaut-type with respect to field F wherein the variable
Φ should be considered as parameter.
Solution to this equation has been proposed by J. M. Cornwell, R. Jackiw,
E. Tomboulis, Phys. Rev. D, 1974

Γ(1)[Φ, F ] =
1

2
Tr
(
FS′′[Φ]

)
− i

2
Tr ln

(
iF
)
− i

2
δ(0) .
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One loop effective action with composite fields

In real physical situation the number of fields is more then one. It needs to
generalize the results obtained by J. M. Cornwell, R. Jackiw, E.
Tomboulis, to the case of a field model described by a set of scalar bosonic
fields φA(x) , A = 1, .., N , with a classical non-degenerate action S[φ]. Let
Li(φ) = Li(φ)(x, y), i = 1, 2, ...,M , be composite non-local fields,

Li(φ)(x, y) =
1

2
AiAB φA(x)φB(y) ,

where AiAB = AiBA are constants. The generating functional of Green
functions, Z[J,K], is given by the following path integral

Z[J,K] =

∫
Dφei(S[φ]+JAφA+KiLi(φ)) = eiW [J,K] ,

where Ki = Ki(x, y), i = 1, 2, ...,M , are sources to composite fields
Li(φ)(x, y).

JAφ
A =

∫
dx JA(x)φA(x), KiL

i(φ) =

∫
dxdyKi(x, y)Li(φ)(x, y).
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One loop effective action with composite fields

From the definition of Z[J,K] the following relations hold

1

2
AjAB

δ2Z[J,K]

δJA(x)δJB(y)
= i

δZ[J,K]

δKj(x, y)
, j = 1, 2, ..., N,

or, in terms of the functional W [J,K],

1

2
AjAB

[
−i δ2W [J,K]

δJA(x)δJB(y)
+
δW [J,K]

δJA(x)

δW [J,K]

δJB(y)

]
=
δW [J,K]

δKj(x, y)
.

P.M. Lavrov (Tomsk) Effective action with composite fields and Clairaut-type equationsCorfu 2016 19 / 31



One loop effective action with composite fields

We define the average fields ΦA(x) and composite fields F i(x, y) as
follows

δW [J,K]

δJA(x)
= ΦA(x),

δW [J,K]

δKi(x, y)
= Li(Φ)(x, y) +

1

2
F i(x, y) .

The effective action with composite fields, Γ = Γ[Φ, F ], is defined by
using the double Legendre transformation of W [J,K],

Γ[Φ, F ] = W [J,K]− JAΦA −Ki

(
Li(Φ) +

1

2
F i
)
.

One can eliminate the sources using

δΓ[Φ, F ]

δΦA(x)
= −JA(x)−

∫
dyKi(x, y)AiABΦB(y) ,

δΓ[Φ, F ]

δF i(x, y)
= −1

2
Ki(x, y) .
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One loop effective action with composite fields

The basic relations rewritten in terms of Γ[Φ, F ] read

F j(x, y)− i(G−1)AB(x, y)AjAB = 0 ,

where (G−1) is the matrix inverse to G,

G = {GAB(x, y)}, GAB(x, y) = Γ
′′
AB[Φ, F ](x, y)− 2

δΓ[Φ, F ]

δF i(x, y)
AiAB ,

and we have used the notation

Γ
′′
AB[Φ, F ](x, y) =

δ2Γ[Φ, F ]

δΦA(x)δΦB(y)
.
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One loop effective action with composite fields

In the one-loop approximation, Γ[Φ, F ] = S[Φ] + Γ(1)[Φ, F ], the equation
for one-loop contribution, Γ(1), to the effective action can be found in the
form

Γ(1) − δΓ(1)

δF i
F i =

i

2
Tr ln

(
S′′AB[Φ]− 2

δΓ(1)

δF i
AiAB

)
,

being the exact functional Clairaut-type equation with respect to field F
wherein the variable Φ should be considered as parameter.

The difference between this equation and the equation appearing in the
case of one field Φ is the same as between the ordinary differential Clairaut
equation and the partial differential Clairaut equation.
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Solution to the functional Clairaut-type equations

To solve the basic equation we introduce new functions Zi(x, y)

δΓ[Φ, F ]

δF i(x, y)
= Zi(x, y) ,

and then we have

Γ(1) = ZiF
i + i

2 Tr lnQ.

where the matrix Q = {QAB(x, y)} is defined as

QAB(x, y) = S′′AB[Φ](x, y)− 2Zi(x, y)AiAB.

