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Temperature and entropy

Schwarzschild black hole:
ds2 = −f (r)dt2 + 1

f (r)dr
2 + r2dΩ2, f (r) = 1− 2GM

r
.

Event horizon: (rh) = 0 ⇒ rh = 2GM. (c = 1)

Area: A = 16πGM2

Entropy: S ∝ A
ℓ2
Pl

, (ℓ2Pl = ~G ) Bekenstein (1972)

Surface gravity: κ = 1
4GM

Temperature: T = κ~
2π Hawking (1974)

Hawking temperature

T =
~

8πGM

Solar mass black hole: T = 6× 10−8 K
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Temperature and entropy
First law of thermodynamics

First Law

Internal energy: identify M = U(S), T = ∂U
∂S ⇒

dM = T dS

With S ∝ A
~
∝ 16πM2

~
and T = ~

8πM : S = 1
4
A
~

(G = 1)

More generally: angular momentum J, electric charge Q

First law of black hole thermodynamics

dM = T dS +ΩdJ +ΦdQ
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Homogeneous scaling

Ordinary thermodynamics in d dimensions:
U(S ,V , ni ) is a function of extensive variables

(ni = number of moles)

λdU(S ,V , n) = U(λdS , λdV , λdni )

⇒ U = S
∂U

∂S
+ V

∂U

∂V
+ ni

∂U

∂ni
Euler equation

⇒ U = ST − VP + niµi (µi = chemical
potential)

⇒ G (T ,P , n) = U + VP − ST = niµi (Gibbs-Duhem
relation)

Lieb+Yngvason, Phys. Rep. 310 (1991)
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Smarr relation

Rotating black hole (D space-time dimensions, Q = 0):
M → λD−3M, S → λD−2S , J → λD−2J ⇒

λD−3M(S , J) = M(λD−2S , λD−2J)

⇒ (D − 3)M = (D − 2)S
∂M

∂S
+ (D − 2)J.

∂M

∂J
⇒ (D − 3)M = (D − 2)ST + (D − 2)J.Ω Smarr (1973)

Näıve relation fails in asymptotically AdS space-time
Cosmological constant is another dimensionful parameter

Θ := ∂M
∂Λ Henneaux+Teitelboim (1984)

Λ → λ−2Λ ⇒

λD−3M(S ,Λ, J) = M(λD−2S , λ−2Λ, λD−2J)

⇒ (D − 3)M = (D − 2)ST − 2ΘΛ + (D − 2)J.Ω
Brian Dolan Black-hole thermodynamics and the quark-gluon plasma 4
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Black hole enthalpy
Critical behaviour

Black hole enthalpy (J = Q = 0)
Include cosmological constant Λ, contributes pressure P ,
energy density ǫ = −P = Λ

8π
Thermal energy
U = M + ǫV = M − PV ⇒ M = U + PV

Legendre transform U = U(S ,V )

Enthalpy

M = U + PV = H(S ,P)

(Kastor, Ray+Traschen [0904.2765])

Thermodynamic volume and the First Law

dU = T dS − P dV , V =
∂M

∂P

∣
∣
∣
∣
S

(BPD [1008.5023])
Brian Dolan Black-hole thermodynamics and the quark-gluon plasma 5
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Black hole enthalpy
Critical behaviour

Rotating black holes: AdS Kerr

0.003

8

0.002

0.001

6
0

42

0.005

10

0.004

T = const, PJ versus V
1
3 /J

1
2 (dimensionless).

Critical point, mean field exponents (van der Waals gas)
Caldarelli, Gognola+Klemm [hep-th/9908022];

Kubizn̆ák+Mann [arXiv:1205.0559]; BPD [1106.6260], [1209.1272]
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AdS/CFT

Weak gravity in the bulk (classical GR, ℓPl → 0)
⇔ strongly coupled CFT on the boundary.

10− D superstring compactified on AdS5 × S5, Λ = − 4
L2
.

CFT: N = 4 SUSY SU(N) Yang-Mills with N = π2L4√
2ℓ4

Pl

.

Vary Λ ⇒ vary N ;
Kastor, Ray+Traschen [0904.2765]; BPD [1406.7267]
Fix N , vary Λ ⇒ vary volume of S3: V = 2π2L3.
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Asymptotically AdS black hole in 5-D, with charge Q and
entropy

S =
π2r3h
2G5

= πN2
( rh

L

)3
,

1

G5
∼

L5

G10
∼

N2

L3
.

