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Today’s high energy colliders
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Today’s high energy physics program
 relies m

ainly on results from
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Future high-energy colliders ? 

•
Future colliders are of course already under discussion: ILC

 (international 
linear collider,) C

LIC
, FC

C
 (Future C

ircular C
ollider)... 

•
H

ow
ever no decision has been taken yet (collider type, beam

s, energy, 
location ...) 

•
T

he typical tim
e-scale to build a collider is about 30 years. Still, given the 

huge scale of such a project decisions w
ill happen only after LH

C
 results 

from
 R

un II

N
o m

atter w
hat happens, for the next tw

enty years collider precision 
phenom

enology w
ill be LH

C
 phenom

enology

Q
C

D
 interactions (the strong force) determ

ine the structure of all 
background processes to N

ew
 Physics searches, hence it is crucial to 

understand som
e basic properties of Q

C
D
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Q
C

D
  

Satisfactory m
odel for strong interactions: non-abelian gauge theory SU

(3)

-
each quark of a given flavour com

es in N
c =

3 colors 

-
SU

(3) is an exact sym
m

etry

-
hadrons are colour neutral, i.e. colour singlet under SU

(3)

-
observed hadrons are colour neutral ⇒

 hadrons have integer charge 

-
hadrons (baryons,m

esons): m
ade of spin 1/2 quarks 

U
†U

=
U

U
†
=

1
d
et(U

)
=
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∑
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ψ
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i →
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∗ij ψ

j U
ik ψ
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=
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k

ψ
∗k ψ

k

∑ijk

ψ
i ψ

j ψ
k
→

∑

ijk
i ′j ′k

′ U
∗ii ′ U

jj ′U
k
k
′ψ

i ′ψ
j ′ψ

k
′
=

∑i ′j ′k
′ ψ

i ′ψ
j ′ψ

k
′

R
≡

e
+
e −

→
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ad

ron
s

e
+
e −

→
µ

+
m

u
−

∝
Q

2

1

H
adron spectrum

 fully classified w
ith the follow

ing assum
ptions
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C
olor singlet hadrons

Q
uarks can be com

bined in 2 elem
entary w

ays into color singlets of the 
SU

c (3) group

�ijk

�
ijk ⇥

i ⇥
j ⇥

k
�

�

ii �jj
�k

k
� �

ijk U
ii �U

jj
�U

k
k

�⇥
i �⇥

j
�⇥

k
�=

�i �j
�k

� �
i �j

�k
�det(U

)⇥
i �⇥

j
�⇥

k
�

�

i

�
�i �

i �
�ijk

U
�ij U

ik �
j �

k
=

�

k

�
�k �

k

Baryons (ferm
ions, e.g. proton, neutrons ...)

M
esons (bosons, e.g. pion ...)
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First experim
ental evidence for colour

I.
Existence of Δ

+
+ particle: particle w

ith three up quarks of the sam
e spin 

and w
ith sym

m
etric spacial w

ave function.  W
ithout an additional 

quantum
 num

ber Pauli’s principle w
ould be violated 

⇒
 color quantum

 num
ber
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and w
ith sym

m
etric spacial w

ave function.  W
ithout an additional 
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II.R
-ratio: ratio of (e

+e
- →

 hadrons)/(e
+e

- →
 µ

+µ
-) 
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Q
uark m

ass spectrum

charge 2/3
m
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Q
uark m

ass spectrum

mq/mtop
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ttop

2
nd

1
stquark generation

3
rd
electric charge
−1/3 + 2/3

up

dow
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strange

ud
s ccharm

bbottom

Six know
n quarks. T

heir m
asses of different quark flavors range from

 
around 2 M

eV
 for the up quark to around 173 G

eV
 for the top. W

hy 
these m

asses are split by alm
ost six orders of m

agnitude is one of the big 
m

ysteries of particle physics



T
he R

-ratio: com
parison to data

R
e
n
o
rm
a
lis
a
tio
n
g
ro
u
p

Q
C
D
b
e
ta
fu
n
c
tio
n

S
h
o
rt-d

is
ta
n
c
e
o
b
s
e
rv
a
b
le
s

C
o
m
p
a
ris
o
n
o
f
R̂
to
e
x
p
e
rim
e
n
ta
l
d
a
ta

10
-1

1 10 10
2

0.5
1

1.5
2

2.5
3

S
u
m

o
f
ex

clu
siv

e
m

ea
su

rem
en

ts
In

clu
siv

e
m

ea
su

rem
en

ts

3
lo

o
p

p
Q

C
D

N
a
iv

e
q
u
a
rk

m
o
d
el

u
,
d
,
s

ρ

ω

φ

ρ
′

2 3 4 5 6 7

3
3.5

4
4.5

5

M
a
rk

-I

M
a
rk

-I
+

L
G

W

M
a
rk

-II

P
L
U

T
O

D
A

S
P

C
ry

sta
l
B

a
ll

B
E

S

J
/
ψ

ψ
(2

S
)

