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Introduction

How to break a SO(2N) family group?

SO(10) — SU(5) — SM
Y161610 — Y, =Yg = Y] — my, mg, me

Yukawa — Yukawa — masses

We perform the first task with our SOdn Library:

SO stands for S(pecial) O(rthogonal) Spin
Entirely written in C** language [c++11]

Its main role is to decompose SO(2N) Yukawa interactions in SU(N) basis

We use the framework of annihilation and creation operators: b; and b,.Jr

Specific functions are included to address the SO(10)

Further simplifications are done invoking FORM
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SO(2N) - Special Orthogonal

{rotation group in 2N-dimensional real space}

@ 2N x 2N orthogonal matrices, R: | RTR = RRT = 1 |and| det(R) = +1

2N(2N — 1)/2 imaginary antisymmetric generators

¢

% rank N (i.e. N diagonal, simultaneously diagonalizable generators)
i
% Generators: R(w) = exp (75wuuMw,>

% Algebra: [Myu, Mpp] = i (6unMup — 8upMuy — SunMup + 6upMuy)

SO(2N) — .
SU(N)
How to describe SO(2N) — SU(N)?
- oscillator technique [Mohapatra, Sakita,1980]
- other methods [He & Meljanac, 1990]

[Fukuyama et al, 2005]
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SO(2N): Repesentations

a,

Vi

fundamental:

adjoint: | 2N(2N — 1)/2

2N>

antisymmetric of rank rth: (
r

symmetric of rank rif": [(ZN * (rr - l)) - (2N :Erz_ 3))}

2 different spinorial: &

N even: x and x’ are real (self-conjugated)

N odd: x andx are complex (conjugate of each other)

[The antisymmetric rep. of rank N is splitted in twoJ
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SO(2N) in an SU(N) basis

How to write the spinorial SO(2N) representation in terms of SU(N) states?

[The Link: annihilation and creation operators: b; and b,T !]

The description via wave functions is substituted by the use of creation, b,.T, and
annihilation, b;, operators:

: 1 . 1 . _
W — W) =[0)y + b [0) ¢ + 97 bl |0) + -+ —eT K plbT bl |0)
2 ——

N!
N

Example:  bi[0)=1|1)  bi|1)=]0)  b]|1)=b;[0) =0
Grassmann Algebra:
{bi,b/}=06; and  {b,b} =0={b/,b}

{a,b} = ab + ba
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SO(2N) in an SU(N) basis

One can define,

Moj—1 = —i(b; — b]) Mo = (b + b)),
I, matrices for a Clifford algebra of rank 2N:
{Tu, T} =26
The 2N(2N — 1)/2 generators of SO(2N) are defined as
1
ZHV =5 [ru» rV]
2i

Projection operator, P+

1
P:tZE(l:I:ro): Uy =PV
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Pascal’s triangle

Each line of the Pascal’s triangle:

The

antisymmetric representation of rank r)

The irreducible representations (irreps) of

B owoN

© w N o u

1 6
1 7
1 8 28
1 9 36
1 10 45 120
1 11 55 165
12 66 220 495

21

84

56

210

792

126

20

70

10

35

126

antisymmetric representations (the position rth gives the

X
> (7)
i=1 !

SO(10) su(s)

fundamental 10 5

rank 2 45 10
rank 3 120 10
rank 4 210 5
rank 5 252=126 + 126 1
spinorial 164=1+5+10 -
1
1
4 1
5 1
15 6 1
21 7 1
56 28 8 1
84 36 9 1
210 120 45 10 1
330 165 55 11
792 495 220 66 12
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SO(2N) in an SU(N) basis

SO(2N) SUMN)

0) 1 ¥
i .
) N "
N .
pivilo)  (5) v
N o
bf---b/ir/ |0) (N) i1
dim 2N
SO(2N)
1 . o
_ Tt i T T i iN—
ForNodd [|Wi) = [0) ¢ + Eb’ b 0) ¥ + mbil“'bN—l |0) oyt -=t

v-)

. 1 . .
b 10) ¥ + —bTbTbT [0y ik + .. + mb,j...b,g |0) git--in

1 i 1 o
For Neven [V.) = |0) ¢ + 5bl’fbl‘ |0y ¥ + ... + N1 bT 'b;\rl |0Y pi1---in