Thermal energy of quark-gluon plasma:

U(S ,V ,Q) = M(rh, L,Q) =
3N2

4L
x2(1 + x2)

︸ ︷︷ ︸

+
Q2

8L2x2
︸ ︷︷ ︸

V = 2π2L3, x = rh
L
=

(
S

πN2

) 1
3 gluons quarks

T =
∂U

∂S

∣
∣
∣
∣
V ,Q

, P = −
∂U

∂V

∣
∣
∣
∣
S,Q

, Φ =
∂U

∂Q

∣
∣
∣
∣
S,V

.
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QCD phase transition

Hawking-Page phase transition in bulk
⇔ deconfining phase transition in QCD on the boundary.

Witten, hep-th/9802150, 9803131

Extends to non-zero Q. Line of first order phase transitions
terminates at a critical point at finite quark density.
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Critical exponents

p =
P − Pcrit

Pcrit
, v =

V − Vcrit

Vcrit
, t =

T − Tcrit

Tcrit
.

CP = T/ ∂T
∂S

∣
∣
P,Q

∝ |t|−α;

At fixed v < 0, ∆p = p> − p< ∝ |t|β;

Inverse isothermal compressibility, −V
(
∂P
∂V

)

T ,Q
∝ |t|−γ ;

At t = 0, |v | ∝ |p|δ;

Mean Field Exponents

α = 0 β =
1

2
γ = 1 δ = 3

CP < 0, CV −→ +∞.

Brian Dolan Black-hole thermodynamics and the quark-gluon plasma 13



Review of black hole thermodynamics
Smarr relation

Pressure and enthalpy
Yang-Mills theory

Conclusions

AdS/CFT
Quark-gluon plasma
Critical exponents

Critical exponents

p =
P − Pcrit

Pcrit
, v =

V − Vcrit

Vcrit
, t =

T − Tcrit

Tcrit
.

CP = T/ ∂T
∂S

∣
∣
P,Q

∝ |t|−α;

At fixed v < 0, ∆p = p> − p< ∝ |t|β;

Inverse isothermal compressibility, −V
(
∂P
∂V

)

T ,Q
∝ |t|−γ ;

At t = 0, |v | ∝ |p|δ;

Mean Field Exponents

α = 0 β =
1

2
γ = 1 δ = 3

CP < 0, CV −→ +∞.

Brian Dolan Black-hole thermodynamics and the quark-gluon plasma 13



Review of black hole thermodynamics
Smarr relation

Pressure and enthalpy
Yang-Mills theory

Conclusions

AdS/CFT
Quark-gluon plasma
Critical exponents

Critical exponents

p =
P − Pcrit

Pcrit
, v =

V − Vcrit

Vcrit
, t =

T − Tcrit

Tcrit
.

CP = T/ ∂T
∂S

∣
∣
P,Q

∝ |t|−α;

At fixed v < 0, ∆p = p> − p< ∝ |t|β;

Inverse isothermal compressibility, −V
(
∂P
∂V

)

T ,Q
∝ |t|−γ ;

At t = 0, |v | ∝ |p|δ;

Mean Field Exponents

α = 0 β =
1

2
γ = 1 δ = 3

CP < 0, CV −→ +∞.

Brian Dolan Black-hole thermodynamics and the quark-gluon plasma 13



Review of black hole thermodynamics
Smarr relation

Pressure and enthalpy
Yang-Mills theory

Conclusions

AdS/CFT
Quark-gluon plasma
Critical exponents

Critical exponents

p =
P − Pcrit

Pcrit
, v =

V − Vcrit

Vcrit
, t =

T − Tcrit

Tcrit
.

CP = T/ ∂T
∂S

∣
∣
P,Q

∝ |t|−α;

At fixed v < 0, ∆p = p> − p< ∝ |t|β;

Inverse isothermal compressibility, −V
(
∂P
∂V

)

T ,Q
∝ |t|−γ ;

At t = 0, |v | ∝ |p|δ;

Mean Field Exponents

α = 0 β =
1

2
γ = 1 δ = 3

CP < 0, CV −→ +∞.

Brian Dolan Black-hole thermodynamics and the quark-gluon plasma 13



Review of black hole thermodynamics
Smarr relation

Pressure and enthalpy
Yang-Mills theory

Conclusions

AdS/CFT
Quark-gluon plasma
Critical exponents

Critical exponents

p =
P − Pcrit

Pcrit
, v =

V − Vcrit

Vcrit
, t =

T − Tcrit

Tcrit
.