ψ
3
7
7
0

ψ
4
0
4
0

ψ
4
1
6
0

ψ
4
4
1
5

c

2 3 4 5 6 7 8

9.5
10

10.5
11

M
D

-1
A

R
G

U
S

C
L
E

O
C

U
S
B

D
H

H
M

C
ry

sta
l
B

a
ll

C
L
E

O
II

D
A

S
P

L
E

N
A

Υ
(1

S
)

Υ
(2

S
)

Υ
(3

S
)

Υ
(4

S
)

b

R

√

s
[G

eV
]

A
n
d
re
a
B
a
n
fi

L
e
c
tu
re
2

9



Q
ED

 and Q
C

D

Q
ED

 and Q
C

D
 are very sim

ilar, yet very different theories

quarks are a bit like leptons, but there are three of each

gluons are a bit like photons, but there are eight of them
 

gluons interact w
ith them

selves

the Q
C

D
 coupling is also sm

all at collider energies, but larger then 
the Q

ED
 one

the sim
ilarities and differences are evident from

 the tw
o Lagrangians
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Q
ED

 and Q
C

D
 are very sim

ilar, yet very different theories

quarks are a bit like leptons, but there are three of each

gluons are a bit like photons, but there are eight of them
 

gluons interact w
ith them

selves

the Q
C

D
 coupling is also sm

all at collider energies, but larger then 
the Q

ED
 one

the sim
ilarities and differences are evident from

 the tw
o Lagrangians

So, let’s start by looking at the Q
ED Lagrangian
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T
he Q

ED
 Lagrangian

covariant derivative

electrom
agnetic vector potential

field strengh tensor
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Q
ED

 Feynm
an rules

12



Q
ED

 gauge invariance

A
 crucial property of the Q

ED
 Lagrangian is that it is invariant under 

w
hich acts on the D

irac field as a local phase transform
ation 

Exercise: 
C

heck that the Q
ED

 Lagrangian is invariant under the above 
transform

ations
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Q
ED

 gauge invariance

A
 crucial property of the Q

ED
 Lagrangian is that it is invariant under 

w
hich acts on the D

irac field as a local phase transform
ation 

Exercise: 
C

heck that the Q
ED

 Lagrangian is invariant under the above 
transform

ations

Yang and M
ills (1954) proposed that the local phase rotation in Q

ED
 

could be generalized to invariance under any continuos sym
m

etry 

[C
. N

. Yang and R
. L. M

ills, Phys. R
ep. 96 (1954) 191]

13



T
he Q

C
D

 Lagrangian
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(N

f )×
U

L
(1)×

U
R
(1)

ψ
L

=
P

L ψ
,

ψ
R

=
P

R
ψ

,
P

L
/R

=
12

(1
∓

γ
5 )

R
0

=
σ

0 (γ
∗→

h
ad

ron
s)

σ
0 (γ

∗→
µ

+
µ
−
)

=
N

c ∑

f

q
2f

R
1

=
R

0 (
1

+
α

s

π

)

1

only one Q
C

D
 param

eter g
s  regulating the strength of the interaction 

(quark m
asses have EW

 origin)

setting g
s  =

 0 one obtains the free Lagrangian (free propagation of 
quarks and gluons w

ithout interaction)

term
s proportional to g

s  in the field strength cause self-interaction 
betw

een gluons (m
akes the difference w

.r.t. Q
ED

)

color m
atrices t aij  are the generators of SU

(3) 

Q
C

D
 flavour blind (differences only due to EW

)
14



T
he generators of SU

(N
)

T
he gauge group of Q

C
D

 is SU
(N

) w
ith N

 =
3   
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T
he generators of SU

(N
)

T
he gauge group of Q

C
D

 is SU
(N

) w
ith N

 =
3   

N
×

N
 com

plex generic m
atrix �

 N
2 com

plex values, i.e. 2 N
2 real ones

☛
unit determ

inant �
 1 condition 

det(U
)