Varying the functional Γ(1) with respect to F i we obtain

δΓ(1) = δZiF
i + ZiδF

i +
i

2
TrQ−1δQ,

where Q−1 is the inverse to Q∫
dz(Q−1)AC(x, z)QCB(z, y) = δAB δ(x− y).
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Solution to the functional Clairaut-type equations

Taking into account the explicit form of QAB one obtains∫
dzdz′

δZi(z, z
′)

δF j(x, y)

[
F i(z, z′)− i(Q−1)AB(z, z′)AiBA

]
= 0 .

Thus the equation defining non-trivial functions Zi(x, y) reads

F j(x, y)− i(Q−1)AB(y, x)AjBA = 0 .

(
QAB(x, y) = S′′AB[Φ](x, y)− 2Zi(x, y)AiAB

)
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Solution to the functional Clairaut-type equations

Now we introduce a set of matrices Bj = {BABj } by the relations

AjABB
CD
j =

1

2

(
δCAδ

D
B + δDA δ

C
B

)
.

Then we have

F j(x, y)BABj − i(Q−1)AB(x, y) = 0.

The matrices introduced obey the properties

BABj AiBA = δij or trBjAi = δij ,

which lead to the restriction on parameters N and M

1

2
N(N + 1) = M .

This condition has a simple sense: in a given theory with the set of N
fields φA there exists exactly the (1/2)N(N + 1) independent
combinations of φAφB.
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Solution to the functional Clairaut-type equations

Then we can rewrite the equation for Zi(x, y) in the form

Zi(x, y)AiAB =
1

2
S′′AB[Φ](x, y)− i

2
(F iBi)−1AB(x, y) ,

where ∫
dz(F iBi)−1AC(x, z)(F j(z, y)Bj)CB = δBAδ(x− y) .

It allows us to express the ZiF
i as a functional of Φ, F with the result

ZjF
j =

1

2
Tr
(

(F jBj)S′′[Φ]
)
− i

2
δ(0)N .

Finally we find the one-loop effective action, Γ(1)[Φ, F ], in the form

Γ(1)[Φ, F ] =
1

2
Tr
(

(F jBj)S′′[Φ]
)
− i

2
Tr ln

(
i(F jBj)

)
− i

2
δ(0)N .
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Solution to the functional Clairaut-type equations

We have studied the case with maximum number of composite fields,
M = 1

2N(N + 1), being quadratic in the given scalar fields
φA , A = 1, ..., N . In a similar manner one can consider the situation when
the number of composite fields is less the maximum one, Li(φ)(x, y) =
1
2A

i
abφ

a(x)φb(y) , i = 1, ...,M < 1
2N(N + 1) , a = 1, ..., n < N . Now the

matrix of second derivatives of the classical action, S′′AB[Φ], should be
presented in the block form

S′′AB[Φ](x, y) =

(
S′′ab S′′aβ
S′′αb S′′αβ

)
,

where a, b = 1, ..., n and α, β = n+ 1, ..., N .
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Solution to the functional Clairaut-type equations

The equation for the one-loop contribution, Γ(1)[Φ, F ], to effective action
takes the form

Γ(1) − δΓ(1)

δF i
F i =

i

2
Tr ln

(
S̃′′ab − 2

δΓ(1)

δF i
Aiab

)
+
i

2
Tr lnS′′αβ ,

where S̃′′ab = S′′ab − S′′aα(S′′−1)αβS′′βb . The solution reads

Γ(1)[Φ, F ] =
1

2
Tr
(

(F jBj)abS̃′′bc[Φ]
)
− i

2
Tr ln

(
i(F jBj)ab

)
+

+
i

2
Tr lnS′′αβ[Φ]− i

2
δ(0)n .

Here the matrixes Babi are introduced in the same manner as in previous
case but for the Aiab ones.
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Conclusions

We have studied relations existing between the Legendre
transformations in quantum field theory and the functional differential
equation for effective action which has the form of functional
Clairaut-type equation. We have found that specific features of this
equation do not hold within the perturbation theory in a quantum
field theory without composite operators.

Within the approach to the quantum field theory based on composite
fields the perturbation expansion of the effective action leads exactly
to a functional Clairaut-type equation with a special type of the
right-hand side.
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Conclusions

Partial first-order differential equations of Clairaut-type were our
preliminary step in the study of solutions to the problem. It was
shown that in case when the right-hand side of the equation has the
form inspired by the real situation in quantum field theory with
composite fields the solution to that functional Clairaut-type equation
can be found with the help of algebraic manipulations only. In our
knowledge the solutions found can be considered as a new result in
the theory of partial first-order differential equations of Clairaut-type.

We have found an explicit solution to the functional Clairaut-type
equation appearing in the quantum field theory with composite fields
to define one loop contribution to the corresponding effective action.
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Thank you
for attention!
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