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Motivation

• Quantum nature of space-time?

• New symmetries - dualities in string theory, non-commutative gauge theory

• Emergent standard symmetries, emergent space-time

Recent ideas

 Non-commutative geometry, matrix models

 Holography

 Generalized geometry, Double field theory



In this talk

• T-duality, as an exact symmetry of perturbative string theory, uncovered
existence of ”non-geometric” backgrounds.

generalized T-duality:

H(0,3) T←→ f (1,2) T←→ Q(2,1) T?←→ R(3,0)

• Appropriate mathematical setting for describing these new geometries is that
of Lie and Courant algebroids (Hitchin’s generalized geometry).

The main question

Can we construct backgrounds that are NOT related

by dualities to geometric ones?



Overview

• Courant algebroid - very brief intro

• Membrane sigma models

• One step beyond

• Outlook



Generalized geometry & Courant algebroid

GG allows organization and extension of the geometric transformations of the
fields of a theory, i.e. diffeomorphisms and gauge transformations, to O(d,d)
transformations.

 Extend the standard tangent bundle to TM = TM⊕ T?M

 Sections: X ∈ Γ(TM): X = X + η ,

 Courant bracket:
[X1,X2]TM = [X1,X2]Lie + LX1η2 − LX2η1 − 1

2d
(
X1(η2)− X2(η1)

)
.

 Pairing: 〈X1,X2〉 = 1
2

(
X1(η2) + X2(η1)

)
.

 Anchor: ρ(X) = X .

Plus some compatibility condition between structures. Liu, Weinstein, Xu ’97



Generically (Roytenberg ’99) take a vector bundle L and its dual L? with closed
bracket and anchor map on each of them and a pair of generalized 3-forms
φ ∈ Γ(∧3L?) and ψ ∈ Γ(∧3L). s.t.

[X , fY ]L = f [X ,Y ]L + (ρ(X )f )Y , f ∈ C∞(M) ,

ρ([X ,Y ]L) = [ρ(X ), ρ(Y )]Lie + ρ?φ(X ,Y , ·) ,

Jac[X ,Y ,Z ]L =
dL?φ(X ,Y ,Z ) + φ(dL?X ,Y ,Z ) + φ(X ,dL?Y ,Z ) + φ(X ,Y ,dL?Z ) ,

dLφ = 0 and dL?ψ = 0 ,

and similarly for L?.

The bracket of the CA is

[X + η,Y + ξ]E = [X ,Y ]L + LX ξ − LY η − 1
2dL(X (ξ)− Y (η))

+[η, ξ]L? + LηY − LξX + 1
2dL?(X (ξ)− Y (η))−

−φ(X ,Y , ·)− ψ(η, ξ, ·) .



A class of Courant algebroids

Consider as M a nilmanifold (geometric flux built-in).

TM = span{θi = ea
i (x)∂a = δa

i (∂a + f c
bax

b∂c)} ,
T?M = span{e i = e i

a(x)dxa = δi
a(dxa − f a

bcx
bdxc)} .

Take (non-closed) 2-form and (non-Poisson) 2-vector fields:

B = 1
2Bije

i ∧ e j , β = 1
2β

ijθi ∧ θj ,

and deform the bundles with the element eBeβ :

L = eBeβTM = span{Θi = θi + Bije
j} ,

L? = eBeβT?M = span{E i = e i + βikBkje
j + βijθj} .

Brackets, anchors, generalized 3-forms, via eBeβ deformations.



The twists
A generic Courant algebroid includes twists φ ∈ Γ(∧3L?) and ψ ∈ Γ(∧3L).