=
1

☛
unitarity �

 N
2 conditions 

U
U

†
=

U
†U

=
1

N
�

N

So, the fundam
ental representation of SU

(N
) has N

2-1 generators t a :  
N
×

N
 traceless herm

itian m
atrices �

 N
2-1 gluons

U
†U

=
U

U
†
=

1
d
et(U

)
=

1

∑

i

ψ
∗i ψ

i →
∑ijk

U
∗ij ψ

j U
ik ψ

k
=

∑

k

ψ
∗k ψ

k

∑ijk

ψ
i ψ

j ψ
k
→

∑

ijk
i ′j ′k

′ U
∗ii ′ U

jj ′U
k
k
′ψ

i ′ψ
j ′ψ

k
′
=

∑i ′j ′k
′ ψ

i ′ψ
j ′ψ

k
′

n
q −

n
q̄

=
n
·3

w
ith

n
integer

R
≡

e
+
e −

→
h
ad

ron
s

e
+
e −

→
µ

+
µ
−

∝
N

c ∑

f

Q
2f

L
Q

C
D

=
−

14
F

µ
ν

a
F

aµ
ν

+
∑

f

ψ̄
(f

)
i

(iD/
ij −

m
f δ

ij )
ψ

(f
)

j

D
µij ≡

∂
µδ

ij
+

ig
s t aij A

µa
,

F
aµ
ν
≡

∂
µ A

aν −
∂

ν A
aµ
−

g
s f

a
bc A

bµ A
cν

U
=

e
iθ

a
(x

)t a

[ta ,tb ]
=

f
a
bc t c

f
a
bc

=
−

f
a
cb

=
−

f
ba

c

L
gau

ge−
fi
x
in

g
=

−
12λ

(∂
µA

Aµ

)
2

ψ
(f

)→
∑f

′
U

f
f
′ψ

(f
′)

L
F

=
∑

f

(ψ̄
(f

)
L

D/ψ
(f

)
L

+
ψ̄

(f
)

R
D/ψ

(f
)

R

)
−

∑

f

m
f

(ψ̄
(f

)
R

ψ
(f

)
L

+
ψ̄

(f
)

L
ψ

(f
)

R

)

S
U

L (N
f )×

S
U

R
(N

f )×
U

L
(1)×

U
R
(1)

1

a
=

1,···N
2�

1

15



T
he G

ell-M
ann m

atrices

P
h
en

om
en

ology:
lectu

re
3

(p
.

56)

Q
C
D

b
asics

L
agran

gian
Lagrangian

+
colour

Q
uarks

—
3

colours:
ψ

a
=

⎛⎝

ψ
1

ψ
2

ψ
3

⎞⎠

Q
uark

part
of

L
agrangian:

L
q

=
ψ̄

a (iγ
µ∂

µ δ
a
b
−

g
s γ

µt
Ca
b A

Cµ
−

m
)ψ

b

S
U

(3)
local

gauge
sym

m
etry

↔
8

(=
3

2−
1)

generators
t
1a
b
...t

8a
b

corresp
onding

to
8

gluons
A

1µ
...A

8µ .

A
representation

is:
t
A

=
12 λ

A
,

λ
1

=

0@

0
1

0

1
0

0

0
0

0

1A

,
λ

2
=

0@

0
−

i
0

i
0

0

0
0

0

1A

,
λ

3
=

0@

1
0

0

0
−

1
0

0
0

0

1A

,
λ

4
=

0@

0
0

1

0
0

0

1
0

0

1A

,

λ
5

=

0@

0
0

−
i

0
0

0

i
0

0

1A

,
λ

6
=

0@

0
0

0

0
0

1

0
1

0

1A

,
λ

7
=

0@

0
0

0

0
0

−
i

0
i

0

1A

,
λ

8
=

0B@

1√3
0

0

0
1√3

0

0
0

−
2

√

3

1CA
,

O
ne explicit representation: 

λ
A are the G

ell-M
ann m

atrices

t A
=

12
�

A

Standard norm
alization:

Tr(t at b)
=

T
R

�
a
b

T
R

=
12

N
otice that the first three G

ell-M
ann m

atrices contain the three Pauli 
m

atrices in the upper-left corner
16



T
he generators of SU

(N
)

Infinitesim
al transform

ations (close to the identity) give com
plete 

inform
ation about the group structure. T

he m
ost im

portant 
characteristic of a group is the com

m
utator of tw

o transform
ations: 

[U
(�

1 ),U
(�

2 )]⇥
U

(�
1 )U

(�
2 )�

U
(�

2 )U
(�

1 )
=

(i�
a1 )(i�

b2 )[t a,t b]+
O

(�
3)

T
he tw

o m
atrices to not com

m
ute, therefore the transform

ations don’t. 
Such a group is called non-abelian. 

