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Temperature and entropy
First law of thermodynamics

Temperature and entropy

@ Schwarzschild black hoIe
ds? = —f(r)dt? + G )dr +r2dQ?, f(r) =1

@ Event horizon: (r,) =0 = r,=2GM. (c=1)

o Area: A= 16mGM?

@ Entropy: S gé, (62, = hG) Bekenstein (1972)
Pl

@ Surface gravity: kK = ﬁ

@ Temperature: T = gfr Hawking (1974)

Hawking temperature

_h
- 81GM

Solar mass black hole: T=6 x 1078 K
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Review of black hole thermodynamics

Temperature and entropy
First law of thermodynamics

First Law

@ Internal energy: identify M = U(S), T

o
dM = T dS
o With S oc & o 107M gpg T — I 5 — 14 (G=1)
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Review of black hole thermodynamics

Temperature and entropy
First law of thermodynamics

First Law

@ Internal energy: identify M = U(S), T = 3_g =
dM =T dS
o With S oc & o 107M gpg T — I 5 — 14 (6=1)

@ More generally: angular momentum J, electric charge Q

First law of black hole thermodynamics

dM = T dS + QdJ + odQ
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Smarr relation

Homogeneous scaling

@ Ordinary thermodynamics in d dimensions:
U(S, V, n;) is a function of extensive variables
(n; = number of moles)

Brian Dolan Black-hole thermodynamics and the quark-gluon plasma 3



Smarr relation

Homogeneous scaling

@ Ordinary thermodynamics in d dimensions:
U(S, V, n;) is a function of extensive variables
(n; = number of moles)

MUS,V,n) = UWIS, AV, A7)
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Smarr relation

Homogeneous scaling

@ Ordinary thermodynamics in d dimensions:
U(S, V, n;) is a function of extensive variables

\U(S, V, n)

Brian Dolan

(n; = number of moles)

UN?S, 29V, \9n;)
ou ou ou
L y= —

>as T Vav T an,

ST — VP + ni;

Euler equation

U+ VP — ST = nju; (Gibbs-Duhem

relation)
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Black hole enthalpy

PI'GSSIJI'E and enthalpy CV’\.U‘CS‘ b€h3\r’i0lll

Black hole enthalpy (J = Q =0)

@ Include cosmological constant A, contributes pressure P,

energy density e = —P = %
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Black hole enthalpy

Critical behaviour

Pressure and enthalpy

Black hole enthalpy (J = Q =0)

@ Include cosmological constant A, contributes pressure P,
energy density e = —P = %

@ Thermal energy
U=M+eV=M-PV = M=U+PV

Legendre transform U = U(S, V)

M= U+ PV = H(S, P)

(Kastor, Ray+Traschen [0904.2765])
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Black hole enthalpy

Critical behaviour

Pressure and enthalpy

Black hole enthalpy (J = Q =0)

@ Include cosmological constant A, contributes pressure P,
energy density e = —P = %

@ Thermal energy
U=M+eV=M-PV = M=U+PV

Legendre transform U = U(S, V)

M= U+ PV = H(S, P)

(Kastor, Ray+Traschen [0904.2765])

Thermodynamic volume and the First Law

oM

= TdS — PdV Vv
dU=TdS —PdV, 5

S

BPD [1008.5023
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Black hole enthalpy

Pressure and enthalpy Critical behaviour

Rotating black holes: AdS Kerr
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o T = const, PJ versus V%/J% (dimensionless).
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Black hole enthalpy

Pressure and enthalpy Critical behaviour

Rotating black holes: AdS Kerr

0.005

0.004

: K\%

0.001

[ e s S L s e e e e e

o T = const, PJ versus V%/J% (dimensionless).
Critical point, mean field exponents (van der Waals gas)
Caldarelli, Gognola+Klemm [hep-th/9908022];
Kubizidk+Mann [arXiv:1205.0559]; BPD [1106.6260], [1209.1272]
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k hole enthalpy
Critical behaviour

Pressure and enthalpy

Phase diagram
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Black hole enthalpy
Critical behaviour