Consider the expansions:

φ = 1
6φijkE

i ∧ E j ∧ E k

= 1
6

(
(1 + βB)i

ρ(1 + βB)j
σ(1 + βB)k

τφijke
ρ ∧ eσ ∧ eτ

+3(1 + βB)i
ρ(1 + βB)j

σβ
klφijke

ρ ∧ eσ ∧ θl
+3(1 + βB)i

ρβ
jlβkmφijke

ρ ∧ θl ∧ θm
+βilβjmβknφijkθl ∧ θm ∧ θn

)
,

ψ = 1
6ψ

ijkΘi ∧Θj ∧Θk

= 1
6

(
ψijkθi ∧ θj ∧ θk
+3Bknψ

ijkθi ∧ θj ∧ en

+3BjmBknψ
ijkθi ∧ em ∧ en

+BilBjmBknψ
ijke l ∧ em ∧ en

)
.

 From the twisted torus viewpoint all types of twists Tijk ,T
k
ij ,T

jk
i ,T

ijk are
present.



From Courant algebroids to AKSZ σ-models

Every Courant algebroid has an associated 3D AKSZ sigma model. Roytenberg ’06

AKSZ: Unification of a large class of TFTs in the spirit of BV quantization.
Alexandrov, Kontsevich, A. Schwarz, Zaboronsky ’95

Turn out to be relevant in the description of non-geometric backgrounds.
Halmagyi ’09, Mylonas, Schupp, Szabo ’12, Chatzistavrakidis, L.J., Lechtenfeld ’15



Membrane σ-models

Membrane action (3D, bosonic fields):

SΣ3 =

∫
Σ3

(
Fa ∧ dX a + 1

2ηIJA
I ∧ dAJ − ρa

I A
I ∧ Fa + 1

6TIJKAI ∧ AJ ∧ AK

)
.

X a : Σ3 → M worldvolume scalars. Fa: auxiliary worldvolume 2-form. ρ: the anchor

AI : generalized 1-form, I = 1, . . . , 2d . ηIJ : O(d ,d)-invariant metric. T : generalized

3-form.

The 3-form T systematically includes all types of 3-elements ”H, f ,Q,R”.

Add general topological boundary term

S∂Σ3,top =

∫
∂Σ3

1
2BIJ(X )AI ∧ AJ .

In the boundary 2D theory, add dynamics, e.g. S∂Σ3,kin =
∫
∂Σ3

1
2gabdX a ∧ ?dX b .



The sigma model for E = L⊕ L?

For our class of CAs,

ρa
i = ea

i (X ) , ρai = βij(X )ea
j (X ) .

AI = (qi , pi ) .

T = f − φ− ψ , with f = 1
2 f k

ij qi ∧ qj ∧ pk .

Bij = Bij(X ) , Bij = βij(X ) , Bj
i = hj

i (X ) .

The action is:

S =

∫
Σ3

(
Fa ∧ dX a + qi ∧ dpi + pi ∧ dqi − (ea

i qi + βijea
j pi ) ∧ Fa + f − φ− ψ

)
+

∫
Σ2

(
1
2Bij(X )qi ∧ qj + 1

2β
ij(X )pi ∧ pj + 1

2hi
j(X )qj ∧ pi

)
.

For consistency, the boundary conditions should match the equations of motion
on ∂Σ3.

 vary the action w.r.t. X a, qi , pi and determine BCs such that the variations
vanish.

 ensure that 3D terms which did not reduce to the boundary vanish on it.



Boundary conditions and consistency

Bulk/boundary consistency conditions:

for δpi |Σ2 = 0:

Hijk −Fn
[ijBpk]χ

′p
n +Qmn

[i BpjBqk]χ
′p
mχ

′q
n −RlmnBpiBqjBrkχ

′p
l χ

′q
mχ

′r
n = 0 ,

where χ′ = 1 + 1
2h.

for δqi |Σ2 = 0:

Rijk −Q[ij
n β

pk]χn
p + F [i

mnβ
pjβqk]χm

p χ
n
q −Hlmnβ

piβqjβrkχl
pχ

m
q χ

n
r = 0 ,

where χ = 1− 1
2h.