•
Fam

iliar abelian groups: translations, phase transform
ations U

(1) ... 

•
Fam

iliar non-abelian groups: 3D
-rotations 

17



T
he generators of SU

(N
)

C
onsider the com

m
utator

fabc  are the (real) structure constants of the SU
(N

c ) algebra, they generate 
a representation of the algebra called adjoint representation 

C
learly, fabc  is anti-sym

m
etric in (ab). It is easy to show

 that it is fully 
antisym

m
etric

and that hence it is fully antisym
m

etric

if
a
bc

=
2

Tr([ta ,tb ]tc )

f
a
bc

=
�

f
ba

c
=
�

f
a
cb

[ta ,tb ]=
if

a
bc t c

T
r([ta ,tb ])

=
0
�

18



C
olor algebra: fundam

ental identities

Fundam
ental representation 3:

Trace identities: α
s
=

g
2s

4π

R
2

=
R

0

(

1
+

α
s

π
+

(
α

s

π

)
2 (

c
+

π
b
0
ln

M
2U
V

Q
2

)
)

α
s (µ

)
=

α
b
are

s
+

b
0
ln

M
2U

V

µ
2

(α
b
are

s

)
2

b
0

=
11N

c −
4n

f T
R

12π

R
=

R
0 ⎛⎝

1
+

α
s (µ

)

π
+

(
α

s (µ
)

π

)
2 (

c
+

π
b
0
ln

µ
2

Q
2 )

+
O

(α
3s (µ

)) ⎞⎠

β
(α

ren
s

)≡
µ

2 α
ren
s

dµ
2

β
=

−
b
0
α

2s (µ
)
+

...

1

α
s (µ

)
=

b
0
ln

µ
2

µ
20

+
1

α
s (µ

0 )

α
s (µ

)
=

1

b
0
ln

µ
2

Λ
2

β
=

−
α

2s (µ
) ∑

i

b
i α

is (µ
)

b
0

=
11N

c −
4n

f T
R

12π

b
1

=
17N

2c
−

5N
c n

f −
3C

F
n

f

24π
2

T
r(t a)

=
0

T
r(t a

t b)
=

T
R
δ

a
b

2

α
s
=

g
2s

4π

R
2

=
R

0

(

1
+

α
s

π
+

(
α

s

π

)
2 (

c
+

π
b
0
ln

M
2U
V

Q
2

)
)

α
s (µ

)
=

α
b
are

s
+

b
0
ln

M
2U

V

µ
2

(α
b
are

s

)
2

b
0

=
11N

c −
4n

f T
R

12π

R
=

R
0 ⎛⎝

1
+

α
s (µ

)

π
+

(
α

s (µ
)

π

)
2 (

c
+

π
b
0
ln

µ
2

Q
2 )

+
O

(α
3s (µ

)) ⎞⎠

β
(α

ren
s

)≡
µ

2 α
ren
s

dµ
2

β
=

−
b
0
α

2s (µ
)
+

...

1

α
s (µ

)
=

b
0
ln

µ
2

µ
20

+
1

α
s (µ

0 )

α
s (µ

)
=

1

b
0
ln

µ
2

Λ
2

β
=

−
α

2s (µ
) ∑

i

b
i α

is (µ
)

b
0

=
11N

c −
4n

f T
R

12π

b
1

=
17N

2c
−

5N
c n

f −
3C

F
n

f

24π
2

T
r(t a)

=
0

T
r(t a

t b)
=

T
R
δ

a
b

2

A
djoint representation 8:

i
j

=
�
ij

=
�
a
b

a
b

a
a

b
=

0
=

T
R

i
j

=
t aij

=
if

a
bc

b
a

c

19



W
hat do color identities m

ean physically

W
hat does this really m

ean?

�̄
i t Aij

�
j

20



W
hat do color identities m

ean physically

��
0

1
0

1
0

0
0

0
0

��
(1,0,0)

��
010

��

�̄
i

t 1ij
�

j
W

hat does this really m
ean?

�̄
i t Aij

�
j

G
luons carry color and anti-color. T

hey repaint quarks and other gluons.