_ pf fotpt ik tot pitiN-1

W-) =b710) % + 5 b b'b} |0) ¥ -+ bl..bf_;0) T
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Invariants in SO(2N)

s (Vo ) — )

W)

. 1 . 1 .
0) % + b [0) ¥ + fb,-*b-* 0) 47 + Es”“““bibfbnt 10) ¥y +

1 ; i
W) = 10) & + b 10) w, + 3b/610) vy + ~eyumb{b b}, [0) w7 +

= L\U B 7 (\IIU ()" =

1 .
W) = 10) ¥ + b [0) ¥/ + Ztﬁb* 0) ¥ + 5™ mb{bl b [0) ¥, +

(W] = 47 0] + %, (0161 + 59y (O] s + = e (Ol bty + .

%[W*)\UT : |W>—)<\U*|]

1 ..
W) = [0) ¥ + b [0) ' + 2b*bT 10) ¥ + 5™ b{b{ b}, 0) ; +

(W = (0] + ¥ (0]br + 59 (0] byby + 1,7 (O] by iy
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SO(2N) in an SU(N) basis

o o

SN

Yab (Wi |BC T Ty o Ty IWib) Gugpinee m

a, b flavour indices
C: Dirac charge conjugation matrix

1 5P
Ml Ty = D1 Ty Toniy Doy Moy
P

dP = 0 for even permutations and §P = 1 for odd permutations

Operator B (charge conjugation matrix):
N
B= [] ru=-i]]x-5)
p=odd k=1

where for N odd {B, o} = 0andfor N even [B,[o] = 0
Thus, in the case N + m is an odd number

(VB ct Mg Toy Ty [Wa) =0
while in the case N + m is an even number

(WiIBCT T Ty Ty [Whza) = 0
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SO(2N) in an SU(N) basis

"The Basic Theorem" [Nath, Syed, 2001]
[Nath, Syed, Nucl.Phys.B618, 2001]

Fulol e Tobun...o = bbbl bl deicicp. e
+ (b,-b;rb,j...b,fzj)gicjck‘_‘cn + perms.)
+ (bibyb] b} b 5ch...c, + PErmS.)
+ ...
+ (bibjbk~--bn—lbzd)EIEjEk“.En,lcn + perms.)
+ (bibjbk...bndz gz .c) s

G = 2 +idai—1 b = ¢2i — id2i—1
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SO(10) in SU(5) basis

e.g. of gauge-invariant Yukawa coupling:  (W*| BC™1T, |V) ¢,

. 1 . 1 .
W W) = [0)¢ + b |0) ' + Sy bl b [0) + gwuk b/ b/ b/ |0)
1 . 1 .
+ ﬂwukl b,Tb/Tb}jbf ‘0> + mqpuklm b;bjb:bﬁb; ‘0>

k ki ik ki ki ki
W = e M, T = S M, I = ey

and
e™mpibibl b/ by = 51bfbibiblbly’

U=V, +V_| W, ~16 and V_~16

1 - 1 . _

Wy = (W) = [0) 1 + EbinjT |0y o7 + ﬂa”“m bbbl bl |0) Py,
. 1 .. _ _

W_ W) = bl0) ¢+ Ee”k’m bl b bl 10) %, + biblbIbibl|0) ¥
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SO(10) in an SU(5) basis
% Action of B in (bra| and |ket):
B|W.) =ibfbiblbibl(0)y — i%sUklmbEb,TbL |0y ¥ + b 0) ¥,
Blw_) = —is”k’mbjfb:bﬁbﬁ; |0) ' + éb,*bf|0|0)@,.j —i0)%
and
(Wi|B = —iv (O] bybybsbsbs — éa”k’”’wij (0| bkbibm — i1, (0] b;
(v*| B = ZLA‘E'Y“%" (O] bybibibm + é@l (O] biby + i % (0]