Pressure and enthalpy

Phase diagram
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@ Line of first order phase transitions, with a critical point

o Latent heat: L = TAS = Mjarge — Msmai

. dP _ AS
o Clapeyron equation: $= = 2
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Black hole enthalpy

Pressure and enthalpy Critical behaviour

T — P phase diagram
Higher dimensions

@ 6-Dimensions: two angular momenta J; and J,,

phase diagram depends on the ratio g = j—;

P
1.3
Pl Critical Point 1
).2 SMALL BH
INTE‘:{MEDIATE BH
01{Fc2 Critical Point 2
Ptr Tricritical Point ;
LARGE BH
T(r TCZ iTcl T
0 n' ' ' 04

Altimirano, Kubizidk, Mann+Sherkatghanad, [1401.2586]
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AdS/CFT
Quark-gluon pla
Yang-Mills theory Critical exponents

AdS/CFT

@ Weak gravity in the bulk (classical GR, ¢/p; — 0)
& strongly coupled CFT on the boundary.
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AdS/CFT

@ Weak gravity in the bulk (classical GR, ¢/p; — 0)
& strongly coupled CFT on the boundary.

@ 10 — D superstring compactified on AdSs x S° A= —%

L2
. . 24
o CFT: N =4 SUSY SU(N) Yang-Mills with N = f2—é“m
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AdS/CFT
Quark-gluon plasma
Yang-Mills theory Critical exponents

AdS/CFT

@ Weak gravity in the bulk (classical GR, ¢/p; — 0)
& strongly coupled CFT on the boundary.

@ 10 — D superstring compactified on AdSs x S° A= —%

L2
. . 274
o CFT: N =4 SUSY SU(N) Yang-Mills with N = }2—;}3/
o Vary A = vary N;
Kastor, Ray+Traschen [0904.2765]; BPD [1406.7267]
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AdS/CFT
Quark-gluon plasma
Yang-Mills theory Critical exponents

AdS/CFT

@ Weak gravity in the bulk (classical GR, ¢/p; — 0)
& strongly coupled CFT on the boundary.

@ 10 — D superstring compactified on AdSs x S° A= —%

L2
o CFT: N =4 SUSY SU(N) Yang-Mills with N = };—;:’
o Vary A = vary N;
Kastor, Ray+Traschen [0904.2765]; BPD [1406.7267]
o Fix N, vary A = vary volume of S3: V = 272[3.
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AdS/CFT
Quark-gluon plasma
Yang-Mills theory Critical exponents

Yang-Mills at finite temperature

@ Asymptotically AdS black hole in 5-D, with charge @ and

entropy
s—Th_an(®), LN
2G5 L ’ G5 GlO L3
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AdS/CFT
Quark-gluon plasma
Yang-Mills theory Critical exponents

Yang-Mills at finite temperature

@ Asymptotically AdS black hole in 5-D, with charge @ and

entropy
s-Th_ae(m)y,  L.oL M
2Gs L Gs Gy L3
@ Thermal energy of quark-gluon plasma:
3N? ) Q?

U(S7 Va Q): M(rh7L7 Q): IX (1+X ) + 8L2X2
——

gluons quarks
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AdS/CFT
Quark-gluon plasma
Yang-Mills theory Critical exponents

Yang-Mills at finite temperature

@ Asymptotically AdS black hole in 5-D, with charge @ and

entropy
5:7T2’3:7TN2<E)3 1 oroow
2G5 L ’ G5 GlO L3

@ Thermal energy of quark-gluon plasma:

U(s,Vv,Q) = M(r, L, Q) = 3—N2x2(1 +x%) + o
V] 812x2
——
gluons quarks
ou ou ou
T = == N P = - — S = — .
oS V.o oV s.Q 0Q sV
Brian Dolan

Black-hole thermodynamics and the quark-gluon plasma
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AdS/CFT
Quark-gluon plasma
Yang-Mills theory Critical exponents

QCD phase transition

@ Hawking-Page phase transition in bulk
< deconfining phase transition in QCD on the boundary.
Witten, hep-th/9802150, 9803131
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AdS/CFT
Quark-gluon plasma
Yang-Mills theory Critical exponents