CP = T/ ∂T
∂S

∣
∣
P,Q

∝ |t|−α;

At fixed v < 0, ∆p = p> − p< ∝ |t|β;

Inverse isothermal compressibility, −V
(
∂P
∂V

)

T ,Q
∝ |t|−γ ;

At t = 0, |v | ∝ |p|δ;

Mean Field Exponents

α = 0 β =
1

2
γ = 1 δ = 3

CP < 0, CV −→ +∞.

Brian Dolan Black-hole thermodynamics and the quark-gluon plasma 13



Review of black hole thermodynamics
Smarr relation

Pressure and enthalpy
Yang-Mills theory

Conclusions

AdS/CFT
Quark-gluon plasma
Critical exponents

Critical exponents

p =
P − Pcrit

Pcrit
, v =

V − Vcrit

Vcrit
, t =

T − Tcrit

Tcrit
.

CP = T/ ∂T
∂S

∣
∣
P,Q

∝ |t|−α;

At fixed v < 0, ∆p = p> − p< ∝ |t|β;

Inverse isothermal compressibility, −V
(
∂P
∂V

)

T ,Q
∝ |t|−γ ;

At t = 0, |v | ∝ |p|δ;

Mean Field Exponents

α = 0 β =
1

2
γ = 1 δ = 3

CP < 0, CV −→ +∞.

Brian Dolan Black-hole thermodynamics and the quark-gluon plasma 13



Review of black hole thermodynamics
Smarr relation

Pressure and enthalpy
Yang-Mills theory

Conclusions

AdS/CFT
Quark-gluon plasma
Critical exponents

Critical exponents

p =
P − Pcrit

Pcrit
, v =

V − Vcrit

Vcrit
, t =

T − Tcrit

Tcrit
.

CP = T/ ∂T
∂S

∣
∣
P,Q

∝ |t|−α;

At fixed v < 0, ∆p = p> − p< ∝ |t|β;

Inverse isothermal compressibility, −V
(
∂P
∂V

)

T ,Q
∝ |t|−γ ;

At t = 0, |v | ∝ |p|δ;

Mean Field Exponents

α = 0 β =
1

2
γ = 1 δ = 3

CP < 0, CV −→ +∞.

Brian Dolan Black-hole thermodynamics and the quark-gluon plasma 13



Review of black hole thermodynamics
Smarr relation

Pressure and enthalpy
Yang-Mills theory

Conclusions

Conclusions

Gravity: black hole mass is identified with enthalpy:
M = H = U + PV .

“Thermodynamic” volume: V = ∂H
∂P

Λ = −8πP 6= 0 ⇒ P dV term in black hole 1st law
First Law: dU = TdS − PdV +ΩdJ +ΦdQ,
Critical points (mean field exponents), triple points, Clapeyron
equation.

CFT: black hole mass is identified with internal energy:
M = U.

Λ = − 4
L2 related to the volume, V = 2π2L3: P = − ∂U

∂V
.

Line of first order phase transitions, terminates in a critical
point at high density, with mean field exponents.
Jump in pressure across the phase transition line:

gluons + quarks ⇔ hadrons
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First Law: dU = TdS − PdV +ΩdJ +ΦdQ,
Critical points (mean field exponents), triple points, Clapeyron
equation.

CFT: black hole mass is identified with internal energy:
M = U.

Λ = − 4
L2 related to the volume, V = 2π2L3: P = − ∂U

∂V
.

Line of first order phase transitions, terminates in a critical
point at high density, with mean field exponents.
Jump in pressure across the phase transition line:

gluons + quarks ⇔ hadrons

Brian Dolan Black-hole thermodynamics and the quark-gluon plasma 14



Thermodynamic stability
de Sitter space-time

Critical point
Compressibility

Black hole volume

Thermodynamic Volume

Define the thermodynamic volume (P ≥ 0, Λ ≤ 0)

V =
∂H

∂P

∣
∣
∣
∣
S,J,Q

AdS Schwarzschild: V = 4π
3 r3h

Kastor, Ray+Traschen [0904.2765]

Higher dimensions: V = Ωd

d+1 r
d
h BPD [1008.5023]

AdS Myers-Perry Cvetic, Gibbons+Kubizn̆ák [1012.2888]
Rotating black hole in 4-D (Q = 0): BPD [1106.6260]

with V0 =
rh
3 A,

V = V0 +
4π

3

J2

M
gives a reverse isoperimetric inequality
as J → 0: V → 4π

3 r3h , S = πr2h : isentropic ⇔ isovolumetric
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Thermodynamic stability
de Sitter space-time

