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d=2,N=(22)

Algebra:
{Dy,Dyi} =id,
Constrained superfields: .
Di¢? =0,
Dix* =D_x% =0,
®+X£ — 0 5
D_X"=0.
Notation: c¢:=a,a, t:=4,@, L:=00, R:=rrT.
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Gates-Hull-Rocek=Bihermitean=Generalized Kahler.

U. Lindstrom 4D Semi



Superspace Action

The (2, 2) superspace formulation of GKG uses the generalized
Kahler Potential.

S= /D+D+D_®_K(¢C,X’,XL,XR)
K — K(xt, xR)
Reduction to (1, 1) superspace
S_/D+D_(D+XED_X) .
The reduction goes via
Dy =D, —iQe, QX =yl Q xt| =yt

Both the auxiliary spinors ¢t and ¥ have been eliminated and
E =g+ B.
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Semichiral model with 4D target space

So, we consider the action,

S= / d?xd?0d?oK (XL, X7
where L = (¢,¢) and R = (r,T), the SUSY algebra is
{Dy, Dy} = i0,

and the semichiral fields satisfy

D,Xf=0, D_X"=0.
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4D Geometry

Complex structures
(JH)2 =1

J(i) tg J(i) — g

In4D

{JH) I = 2¢1,
where ¢ = ¢(X!t, Xf). This allows us to construct an SU(2)
worth of almost (pseudo-) complex structures J(), J) J©),

S = 11 S (SO D)
v1-—-2¢C

J@ . 2112[‘](‘*‘)"](—)]’
v1i-—-2¢C

J® = gy

For |c| < 1 the geometry is almost hyperkéhler, while for |c| > 1
the geometry is almost pseudo-hyperkéhler
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Additional SUSY

Ansatz for the additional supersymmetry,

oXf = @D AxE XM+ g(xH)Ea DXt + h(XHe DX,
oxl = D, F(xE xA) 4+ gxhe DX + hxDHe D_x?
6X" = e D_AXE X 4 (XN DX + A(X")et D X",
5XT = e D_A(XE XP) + §XN)et D, X + A(X)e D, X7
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[0, 651X L ey 0%

[01, 02]XE =
2 Z - AT r
—eheh (\f,\ 10, X! + (£ + £, D, D, X +)
+e[261](—gh)i8:X£ +

@ |fz] > 0 = on-shell algebra

@ gh= —1 = Only Hyperkahler geometries

@ 0X! =D, D_(eFY(XL xAY)?

@ Central charge transformations. Vanish on-shell.
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Counterexample?

A SU(2) ® U(1) WZW model may be described as the target
space of a (2,2) SUSY sigma model in many ways. See e.g.,

In terms of chiral fields D¢ = 0 and twisted chiral fields
D,x =D_x = 0 we have

2

K = —inging + [ ag"0+9)

q
Kis+ Ky =0, (4,4)

It has a nontrivial H = dB.
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Changing coordinates ¢ = Ing, x = Ing implies

d+d—x—X
K—>K:—x)'<+/ dq In(1 + €9) ,

and makes it amenable to dualization of the translation
symmetry

=P+, x> x+ .
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The dual potential is semichiral and reads

1 1 X
-3$@+E&&—/cmmw—n,

where the semichiral fields enter in the combinations

(XE— RO X7 4 K

Xo =2
X, = 5(-X + X - XM+ X)
X = 1( _‘_Xé_Xr_Xr)

This is the semichiral model which we expect to carry (4, 4)

Note that it is NOT Hyperkéhler.



How is the (4, 4) realized?

@ Analyze at the (2, 2) level?
@ Reduceto (1,1) !

