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Abelian anomalies


•  anomalies:	
  classical	
  symmetries	
  which	
  are	
  
violated	
  by	
  radiaLve	
  correcLons	
  (loops).	
  	
  

•  For	
  Yang-­‐Mills	
  Lagrangian	
  (massless	
  spinor):	
  
	
  
	
  
	
  Chiral	
  current:	
  	
  
	
  is	
  conserved	
  at	
  classical	
  level	
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  .	
  
In	
  one	
  loop	
  approximaLon	
  the	
  symmetry	
  breaks	
  
down	
  to:	
  	
  

L = iψγ µ (∂µ − iT
a Aµ

a )ψ

J µ
5,a =ψγµγ5ψ

∂µJ µ
5 = −

1
16π 2

εµνλρTr (FµνFλρ ) ≠ 0

∂µJ µ
5 = 0



Abelian anomalies	
  

=T abc
µνλ (k1,k2 ,q )

q λTµνλ
abc = −

1
2π 2

εµνλρk1
λk2

ρDabc , Dabc =
1
2
tr ({T a ,T b}T c )



Non Abelian anomalies	
  
•  For	
  leV	
  (right)	
  handed	
  currents:	
  
	
  
	
  
We	
  have	
  the	
  non	
  abelian	
  anomaly:	
  
	
  
	
  
To	
  be	
  compared	
  with	
  the	
  abelian	
  anomaly:	
  

J H ,µ
α =ψH γµT

αψH

D µJ a
H ,µ =ηH

1
24π 2

εµνλρTr[T
a∂µ (AH

ν∂λAH
ρ +
1
2
AH

νAH
λAH

ρ )]

∂µJ µ
5 = −

1
4π 2

εµνλρTr[∂
µ (A ν∂λA ρ +

2
3
A νA λA ρ )]



�
Soft π0 --> γγ	
  

	
  

lim
q→0

Γµν (k1,k2 ,q ) ~ D , D =
1
6
×3

Γtheory (0) = 0.0369mπ
−1

Γexp (0) = 0.0375mπ
−1

ΔΓ

Γexp
≈1.6%



Zumino’s connection


•  The	
  close	
  resemblance	
  between	
  the	
  previous	
  
expressions	
  led	
  to	
  the	
  discovery	
  of	
  a	
  
connecLon	
  between	
  abelian	
  and	
  non-­‐abelian	
  
anomalies.	
  

•  Non	
  abelian	
  anomalies	
  in	
  2n	
  dimensions	
  can	
  
be	
  obtained	
  from	
  abelian	
  anomalies	
  in	
  2n+2	
  
dimensions	
  by	
  a	
  reducLon	
  method	
  (without	
  
having	
  to	
  evaluate	
  Feynman	
  diagrams).	
  	
  

•  What	
  we	
  need	
  is	
  differenLal	
  geometry.	
  	
  



Differential Forms


•  Expressing	
  the	
  field	
  strength	
  tensor	
  as	
  a	
  2nd	
  
rank	
  form:	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
the	
  previous	
  expressions	
  (abelian/non	
  abelian	
  
anomaly)	
  can	
  be	
  wri\en	
  as	
  total	
  divergencies:	
  
	
  
	
  
	
  
	
  
	
  

F = dA + A 2

d ∗ J 5∝d tr[(AdA + 2
3
A 3)]

D ∗ J L ,R
a ∝d tr[T a (AdA + 1

2
A 3)]



The reduction method


•  StarLng	
  from	
  the	
  primary	
  form	
  (Chern	
  character)	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  which	
  is	
  closed,	
  metric	
  independent,	
  	
  	
  	
  	
  
	
  gauge	
  invariant,	
  and	
  represents	
  the	
  abelian	
  
	
  anomaly,	
  we	
  can	
  write:	
  

	
  
•  Because	
  it	
  is	
  gauge	
  invariant	
  we	
  get	
  from	
  
Poincare	
  lemma:	
  

•  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  is	
  the	
  non	
  abelian	
  anomaly	
  	
  
	
  
	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
	
  
	
  
	
  
	
  
	
  

	
  	
  
	
  
	
  	
  

Ω2n+2 (A )

Ω2n+2 = dω2n+1
0

δξΩ2n+2 = 0 = d (δξω2n+1
0 )⇒

δξω2n+1
0 = dω2n

1

ω2n
1





Tensor Gauge Theory


•  New	
  gauge	
  fields	
  are	
  introduced.	
  Rank	
  –	
  (s+1)	
  tensors,	
  
symmetric	
  over	
  the	
  λ	
  indices:	
  

•  Extended	
  gauge	
  transformaLons:	
  
	
  
	
  
	
  
	
  

	
  
form	
  a	
  closed	
  algebraic	
  structure:	
  
	
  	
  

Aµλ1λ2 ...λs

δξAµ = ∂µξ − ig [Aµ ,ξ ]