20



C
olor algebra: C

asim
irs &

 Fierz identity

Fundam
ental representation 3:

A
djoint representation 8:  

Q
C
D
L
a
g
ra
n
g
ia
n

F
e
y
n
m
a
n
ru
le
s

P
ic
to
ria
l
re
p
re
s
e
n
ta
tio
n
o
f
S

U
(
N

c
)
id
e
n
titie

s

C
a
s
im
ir
fa
c
to
rs

F
u
n
d
a
m
e
n
ta
l
re
p
re
s
e
n
ta
tio
n

3
:

X

a

t
aik

t
ak

j
=

C
F

δ
ij

C
F

=
N

2c
−

1

2N
c

C
F

=

A
d
jo
in
t
re
p
re
s
e
n
ta
tio
n

8
:

Xc
d

f
a

c
d
f

b
c
d

=
C

A
δ
a

b
C

A
=

N
c

C
A

=

F
ie
rz
id
e
n
tity
:

(t
a
)
ik

(t
a
)
lj

=
12

δ
ij

δ
lk
−

1

2N
c
δ
1k

δ
lj

2 1

N
c

2

1
=

−

G
lu
o
n
s
a
s
c
a
rrie

rs
o
f
c
o
lo
u
r
in
th
e
la
rg
e
-N

c
lim
it

+
  O

(1
/N

 )c
12

=

A
n
d
re
a
B
a
n
fi

L
e
c
tu
re
1

Q
C
D
L
a
g
ra
n
g
ia
n

F
e
y
n
m
a
n
ru
le
s

P
ic
to
ria
l
re
p
re
s
e
n
ta
tio
n
o
f
S

U
(
N

c
)
id
e
n
titie

s

C
a
s
im
ir
fa
c
to
rs

F
u
n
d
a
m
e
n
ta
l
re
p
re
s
e
n
ta
tio
n

3
:

X

a

t
aik

t
ak

j
=

C
F

δ
ij

C
F

=
N

2c
−

1

2N
c

C
F

=

A
d
jo
in
t
re
p
re
s
e
n
ta
tio
n

8
:

Xc
d

f
a

c
d
f

b
c
d

=
C

A
δ
a

b
C

A
=

N
c

C
A

=

F
ie
rz
id
e
n
tity
:

(t
a
)
ik

(t
a
)
lj

=
12

δ
ij

δ
lk
−

1

2N
c
δ
1k

δ
lj

2 1

N
c

2

1
=

−

G
lu
o
n
s
a
s
c
a
rrie

rs
o
f
c
o
lo
u
r
in
th
e
la
rg
e
-N

c
lim
it

+
  O

(1
/N

 )c
12

=

A
n
d
re
a
B
a
n
fi

L
e
c
tu
re
1

∑

a

(t aij )(t ak
j )

=
C

F
δ
ij

C
F

=
N

2c
−

1

2N
c

∑cd

f
a
cdf

bd
c
=

C
A
δ

a
b

C
A

=
N

c

(t a)
ik (t a)

lj 12
δ

ij δ
lk −

1

2N
c δ

ik δ
lj

3

∑

a

(t aij )(t ak
j )

=
C

F
δ
ij

C
F

=
N

2c
−

1

2N
c

∑cd

f
a
cdf

bd
c
=

C
A
δ

a
b

C
A

=
N

c

(t a)
ik (t a)

lj 12
δ

ij δ
lk −

1

2N
c δ

ik δ
lj

3

Fierz identity:

Q
C
D
L
a
g
ra
n
g
ia
n

F
e
y
n
m
a
n
ru
le
s

P
ic
to
ria
l
re
p
re
s
e
n
ta
tio
n
o
f
S

U
(
N

c
)
id
e
n
titie

s

C
a
s
im
ir
fa
c
to
rs

F
u
n
d
a
m
e
n
ta
l
re
p
re
s
e
n
ta
tio
n

3
:

X

a

t
aik

t
ak

j
=

C
F

δ
ij

C
F

=
N

2c
−

1

2N
c

C
F

=

A
d
jo
in
t
re
p
re
s
e
n
ta
tio
n

8
:

Xc
d

f
a

c
d
f

b
c
d

=
C

A
δ
a

b
C

A
=

N
c

C
A

=

F
ie
rz
id
e
n
tity
:

(t
a
)
ik

(t
a
)
lj

=
12

δ
ij

δ
lk
−

1

2N
c
δ
1k

δ
lj

2 1

N
c

2

1
=

−

G
lu
o
n
s
a
s
c
a
rrie

rs
o
f
c
o
lo
u
r
in
th
e
la
rg
e
-N

c
lim
it

+
  O

(1
/N

 )c
12

=

A
n
d
re
a
B
a
n
fi

L
e
c
tu
re
1

∑

a

(t aij )(t ak
j )

