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Deformation quantization: BFFLS, '77

Let A be an algebra of functions on RV, e.g., C>=(R"), Poly(RN).
Star product is a formal deformation of the pointwise product on
A in the direction of a given Poisson bivector field PY(x).

@ A formal deformation,

f-g—>f*g:f-g+2(ia)’Cr(f,g).
r=1

@ The “Initial condition”,
G(f,g) — Gi(g, ) = 2{f, &g} = 2PY(x)dif O;g.

© The associativity condition, (f xg) x h=f x (g x h).
The last condition
— allows to proceed to higher orders, C.(f,g), r > 1,
— requires Jacobi identity on PY for consistency.
Existence: Formality theorem by M. Kontsevich, '97
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Nonassociative version

String theory: star products from D-branes [Schomerus, '99].
But: for a non-constant B-field this product is non-associative,
since P/ is not Poisson [Cornalba and Schiappa; Kreuzer et al, '01].

More recent: non-geometric fluxes in closed string theory
[Blumenhagen and Plauschinn; Lust, '11].

Main problem: for a non-Poisson P/* what can be used instead of
the associativity condition to restrict the higher order terms in star
products?

Proposals:

— use properties of particular configurations (like the R-fluxes).
— the Konstevich formula [Kreuzer et al, '04; Mylonas et al, '12].
— quasi-Hopf twist deformations [Mylonas et al, '14].
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Weyl star products

Any star product defines a correspondence between functions and
formal differential operators f — f,

(Fxg)(x)=Frg(x), xX'+xg=2%bgx).
If x is nonassociative, f — f is not an algebra representation,
fe # Fxg.
For Weyl x we suppose the Weyl symmetric ordering of operators X,

N . Cem
(Fxg)(x) = frg(x) = W (f)>g(x) = / (Zw)p,vf (p) e P bg(x).

def. Weyl star products satisfy
i i 1 i in
(x1...x”)*f:ZHPn(Xl*(---*(X *f)...),
Pn
e.g.,
. 1, . . . .
(x'x)) * f = 5 (X" % (X % )+ X % (x" %)) .
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The formal differential operator X can be written as
& =x+ ZFJ ) (icd)"

where (n) is a multiindex (that is automatically symmetrized).
Stability of the unity: fx1=1xf ="f.

Hermiticity: (g x)* = * % g*.

Weak hermiticity: if for all x/, (x/ « f)* = f* % xJ.

We call * triangular if each C,(f, g) contains no more than r
derivatives on f and no more than r on g, which implies

oo
0 (a,x) = 3" (1a)*F{" (x) .
k=0
 is strictly triangular if (") with n = 1 has no a-corrections, i.e.,
M (o, x) = ¥ (x).
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For any bivector field Pi(x) there is unique weakly Hermitian
strictly triangular Weyl star product satisfying the stability of unity.

Proof: constructive, by an iterative procedure that allows to
compute the product to any order. For the Weyl star product,

N
(Fxg)(x) = / (;’w)” F(p) e P b g(x).

using the conditions of the stability of unity, f x1 =1xf = f, and
the weak hermiticity, (x/ x f)* = f* x x/, one defines order by order
in « the terms I of the expansions

XJ _XJ—I_Z IOZ Zr](” k) a)n k
n=1

and then construct the star product.
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Details of the proof

A Weyl star product satisfies the stability of the unity iff the totally
symmetric parts of all I''s vanish [KVG and Vassilevich, '08]:

pjpjl...pjkrﬂl"'jk =0.
The weak hermiticity, (x/ x f)* = f* % x/, implies
e ¥ b xi = <>A<i > eiPJXj>*
Expanded:

o?

. .
2 Pj1 Pj> r{)l ! Oy r{)ZI

e_ipjxj [Xi T apj rJ(')li + a2pj1 P r{)ljzi +
= e ih¥ [Xi —apj rgl + azphpjzrgljz] + 0(0[2)‘
First order: F{Jlf._—i— rgl = 0. From G (f,g) — Gi(g, f) = 2{f, g},

one obtaines 'y (x) = PY (x).



Details of the proof

Second order:
. P 1_; | jo 1
(T _ rhizlyp. b = 5rJ01 AR

Since, IMJk is symmetric in the last k indices by the construction
and M1-J) = 0, due to the stability of unity, one has:

m ) = =T )

In particular, F{)ljz"pjlpjz = —1/2Fg1j2pj1pj2. Which gives,
1 , . .
re =< (Pk’a,PJ' + Pf’a,Pk') .
In higher orders the equations
(P = (=)<t mr™") ()™ = (~1) 4™ F ™ (o)™, K+ m=n,
yield the iteration relation,



The star product

(F+@)(x) = f- g +iaP oifog

_O;ZPiijIaiakfajalg — O;ZP"JBJ-P"’ (0i0kfO,1g — Okf0;i01g)
—ia® %P"’a,P"’kanamP"f (0if0;0g — 0ig0;Okf)
+%Pnk8npjmamP” (0i0;f 0018 — 0;0;g0k0)f)
_i_%P/naIijpik (0:0;f Ok OnOmg — 0,08k OnOmf)

+% Pi Pim Pk1 3. 0.01 F 01 0nOmg

1 e
= PP 0,0 PY (9i£ 00018 — Dig0j0kif) | + O () .

and so on.
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@ The star product is very likely Hermitian.

@ For the weak Hermitean Weyl star product the associator of
three coordinates is exactly equals to the jacobiator:

X' (6 % xK) = (x5 x0) XK =[x, 5, XK,
o 1 ¢ . .
[x',x/, xK], = & {[x’, [/, x5 ]w + cycl.(ijk)} .

@ Strictly triangular star product does not necessarily become an
associative if PY is a Poisson bivector, i.e., if classical
jacobiator vanishes,

o = {0, x4 = (P"orP* + PHoyPT + PI9P) 0.
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To get an associative x one has to allow corrections in a to I/,
corresponding to Kontsevich diagrams with wheels [Dito, '15],

Mk = Pk 4 o?PF 4 0 (0,
. 1 . ) 1 . .
Pl = ¢ OmP™ 0P 010, P — P 0,0, P 001 P

Physically, one may say that the higher order corrections to 7, are
absorbed in renormalization of the bivector P — pik.

For the star product %, corresponding to the renormalized field
P/ one calculates

1
[Xa’ va XC]*r — _a2|—|abc + a4 <3Pklakampadalad|—|mbc
1 1
+ E8mPn/anll:)mkalakI—Iabc _ ganak Pbmamalpcnnk/a
1
+30 Pm’ada,beamnkda> + cycl.(abc) + O (o).
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Discussion

o For any quasi-Poisson bracket {f, g} = PU(x)9;f 9;g, the
deformation quantization exists and is essentially unique if one
requires stability of unity, (weak) Hermiticity and the Weyl
condition.

@ We propose an iterative procedure that allows one to compute
the star product up to any desired order.

@ Imposing the Jacobi identity on P¥ does not make our star
product associative, one sill needs additional corrections terms
in 'Y, corresponding to the renormalization of the field PY.
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Discussion

Conjecture: the associativity condition in deformation quantization
of Poisson manifolds can be substituted by the condition:

fx(g*xh)—(fxg)xh=I[f,g,hl,

to restrict the higher order terms of the star product in
nonassociative case.

Because:
— in the associative case the both sides are zeros:
— it is invariant under the gauge transformation:

fog=D 1 (Df xDg);

— our star product and the Kontsevich one [Mylonas et al, '12]
satisfy it.
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