Antisymmetric representations:

dim(¢,) = 10,

dim(éuv) = 45,

dim(éuur) =120,

dim(¢uuae) = 210,
dim(¢uuroy) = 252 =126 @126,
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SO(10) in SU(5) basis
The 120 field representation ¢,,, x:
ruryr)\(j)‘,‘u)\ = bibjbk¢EiEjEk + b;bﬁbgqﬁchck
+3 (b bedaga, + bbf bedaga,)
+ (Sbi¢Enan; + 3b,'T¢E,1cnc,v) )

where

¢Ci5j5k = flij + % (5Ii<fj - 5{<fi> ’ ¢Ci5j5k = fjlk - % (‘ﬁfk - 6“}) b

— ~ijkl — 1
¢c,-cj-ck = ™M fim, ¢E;E,'6k —5ijklmfm7

- — i _ S -
¢Cncnci - f7 ¢cncnc; - _fn

SU(5) normalization:

e p fi= by
V3 VA
" 1 . 1
fl= —h, 5= —"=hy,
V3 ! V3 '
" 2 . . 2 .
f;(] = \/§h£7 fj’k = \/ghjllw
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Generic example:

w5 (0] b1 by b b b, b1 10) 6 v™ — w6 6y w™ ({01 by by b] by ], b [0))

Normal ordering

FN
(0] b b bl by b bl ]0) =
= (0| b b (5M — b bl) bt bl |0)
=84 (0] by by b, b1 10) — (O] by by by b b b |0)

L insy(s) 1

1

;5;« €ijaBy EnmaBry Z,Eiﬂaﬁ EnmkaB

Reverse ordering

P Y
(O| bi bj bk blbm bn |O> =
=0l bbb (8in = blbr) b 10)
=3um (0| bi b b b [0) — (0] b; by b b byb] |0)
=dim (O] bj b; b;j bl |0)
0
— (0 bi by b b (51, — BEB ) 10)
=6im (O] by by b bl [0y — &1, (O] by by b b |0)
1 in SU(5) 1

N 1
;étm €jaBy EnkaBy §5m €jaBry EmkaBy
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Summary

In SU(5)

(0] bi ijr |0) isiaﬁvé japys
(0] by by b b |0) = égijaﬁv Eikapy
(O] by by by b] b}, b |0) = %sﬁkaﬂ Enmlcf
(0] by by b by b, b bl b |0) = Ejkia Eponma
(O] bi bj bk b bm b b} bf bl BT 0) = € jkim Ergpon
(0] by by b3 bs bs b} bJ b} bl bl 0) = € rapon
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Rules

A complete expression of (0] ... |0) must have :

% equal number of upper and lower indices

% the difference between the number of upper and lower indices must be zero or N
for SO(2N)

% contracted indices (equal upper and lower indices) do not account
% the number of creation and annihilation operator in each term must be equal

%, the number of contiguous creation (or annihilation) operators must be equal or
less than N of SO(2N)

% The b; operator is written on the left and b,.T on the right (normal ordering)
otherwise the result is zero
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SO¢Cpin: the scheme

% Provided under the terms of the GNU Lesser General Public License (Free
Software Foundation)

% Hosted by the Hepforge: http://sospin.hepforge.org

[<bra|ket> |

(o)

| %

X \J
® -
——) }/chg y
¢
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SOCpin: Data structures

Data structures used to store and evaluate expressions should:
% Optimised memory usage - since expressions are extremely long
% Optimised flexibility of permutations - adjacency in memory is not relevant

% Standard description of all elements - to ease interpretation and evaluation and
to reduce memory waste in contraction and expansion operations

Solution:
% Linked lists

Implemented operations:

% in multiplications: % insums:
- (bra] - |ket) - (bra| + (bra|
- (bra| - free - |ket) + |ket)
- free - |ket) - free + free

- free - free (bra ‘ ket> =+ (bra ‘ ket>
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SOCpin: Elements of the Linked List

Each element can be of one of the following types:

SN

/N

#bits
elemtype

type O - b

type 1 - bt

type 2 - &

type 3 - constant

3 1 10 10 8
[ type  [sig] id.x I id.y free bits

The internal organisation of each elements (32 bits) is as follows:

N

¢

Type - 3 bits (it allows for future expansion with 4 additional element types)
Signal - 1 bit

id.x - 10 bits (allow values between 0 and 1023)

id.y - 10 bits (allow values between 0 and 1023)