Rijk = ψijk − 3β[i lθlβ
jk] + βliβmjβnkφlmn ,

Qij
k = −3θkβ

ij + 3β[i lθlh
j]
k + 3Blkψ

ijl + 3(1 + βB)l
kβ

miβnjφlmn ,

F i
jk = −3θ[jh

i
k] − 3f i

jk − 3βilθlBjk + 3BljBmkψ
lmi + 3(1 + βB)l

j(1 + βB)m
k β

niφlmn ,

Hijk = (1 + βB)l
i (1 + βB)m

j (1 + βB)n
kφlmn − 3θ[iBjk] + BliBmjBnkψ

lmn .



Relation to Dirac structures and integrability

The dictionary between these σ-models and Courant algebroids is:

Courant algebroid Sigma model

Bracket twist [·, ·]T Bulk term −
∫

Σ3
T

Dirac structure deformation LB Boundary term
∫
∂Σ3
B

Integrability condition for Dirac structure Bulk/boundary consistency condition

Notably, the b/b conditions are also integrability conditions for Dirac structures.

This generalizes previous results. Severa, Weinstein ’01

The corresponding 2D field theories belong to the class of Dirac sigma models.

However although they may contain e.g. 3-vector fluxes, they are not the ones
that appear in string theory via generalized T-duality. Halmagyi ’09



AKSZ for R flux
Mylonas, Schupp, Szabo ’12

The AKSZ membrane action:∫
Σ3

(
Fa ∧ dX a + qi ∧ dpi − δa

i q
i ∧ Fa + 1

6R ijkpi ∧ pj ∧ pk

)
.

Integrating out the auxiliary 2-form Fa, the EOM for X i on ∂Σ3 for R = const.
requires

dpa = 0 ⇒ pa = dPa , locally ,

with Pa ∈ C∞(Σ3,X
?T?M).

Very suggestive!

Generalized world volume coordinates:

X I = (X a,Pa), or doubled formulation of closed string theory X I = (X a, X̃a).
Tseytlin ’90



One step beyond
Chatzistavrakidis,L.J., Lechtenfeld ’15

Embed the membrane theory in phase space of M from the beginning.

Minimal generalization of AKSZ action:

S=

∫
Σ3

(
Fa∧dX a+F̃ a ∧ dPa+ 1

2ηIJA
I∧dAJ−ρa

I A
I∧Fa−ρ̃aIA

I ∧ F̃ a+ 1
6TIJKAI∧AJ∧AK

)
,

with the same boundary action as before, but B = B(X ,P).

F̃ a is also an auxiliary world volume 2-form; the map ρ̃ : E → T?M.

In more compact notation, writing F I = (Fa, F̃
a) and ρJ

I = (ρa
I , ρ̃aI )

SΣ3 =

∫
Σ3

(
δIJF

I ∧ dX J + 1
2ηIJA

I ∧ dAJ − δJKρJ
I A

I ∧ FK + 1
6TIJKAI ∧ AJ ∧ AK

)
.

A similar analysis as before, yields extended bulk/boundary consistency conditions.

We find an apparent similarity to the flux formulation of double field theory.
Geissbuhler ’11, Aldazabal, Baron, Marques, Nunez ’11; . . .



Genuine non-geometry?

Can we go beyond the geometric orbit?

H(0,3) T←→ f (1,2) T←→ Q(2,1) T?←→ R(3,0)

We can construct models which:

Satisfy the extended bulk/boundary consistency conditions for the new
σ-model,

Contain all types of fluxes,

Cannot be reduced to standard 2D theories in any (standard) duality frame
(only to theories with both X and P).

We need:

Geometric interpretation of 3D sigma model- relation with work on
topological T-duality. Bouwknegt, Evslin, Mathai ’04, Cavalcanti, Gualtieri ’11, Barmaz ’13

Physical analysis of boundary sigma model - Dirac sigma models.