Critical point
Compressibility

Hawking radiation

Reverse isoperimetric inequality

Thermodynamic volume:

V =

(
∂H

∂P

)

S

Non-rotating black hole, V = 4π
3 r3h

(Kastor, Ray+Traschen [0904.2765]; BPD [1008.5023])

More generally, define V0 =
rh
3 A

Reverse iso-perimetric inequality

V = V0 +
4π

3

J2

M
⇒

A

V
≤

A

V0

(
3V

4π

)1/3

≥

(
S

π

)1/2

with equality only for J = 0, spherically symmetric blackBrian Dolan Black-hole thermodynamics and the quark-gluon plasma 28



Thermodynamic stability
de Sitter space-time

Critical point
Compressibility

Critical behaviour

Critical point (J 6= 0):
Caldarelli, Gognola+Klemm [hep-th/9908022]

Define

t :=
T − Tc

Tc
, v :=

V − Vc

Vc
, p :=

P − Pc

Pc

Expand the equation of state about the critical point:

p = 2.42t − 0.81tv − 0.21v3 + o(t2, tv2, v4)

cf. van der Waals gas: p = 4t − 6tv − 3
2v

3 + o(t2, tv2, v4)
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Thermodynamic stability
de Sitter space-time

Critical point
Compressibility

Critical exponents

CV = T/ ∂T
∂S

∣
∣
V ,J

∝ |t|−α;

At fixed p < 0, v> − v< ∝ |t|β;

Isothermal compressibility, κT = − 1
V

(
∂V
∂P

)

T ,J
∝ |t|−γ ;

At t = 0, |p| ∝ |v |δ;

Mean Field Exponents

α = 0 β =
1

2
γ = 1 δ = 3

Same as van der Waals gas
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Thermodynamic stability
de Sitter space-time

Critical point
Compressibility

Non-zero charge, zero J

Reissner-Nordström — Anti-de Sitter (J = 0, Q 6= 0):

Critical behaviour same as van der Waals
Champlin, Emparan, Johnson+Myers:

[hep-th/9902170]; [hep-th9904197]

Equation of state:

p =
8

3
t −

8

9
tv −

4

81
v3 + o(t2, tv2, v4),

Critical exponents are mean field
Kubizn̆ák+Mann [arXiv:1205.0559]
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Thermodynamic stability
de Sitter space-time

Critical point
Compressibility

Kerr-Reissner-Nordström-AdS

 

 

Large and
small black
holes

Unique black
hole

 

J

Q

Line of second order critical points

Reissner-Nordström anti-de Sitter (J 6= 0, Q 6= 0)
Caldarelli, Gognola+Klemm [hep-th/9908022]
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Thermodynamic stability
de Sitter space-time

Critical point
Compressibility

Speed of sound

Compressibility BPD [arXiv:1308.5403]

Adiabatic compressibility: κ = − 1
V

∂V
∂P

∣
∣
S,J

Rotating black-hole in D-dimensions (Myers-Perry).
Dimensionless angular momenta, Ji :=

2πJi
S

,

Constraint: T ≥ 0 ⇒
∑

i
1

1+J 2
i

≥

{
1
2 even D

1 odd D

Compressibility, Λ → 0

κ =
16πr2h

(D − 1)(D − 2)2

{
(D − 2)

∑

i J
4
i − (

∑

i J
2
i )

2

D − 2 +
∑

i J
2
i

}

,

0 ≤ κ < ∞
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Thermodynamic stability
de Sitter space-time

Critical point
Compressibility

Speed of sound

Compressibility BPD [arXiv:1109.0198]

For J = 0, κ = 0 (incompressible)
4-D: κ is greatest for Jmax (T = 0)

e.g. P = 0, κmax = 4πM2

9 = 2.6× 10−38
(

M
M⊙

)2
m s2 kg−1.

cf. neutron star, M ≈ M⊙, R ≈ 10 km,
degenerate Fermi gas ⇒ κ ≈ 10−34m s2 kg−1

Black holes have a very stiff equation of state!

ρ = M
V
, “speed of sound” v−2

s = ∂ρ
∂P

∣
∣
∣
S,J

,

“Speed of Sound”

v−2
s = 1 +

(2πJ)4
(

2S2 + (2πJ)2
)2

⇒ 1
2 ≤ v2s ≤ 1, with vs = 1 for J = 0
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