In this case the form of the dualization shows that the (1,1)
descriptions are related by coordinate transformations. So, find
the coordinate transformation from the (1, 1) reduction of the
chiral-twisted chiral model to the reduction of the semichiral
one. Use this to find the expressions for the extra complex
structures in the latter. Then check if it can be lifted to the (2, 2)
semichiral formulation. In a picture:
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{ K(¢,x) } {K(XL,XR)}
{gaaawaw +} ____________ {geeaxﬁaxﬁ +J
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The reduction of K(¢, ¢, x, ¥) identifies the right-handed SU(2)
of complex structures

[(A)(B) — _sAB . ABC(C)

as generated by

0 0 0 ev?
0 _ 0 0 e ? 0 )
0 —ex 0 0
—e? X 0 0o 0
0 0 I
@_| 0 0 —iex? 0
0 e’ x 0 o |’
ie?X 0 0 0

with /@) = J(+) = J, the canonical complex structure.
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@ From the (1, 1) version of the dualization, we find the
coordinate transformation (¢, x) — (Xt, XF) for three
combinations of the coordinates.

@ The full transformations are then determined by the
requirement that it takes J = Jiy = I® — J(+)
(Check: the transformation of g).

@ The coordinate transformation of I((l)) and l glve us the

additional complex structures in (¢, x) — (XL XR) space.

@ We may then consider the question of lifting to (2,2) Can
they be realised as transformations of a manifiest (2, 2)
semichiral model?
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In terms of a direct product of 2x2 matrices they are:
I =350A" =32 @Y - bWay)
RN, (AMR=_NT,

where A=1,2.

Need to discuss the full symmetries at the (1, 1) level.
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Extra SUSY for semis in (1,1)

(2,2) - (1,1) =
Xt (Xt )
xR — (XA, Q,Z)f)
The Lagrangian is
L =D X*Epg(X)D_XC + VAKg WL = £y + £,
where we define
Vi = ¢f — D XA A
WE =gt —Jf Do XA

On shell V. = 0 and £1(X%, Xf) is the (1, 1) Lagrangian.
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Assume that we have found the additional transformations of
the (1, 1) coordinates generated by the SU(2) set of complex
structures J((JAF% that leave the £ part of the action invariant. We
would now like to extend them to symmetries of the full action
and subsequently check if the full set can come from
transformations of the (2,2) semichiral fields.

We know one invariance of the full action, that generated by
J). Guided by how that invariance works we analyse the
conditions for an invariance of £ to extend to the full action.
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The most general ansatz for the X transformation is
5XA = et [/(AHBD+XB + MARw_’z] A=LR.

We find the transformations for the Vs via their definitions and
the fact that

ot = xt, f=qxA

which is the (1, 1) manifestation of that XA| = X4 and «” sit in
the same semichiral multiplet. The algebra closes on-shell.
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One finds that the conditions for invariance of the action are
related to the commutator of the extra complex structure / and

Je)
(1) ML[RR]_M[RR]LZO
(2) ML, — Ky MiaKPE = 1K (14, J))Ea G
(3) M= 3K lls), J)AGH
(4) K(R\L\[Mv J(—)]LR) =0
and
(8) KiauyMM. J))maD-X* = =3 D (K M. J)) ')
(6)
Test?
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Hyperkahler

Ti=dy, J = Joy+cdy), K= ———[Jiy, Ji
(+) o)+ ) ot =gl
R R
z MR_‘SF:’ M[RR]_O<:>KLMH_MR
cdof
R _ R L _
T Mam e M
1 1
R _ . L _ .
Moo= —— K Jb o= 1
[RR] — m RLY(-)R — 1_¢c2 RR
1
L LR

Each case satisfies the requirements when ¢ constant .
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The complex structures from SU(3) ® U(1)

IMand I®) satisfy criteria (1) — (4)

e They fail to satisfy (5)
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Conclusions

@ Problems with (4,4) away from Hyperk&hler semichiral
model with 4D target space.

@ (2,2)in (1,1) in new formulation adapted to on-shell

@ (1,1) characterisation of additional supersymmetries of the
(2,2) model.

@ Hyperkéhler examples shown to satisfy these.
@ The S® ® S dualized to semichiral model
@ Does not fulfil the conditions for having a (2, 2) origin.

Maybe we studied the problem from the wryng point of view, as
exemplified by my son in the following picture:
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ATTENTION'