=
C

F
δ
ij

C
F

=
N

2c
−

1

2N
c

∑cd

f
a
cdf

bd
c
=

C
A
δ

a
b

C
A

=
N

c

(t a)
ik (t a)

lj
=

12
δ

ij δ
lk −

1

2N
c δ

ik δ
lj

3
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Exercises: 
1) derive Fierz identity
2) use the Fierz identity to derive the value of C

F and C
A



G
auge invariance

T
he Q

C
D

 Lagrangian is invariant under local gauge transform
ations, i.e. 

one can redefine the quark and gluon fields independently at every point 
in space and tim

e w
ithout changing the physical content of the theory

U
†U

=
U

U
†
=

1
d
et(U

)
=

1

∑

i

ψ
∗i ψ

i →
∑ijk

U
∗ij ψ

j U
ik ψ

k
=

∑

k

ψ
∗k ψ

k

∑ijk

ψ
i ψ

j ψ
k
→

∑

ijk
i ′j ′k

′ U
∗ii ′ U

jj ′U
k
k
′ψ

i ′ψ
j ′ψ

k
′
=

∑i ′j ′k
′ ψ

i ′ψ
j ′ψ

k
′

n
q −

n
q̄

=
n
·3

w
ith

n
integer

R
≡

e
+
e −

→
h
ad

ron
s

e
+
e −

→
µ

+
µ
−

∝
N

c ∑

f

Q
2f

L
Q

C
D

=
−

14
F

µ
ν

a
F

aµ
ν

+
∑

f

ψ̄
(f

)
i

(iD/
ij −

m
f δ

ij )
ψ

(f
)

j

D
µij ≡

∂
µδ

ij
+

ig
s t aij A

µa
,

F
aµ
ν
≡

∂
µ A

aν −
∂

ν A
aµ
−

g
s f

a
bc A

bµ A
cν

U
=

e
iθ

a
(x

)t a

ψ
i →

ψ
′i
=

U
jk (x

)ψ
k

t aA
a
→

t aA
′a

=
U

(x
)t aA

a U
−

1(x
)
+

ig
s
(∂

U
(x

))
U

−
1(x

)

[ta ,tb ]
=

f
a
bc t c

f
a
bc

=
−

f
a
cb

=
−

f
ba

c

L
gau

ge−
fi
x
in

g
=

−
12λ

(∂
µA

Aµ

)
2

ψ
(f

)→
∑f

′
U

f
f
′ψ

(f
′)

1

U
†U

=
U

U
†
=

1
d
et(U

)
=

1

∑

i

ψ
∗i ψ

i →
∑ijk

U
∗ij ψ

j U
ik ψ

k
=

∑

k

ψ
∗k ψ

k

∑ijk

ψ
i ψ

j ψ
k
→

∑

ijk
i ′j ′k

′ U
∗ii ′ U

jj ′U
k
k
′ψ

i ′ψ
j ′ψ

k
′
=

∑i ′j ′k
′ ψ

i ′ψ
j ′ψ

k
′

n
q −

n
q̄

=
n
·3

w
ith

n
integer

R
≡

e
+
e −

→
h
ad

ron
s

e
+
e −

→
µ

+
µ
−

∝
N

c ∑

f

Q
2f

L
Q

C
D

=
−

14
F

µ
ν

a
F

aµ
ν

+
∑

f

ψ̄
(f

)
i

(iD/
ij −

m
f δ

ij )
ψ

(f
)

j

D
µij ≡
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•
T

he covariant derivative                                     m
ust transform
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(covariant =
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ith” the field) 
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µ
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G
auge invariance

T
he Q

C
D

 Lagrangian is invariant under local gauge transform
ations, i.e. 

one can redefine the quark and gluon fields independently at every point 
in space and tim

e w
ithout changing the physical content of the theory
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•
T

herefore the Q
C

D
 Lagrangian is indeed gauge invariant 
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G
auge invariance

T
he Q

C
D

 Lagrangian is invariant under local gauge transform
ations, i.e. 

one can redefine the quark and gluon fields independently at every point 
in space and tim

e w
ithout changing the physical content of the theory

•
the field strength alone is not gauge invariant in Q

C
D

 (unlike in Q
ED

) 
because of self interacting gluons (carries of the force carry colour, 
unlike the photon) 

•
a gluon m

ass term
 violate gauge invariance and is therefore forbidden 

(as for the photon). O
n the other hand quark m

ass term
s are gauge 

invariant.