Free bits - 8 bits (for future expansion)
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SOCpin: class DList - the linked list

o o B e

v || = [_*pv [ e—r *prv

noList noList noList

Each node (struct nolist)is composed of:
% elemtype data - element itself
% nolList =prv - pointer to the previous node in list

% nolList *nxt - pointer to the next node in list

The linked list is then composed of none, one or several nodes connected by the
following pointers structure:

% nolList *beg - pointer to the first node in list
% nolList xend - pointer to the last node in list

% nolList *act - pointer to any node in list - used for list manipulation and
scanning

This linked list is implemented by the class DList.
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SOcCpin: How to declare ...
a field

FieldNames#Upperindices «s(Flavorlndex,Upperindices,Lowerlndices)

Ve

(SN M[jk with flavor index A:  M32(A,i,j,k,L,m)

m

Field(M,3,2,ASYM_WITH_FLAVOR);

2% N with flavor index A:  N(A)
Field(N,0,0,ASYM_WITH_FLAVOR);

&, HU symmetric and no flavor:  Hs20(i,j)
Field(H,2,0,SYM);

% M; symmetric and flavor index B:  Ms02(B,,j)
Field(M,0,2,SYM_WITH_FLAVOR);
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How to declare ...

1 —
Bra (0] ﬂsoF’qrsMOA bpbg by by

Braket exp = bra(4, 1/24 * e_(o,p,q,r,s) * MbO1(A,0), b(p) * b(q) * b(r) * b(s));
Field(Mb,0,1,5YM WITH_FLAVOR);

1 —
Ket = eimnMs b/ b/ b/ bf b} |0)

Braket exp = ket(5,1/120 * e_(j,k,1,m,n) * Mb(B), bt(j) * bt(k) * bt(l) * bt(m) * bt(n) );
Field(Mb,0,0,SYM_WITH_FLAVOR);

. ipl
free operators: i b; b,j b,* b,‘; bﬂ;

Braket exp = free(0,i, bt(j) * bt(k) * bt(l) * bt(m) * bt(n) );
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How to declare ...

Braket M;, (0| b; b}l |0) Mg H”

Braket exp = braket(0, MbO1(A,i) = M(B) = H10(n), b(i) * bt(n) );
Field(Mb,0,1,SYM_WITH_FLAVOR);

Field(M,0,0,SYM_WITH_FLAVOR);

Field(H,1,0,ASYM);

Example

1 _ 1 _
exp0 = (0] =" Mo bpbqbrbs expl = T Ejkimn M b/ bl b/ b, b} |0)

Braket exp0 = bra(4, 1/24 * e_(o,p,q,r,s) * MbO1(A,0), b(p) * b(g) * b(r) * b(s));

Braket exp1 ket(5,1/120 = e_(j,k,1,m,n) * Mb(B), bt(j) * bt(k) * bt(l) * bt(m) * bt(n) );
Field(Mb,0,1,ASYM_WITH_FLAVOR) ;

Field(Mb,0,0,ASYM_WITH_FLAVOR);

newId("A");newId("B");newId("0");
Braket product = exp0 * expl;
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An example in SO(4)

. 1 . _
W) = [0)M + b/ [O) N + Ea”b,.TbjT |0y M

InSU(2): M,M~1 and N'~s2

[¥) = [¥1) + [¥2)
where . )
Y1) = M[0) + b]b][O)M and |¢2) = b/N'[0)

The Clifford Algebra:

M= —i(br—bf), T2 =bi+b

M3 = —i(ba —bl), Ta = by+bl
Charge conjugation operator:

B = —i(by — b])(b2 —bJ) and [B,To] =0

1 . — " .
iB ) = Egvbfbjf |O)M + [0)M and iB i) = lb/ |0) N/
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An example in SO(4)

Computing (7, | BT | ¥2b) (¥1c | BT 1| 924) in SO(4)

#inelude <sospin/son .k

using namespace sospin ;

int main(int arge, char

setDim (1)

Braket L1. R1, L2

Braket inlE, w10, in

argy [ {

L 20

L1 = bra(0M(a) identity)

L1+ bra(0,Mb(a) ve

(i
E1 = Kot (0,N10(b ) bi (k)