QCD phase transition

@ Hawking-Page phase transition in bulk
< deconfining phase transition in QCD on the boundary.
Witten, hep-th/9802150, 9803131
@ Extends to non-zero Q. Line of first order phase transitions
terminates at a critical point at finite quark density.
@ Q

[ Critical point

Quark-gluon
plasma

Hadrons Quarlk—gluon
plasma
(AdS) \ Hadrons
\ .
T ! T
Hawking-Page

phase transition

Chamblin, Emparan, Johnson and Mvers, hep-th/9902170

Brian Dolan Black-hole thermodynamics and the quark-gluon plasma




AdS/CFT
Quark-gluon plasma
Yang-Mills theory Critical exponents

Isotherms in P — V plane
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AdS/CFT
Qu gluon plasma
Yang-Mills theory Critical exponents

Critical exponents

- P — Peit v — V — Vit ¢ T — Terit
P, crit ’ Vcrit ’ Tcrit

p_
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Critical exponents

- P — Peit v — V — Vit ¢ T — Terit
P, crit ’ Vcrit ’ Tcrit

p_

e Cp=T/ %‘P,Q o [t]7%
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Critical exponents

- P — Peit _ V — Vit

o T — Terit
p= _

v - =
) )
P, crit Vcri t Tcri t

e Cp=T/ %‘P,Q o [t]7%

o At fixed v <0, Ap = ps — po o |t|?;
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Critical exponents

- P — Peit o V — Vit o T — Terit
p=——F—-— VvV=——"—- t=———.
P, crit Vcrit Tcrit

e Cp=T/ %‘P,Q o [t]7%
o At fixed v <0, Ap = ps — po o |t|?;
@ Inverse isothermal compressibility, —V (g—C)T o X [t|~7;
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Critical exponents

- P — Peit o V — Vit o T — Terit
p=——F—-— VvV=——"—- t=———.
P, crit Vcrit Tcrit

e Cp=T/ %‘P,Q x [t|7%
o At fixed v <0, Ap = ps — po o |t|?;
@ Inverse isothermal compressibility, —V (—V

o At t =0, |v|  |p|%;

Mean Field Exponents
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AdS/CFT
Quark-gluon plasma
Yang-Mills theory Critical exponents

Critical exponents

- P — Peit o V — Vit o T — Terit
p=——F—-— VvV=——"—- t=———.
P, crit Vcrit Tcrit

e Cp=T/ %‘P,Q x [t|7%
o At fixed v <0, Ap = ps — po o |t|?;
@ Inverse isothermal compressibility, —V (—V

o At t =0, |v|  |p|%;

Mean Field Exponents

o Cp <0, Cy — +o0.
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Conclusions

Conclusions

@ Gravity: black hole mass is identified with enthalpy:
M=H=U+ PV.
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@ CFT: black hole mass is identified with internal energy:
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Conclusions

Conclusions

@ Gravity: black hole mass is identified with enthalpy:
M=H=U+ PV.
OH

s “Thermodynamic” volume: V = 35
o AN=—-87P#0 = PdV term in black hole 1st law
o First Law: dU = TdS — PdV + QdJ + ¢dQ,
o Critical points (mean field exponents), triple points, Clapeyron
equation.
@ CFT: black hole mass is identified with internal energy:
M=U.
o A= —7 related to the volume, V = 272[3: P = -9
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Conclusions

Conclusions

@ Gravity: black hole mass is identified with enthalpy:
M=H=U+ PV.

oH

s “Thermodynamic” volume: V = 35
o AN=—-87P#0 = PdV term in black hole 1st law
@ First Law: dU = TdS — PdV + QdJ + ¢dQ,
o Critical points (mean field exponents), triple points, Clapeyron
equation.
@ CFT: black hole mass is identified with internal energy:
M=U.
o A= —7 related to the volume, V = 272[% P = —4U.