R
em

arks:

m
2A

µ
A

µ
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Isospin sym
m

etry

Isospin SU
(2) sym

m
etry: invariance under  u ↔

 d 

T
he Q

C
D

 Lagrangian has isospin sym
m

etry if m
u  =

 m
d  or m

u , m
d  →

 0

Particles in the sam
e isospin m

ultiplet have very sim
ilar m

asses 
(proton and neutron, neutral and charged pions)

T
he ferm

ionic Lagrangian becom
es

So neglecting ferm
ion m

asses the Lagrangian has the larger sym
m

etry
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Feynm
an rules: propagators 

O
btain quark/gluon propagators from

 free piece of the Lagrangian

Q
uark propagator: replace i∂ →

 k and take the i × inverse 
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=
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h
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=
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+
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+
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G
luon propagator: replace i∂ →

 k and take the i × inverse ? 

�
�inverse does not exist, since 

H
ow

 can one to define the propagator ? 

L
g
,free

=
12
A

µ
(�

g
µ

⇥
�

�
µ
�

⇥ )
A

⇥

(�
g

µ
�
�

�
µ
�

� )
�

µ
=

�
�

�
�

�
�

�
=

0
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G
auge fixing

Solution: 
add to the Lagrangian a gauge fixing term

 w
hich depends on an 

arbitrary param
eter ξ

In covariant gauges:

ξ=
1  Feynm

an gauge
ξ=

0  Landau gauge 

G
auge fixing explicitly breaks gauge invariance. H

ow
ever, in the end physical 

results are independent of the gauge choice. Pow
erful check of higher order 

calculations: verify that the ξ dependence fully cancels in the final result

G
luon propagator: 

L
g
a
u
g
e

fi
x
in

g
=
�

1�

��
µ
A

Aµ �
2
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G
hosts

In covariant gauges gauge fixing term
 m

ust be supplem
ented w

ith ghost 
term

 to cancel unphysical longitudinal degrees of freedom
 w

hich should 
not propagate

η: com
plex scalar field w

hich obeys Ferm
i statistics 

Q
C
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L
a
g
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g
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F
e
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n
m
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n
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s
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p
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n
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n
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)
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n
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g
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g
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∂
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⇒
∆
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=
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=
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∂
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c
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c
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c
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=
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A
xial gauges

A
lternative: choose an axial gauge (introduce an arbitrary direction n)

T
he gluon propagator becom

es

L
a
x
ia

l
g
a
u
g
e

=
�

1�

�n
µ
A

Aµ �
2

d
µ

�
=

ik
2
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�

g
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n
µ
k

�
+

n
� k

µ

n
·k

+
(n

2
+

�k
2)k

µ
k

�

(n
·k)

2

�
�
a
b
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A
xial gauges

A
lternative: choose an axial gauge (introduce an arbitrary direction n)

T
he gluon propagator becom

es

i.e. only tw
o physical polarizations propagate, that’s w

hy often the term
 

physical gauge is used

Light cone gauge: n
2 =

 0 and ξ =
 0

A
xial gauges for k

2
�

0
d

µ
� k

µ
=

d
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� n
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+
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µ
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(n
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2

�
�
a
b
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Q
C

D
 Feynm

an rules: the vertices 
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Perturbative expansion of the R
-ratio

T
he R

-ratio is defined as 

A
t low

est order in perturbation theory 

R
�

�(e
+
e �
�

hadrons)
�(e

+
e �
�

µ
+
µ
�

)

�(e
+
e �
�

hadrons)
=

�
0 (e

+
e �
�

qq̄)

T
he PT

 treatm
ent w

orks since the scattering happens at large m
om

entum
 

transfer (short tim
e), w

hile hadronization happens at low
 m

om
entum

 
transfer, i.e. too late to change the original probability distribution

e
-

e
+

γ
*/Z

Since com
m

on factors cancel in num
erator/denom

inator, to low
est order 

one finds
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=
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∂
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+
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+
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T
he R

-ratio: perturbative expansion

First order correctionvirtual
real

R
eal and virtual do not interfere since they have a different #

 of particles. 
T

he am
plitude squared becom

es

|A
1 | 2

=
|A

0 | 2
+

�
s �|A

1
,r | 2

+
2R

e{A
0 A

�1
,v } ⇥

+
O

(�
2s )

�
s

=
g
2s

4⇥

R
1

=
R

0 �1
+

�
s

⇥

⇥
Integrating over phase space, the first order result reads
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R
-ratio and U

V
 divergences
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To com
pute the second order correction one has to com

pute diagram
s 

like these and m
any m

ore

U
ltra-violet divergences do not cancel. R

esult depends on U
V

 cut-off. 
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1 ...