2 = bra(0M(c) identit
2= bra(0 Mb(c)ve_(1 m) 2.ba)sb(1))
2 ~ ket (0,N10(d,0) ,bt(0)

3)/2.b(3) (i)
)

Field (M, 0, 0, ASYM_WITH_FLAVOR);
Field (Mb, 0. 0. ASYM_WITH FLAVOR)
Field (N, 1. 0, ASYM_WITH_FLAVOR)

newld ("a"): newld("b
newld ("c"); newld("d")

mlE = L
2k - L
n10 = L
020 = L

inlE evaluate ()
in2E evaluate ()
10 . evaluate ()
020 _evaluate ()

res = inlE + m2E + inl0 « in20

unsotFormIndexSum ()

CallForm(res . false . true, "i")

res setON()
std s cout <= "Output

CleanGlobalDeel ()

exit(0)

R1
R2;

R2:

res << std::endl

Output result

Local R1 = +21(a) sN10(b, i) +Mb(e) +N10(d, §)se_(i ,})

Local R2 = ~2:Mb

a)+N1

0(b

M) N10(d. ) ve (i .])

The results are:
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Example in SO(10))

Fermion masses coming from 16, 165 1204:
For the 120 field representation one has,

[Nath, Syed, Nucl.Phys.B618, 2001]

FMFVU%M = bibjbk¢E,ijEk + binijljd)CijCk
+ 3([7;r bfbk¢6r5;5k + bi]L bjT bk¢CfC/Ek) (1)
+ (3bi¢én5n6i + 3b(T¢EnCnEi)7

where
g L (aig g i1y i
¢c;cj6k =fi + Z <5kf - 5kf) ) ¢Ci5j5k =Tk — Z (‘ijk - 5kfi) ’ (2
beicex = ekm e, g5 = Eijkim fim, (3)
Genene; =5 Pencor = —Fis (4)

with the following normalization

e p fi="th ()
V3 ' V3 v
1 . 1
i \/§hU7 fij = \/ghU7 (6)
. 2 . . 2 .
f;(] = \/§h£7 fj’k = \/ghjllﬂ (7)
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Example in SO(10)

-

#include <sospin/son.h>
#include <sospin/tools/sol0.h>

using namespace sospin;

int main(int argc, char xargv[]){

setDim(10);

Braket res = psi_16p(bra) * Bop() * GammaH(3) x psi_16p(ket);

res.evaluate ();
13 CallForm(res, true, true);

15 CleanGlobalDecl ();
exit(0);
17 )

Results:

R= - M(a)*H10(j1)*MbO1 (b, j1)*sqrt (2)*i_
+ M20(a, j1,]2)*H01(j2)«MbO1(b, j1)*sqrt(2)i_
+ 1/4xM20(a, 1, ]2)«H10(j3)*M20(b, j4,{5)*sqrt(2)+e_(j1,j2,i3,]4,i5)*i_
+ MbO1(a, j1)*HO1(j2)*M20(b, j1,j2)*sqrt(2)i_
= MbO1(a,j1)*H10(j1)*M(b)*sqrt(2)*i_ ;
2 =i i = T ij ij v gk i 1 ij pmn |kl
,ﬁyab 2MaMy H' - MY My Hy + Mya Mo HY — M Mo Hy o+ Wi M Hi = ejam MY M )
Yab — Vi
where Y, = %
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Conclusions and Prospects

¢

we have presented the SO library, a C++ tool whose main goal is to
decompose Yukawa interactions, invariant under SO(2N), in terms of SU(N)
fields

This library makes use of the oscillator expansion formalism

The SO&ih code simulates the non-commutativity of the operators and their
products via the implementation of doubly-linked-list data structures

Data storage in the memory does not need to be adjacent, this is one of the
reason why the doubly-linked-lists led to high performances in our tests;
Example: [Intel(R) Core(TM) i5-3317U CPU @ 1.70GHz] 9! = 362880 terms
need only 454.15 MB and 2.80 s

We added support for SO(10) dedicated-functions including 144 and 144
Future Plans

m Enhance the use of the memory

m Make the simplifications of the final expressions
independent of external programs in order to reach more
performance

m More automatisations to deal with SO(2N)

m The library should be easily adapted to SO(2N + 1) groups
or other systems using creation and annihilation operators
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