L2
o Line of first order phase transitions, terminates in a critical

point at high density, with mean field exponents.
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Conclusions

Conclusions

@ Gravity: black hole mass is identified with enthalpy:

M=H=U+ PV.
OH

s “Thermodynamic” volume: V = 35
o AN=—-87P#0 = PdV term in black hole 1st law
@ First Law: dU = TdS — PdV + QdJ + ¢dQ,
o Critical points (mean field exponents), triple points, Clapeyron
equation.
@ CFT: black hole mass is identified with internal energy:
M=U.
o A= —7 related to the volume, V = 272[% P = —4U.

o Line of first order phase transitions, terminates in a critical
point at high density, with mean field exponents.
@ Jump in pressure across the phase transition line:
gluons + quarks < hadrons
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Black hole volume

Thermodynamic Volume

@ Define the thermodynamic volume (P>0,A<0)

o AdS Schwarzschild: V = %% r}
Kastor, Ray+Traschen [0904.2765]

o Higher dimensions: V = 2 rd BPD [1008.5023]
@ AdS Myers-Perry Cvetic, Gibbons+Kubiziidk [1012.2888]
@ Rotating black hole in 4-D (Q = 0): BPD [1106.6260]
o with Vo = 2A,
47 J?
V=W+ ?M

@ gives a reverse isoperimetric inequality
e asJ—0: V— 4} S=rr?: isentropic < isovolumetric
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de Sitter space-time it e

Reverse isoperimetric inequality

@ Thermodynamic volume:

oH
V= <ﬁ>s

@ Non-rotating black hole, V = *Zr}

(Kastor, Ray+Traschen [0904.2765]; BPD [1008.5023])
@ More generally, define Vy = %A

Reverse iso-perimetric inequality

<
|
N
+
|
|
(3
<>
IA
>

3\ /3 5\ 1/2
- > (=
() = (3)
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Critical point

Critical behaviour

@ Critical point
Caldarelli, Gognola+Klemm [hep-th/9908022]
@ Define

Expand the equation of state about the critical point:
p =242t — 0.81tv — 0.21v> + o(£2, tv?, v*)

cf. van der Waals gas: p = 4t — 6tv — %v3 + o(t2, tv2, v?)
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Critical point

Critical exponents

aT —a.
o Cy=T/ ﬁ‘v,J o |t]7%;
o At fixed p <0, vs — v o |t|?;
@ Isothermal compressibility, kT = —+,

o Att =0, |p| o |v|%;

Mean Field Exponents

Same as van der Waals gas
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Critical point

Non-zero charge, zero J

Reissner-Nordstrom — Anti-de Sitter

@ Critical behaviour same as van der Waals

@ Equation of state:

4
p= gt— gtv - 8—1v3 + o(t?, tv?, v,

Critical exponents are mean field
Kubiziidk+Mann [arXiv:1205.0559]
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Critical point

Kerr-Reissner-Nordstrom-AdS

Line of second order critical points

JT /
Unique black
hole

Large and
small black
holes

Q
Reissner-Nordstrom anti-de Sitter (J # 0, Q # 0)
Caldarelli, Gognola+Klemm [hep-th/9908022]
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Speed of sound

Compressibility

Compressibility BPD [arXiv:1308.5403]
o Adiabatic compressibility: x = — 57|
@ Rotating black-hole in D-dimensions (Myers-Perry).
Dimensionless angular momenta, J; := 2’%’

Compressibility, A — 0

R =

167r? {(D -2)3 T = i TP }
(D —1)(D —2)2 D—-2+3,J? ’

0 0< K<
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Speed of sound
Compressibility

Compressibility BPD [arXiv:1109.0198]

@ For J=0, kK =0 (incompressible)
@ 4-D: k is greatest for Jmax (T =0)
2
0 eg P=0, kip = M =026 x 1073 (MMG) ms? kgL,
cf. neutron star, M = My, R ~ 10 km,

degenerate Fermi gas = r ~ 1073*ms? kg

Black holes have a very stiff equation of state!
M 2 dp

-1

@ p= v, “speed of sound” v;° = 55

“Speed of Sound”

S.J

(2rJ))*
(252 n (27rJ)2)2

<v2<1,withvs=1for J=0

4
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