O
ne gets

33



R
enorm

alization and running coupling

T
he divergence is dealt w

ith by renorm
alization of the coupling constant
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R
 expressed in term

s of the renorm
alized coupling is finite

R
enorm

alizability of the theory guarantees that the sam
e redefinition of the 

coupling rem
oves all U

V divergences from
 all physical quantities (m

assless case)
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W
ill not cover renorm

alization in these lectures, but it suffices to know
 

that renorm
alization of S-m

atrix elem
ents is achieved by replacing bare 

m
asses and bare coupling w

ith renorm
alized ones 

•
the coupling �

�β function
•

the m
asses �

�anom
alous dim

ensions γ
m
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T
he beta-function

T
he renorm

alized coupling is β
(α

ren
s

)≡
µ

2 α
ren
s

dµ
2

β
=

−
b
0 α

2s (µ
)
+

...

1

α
s (µ

)
=

b
0
ln

µ
2

µ
20

+
1

α
s (µ

0 )

α
s (µ

)
=

1

b
0
ln

µ
2

Λ
2

2
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R
oughly speaking:
(a) quark loop vacuum

 polarization diagram
 gives a negative contribution 

to b
0  ∼ n

f

(b) gluon loop gives a positive contribution to b
0  ∼ N

c

Since (b) >
 (a) �

�b
0,Q

C
D

 >
 0 �

�overall negative beta-function in Q
C

D
  

W
hile in Q

ED
 (b) =

 0 �
 b

0,Q
ED  <

 0 

M
ore on the beta-function

(a)

(b)

�
Q

E
D

=
13�

�
2

+
...
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M
ore on the beta-function

Perturbative expansion of the beta-function: 
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•
n

f  is the num
ber of active flavours (depends on the scale)

•
today, the beta-function know

n up to four loops, but only first tw
o 

coefficients are independent of the renorm
alization schem
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Exercise: proof the above statem
ent [hint: use the fact that at O

(α
s ) the 

coupling in tw
o different schem

es is related by a finite change]



A
ctive flavours &

 running coupling

T
he active field content of a theory m

odifies the running of the couplings  

C
onstrain N

ew
 Physics by m

easuring the running at high scales? 
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R
enorm

alization G
roup Equation

C
onsider a dim

ensionless quantity A
, function of a single scale Q

. T
he 

dim
ensionless quantity should be independent of Q

. H
ow

ever in quantum
 

field theory this is not true, as renorm
alization introduces a second scale µ 
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R
enorm

alization G
roup Equation

But the renorm
alization scale is arbitrary. T

he dependence on it m
ust cancel 

in physical observables up to the order to w
hich one does the calculation. 

C
onsider a dim

ensionless quantity A
, function of a single scale Q
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dim
ensionless quantity should be independent of Q

. H
ow

ever in quantum
 

field theory this is not true, as renorm
alization introduces a second scale µ 
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R
enorm

alization G
roup Equation

But the renorm
alization scale is arbitrary. T

he dependence on it m
ust cancel 

in physical observables up to the order to w
hich one does the calculation. 

So, for any observable A
 one can w

rite a renorm
alization group equation 
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R
enorm

alization G
roup Equation

But the renorm
alization scale is arbitrary. T

he dependence on it m
ust cancel 

in physical observables up to the order to w
hich one does the calculation. 

So, for any observable A
 one can w

rite a renorm
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C
onsider a dim

ensionless quantity A
, function of a single scale Q

. T
he 

dim
ensionless quantity should be independent of Q

. H
ow

ever in quantum
 

field theory this is not true, as renorm
alization introduces a second scale µ 

Scale dependence of A
 enters through the running of the coupling: 

know
ledge of                    allow

s one to com
pute the variation of A

 w
ith 

Q
 given the beta-function 

A
(1,�

s (Q
2))
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M
easurem

ents of the running coupling
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Sum
m

arizing:

•
overall consistent picture: α

s from
 very 

different observables com
patible

• α
s is not so sm

all at current scales  

• α
s decreases slow

ly at higher energies 
(logarithm

ic only) 

•
higher order corrections are and w

ill 
rem

ain im
portant 

�
s (M

Z
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=
0.1184

±
0.007

W
o

rld
 a

vera
ge
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