δξAµλ = ∂µξλ − ig [Aµ ,ξλ ]− ig [Aµλ ,ξ ]

δξAµλ1λ2 = ∂µξλ1λ2 − ig [Aµ ,ξλ1λ2 ]− ig [Aµλ1 ,ξλ2 ]− ig [Aµλ2 ,ξλ1 ]− ig [Aµλ1λ2 ,ξ ]

[δξ1 ,δξ2 ]Aµλ1λ2 ...λs = −igδξ3Aµλ1λ2 ...λs
ξ3 = [ξ1,ξ2 ]



•  Extended	
  Field	
  Strength	
  Tensors:	
  

•  Gauge	
  invariant	
  Lagrangians:	
  

L = - 1
4
Gµν

a Gµν
a

−
1
4
Gµν ,λ

a Gµν ,λ
a −

1
4
Gµν

a Gµν ,λλ
a +

+
1
4
Gµν ,λ

a Gµλ ,ν
a +

1
4
Gµν ,ν

a Gµλ ,λ
a +

1
2
Gµν

a Gµλ ,νλ
a + ...

Gµν = ∂µAν −∂νAµ − ig [Aµ ,Aν ]

Gµν ,λ = ∂µAνλ −∂νAµλ − ig ([Aµ ,Aνλ ]+[Aµλ ,Aν ])

Gµν ,λρ = ∂µAνλρ −∂νAµλρ − ig ([Aµ ,Aνλρ ]+[Aµλ ,Aνρ ]+[Aµρ ,Aνλ ]+[Aµλρ ,Aν ])



Tensor Gauge Theory with mixed 
symmetries



•  New	
  set	
  of	
  fields	
  with	
  different	
  symmetry	
  
properLes:	
  

•  and	
  gauge	
  transformaLons:	
  

	
  
•  which	
  form	
  a	
  closed	
  algebraic	
  structure:	
  
	
  	
  

A
µσ̂1σ̂2 ...σ̂ s

δAµ = ∂µζ − ig [Aµ ,ζ ]

δAµσ̂1 = ∂µζσ̂1 − ig [Aµ ,ζσ̂1 ]− ig [Aµσ̂1 ,ζ ]

δAµσ̂1σ̂ 2 = ∂µζσ̂1σ̂ 2 − ig [Aµ ,ζσ̂1σ̂ 2 ]− ig [Aµσ̂1 ,ζσ̂ 2 ]− ig [Aµσ̂ 2 ,ζσ̂1 ]− ig [Aµσ̂1σ̂ 2 ,ζ ]

[δζ1 ,δζ2 ]Aµνλ = δζ3Aµνλ
ζ3 = [ζ1,ζ2 ], ζ3σ1σ 2 = [ζ1,ζ2σ1σ 2 ]+[ζ1σ1σ 2 ,ζ2 ]



•  Field	
  strength	
  tensors:	
  
	
  

	
  
•  Can	
  be	
  wri\en	
  as	
  differenLal	
  forms	
  

Gµν = ∂µAν −∂νAµ − ig [Aµ ,Aν ]

Gµν ,σ̂1
= ∂µAνσ̂1 −∂νAµσ̂1 − ig ([Aµ ,Aνσ̂1 ]+[Aµσ̂1 ,Aν ])

Gµν ,σ̂1σ̂ 2
= ∂µAνσ̂1σ̂ 2 −∂νAµσ̂1σ̂ 2 − ig ([Aµ ,Aνσ̂1σ̂ 2 ]+[Aµσ̂1 ,Aνσ̂ 2 ]+[Aµσ̂ 2 ,Aνσ̂1 ]+[Aµσ̂1σ̂ 2 ,Aν ])

G = dA + A 2

G4 = dA3 +{A ,A3}
G6 = dA5 +{A ,A5}+{A3,A3}

Georgiou	
  G.,	
  Savvidy	
  G.,	
  “Non-­‐Abelian	
  tensor	
  gauge	
  fields	
  and	
  new	
  
topological	
  invariants”,	
  	
  arxiv:	
  1212.5228	
  



Closed, metric independent, gauge invariant 
forms (Chern characters) in higher dimensions 



P2n =Tr (G
n )

Φ2n+4 = Str (G4 ,G
n )

Ξ2n+6 = Str (G6 ,G
n )+ nStr (G4

2 ,G n−1)

Y2n+8 = Str (G8,G
n )+3nStr (G4 ,G6 ,G

n−1)+ n (n −1)Str (G4
3,G n−2 )

From	
  Poincare	
  lemma,	
  these	
  closed	
  forms	
  can	
  be	
  locally	
  wri\en	
  
as	
  exterior	
  derivaLves	
  of	
  secondary	
  forms.	
  Thus,	
  they	
  can	
  be	
  
viewed	
  as	
  abelian	
  anomalies	
  (Chern	
  characters).	
  	
  	
  

P2n = dω2n−1
0 , Φ2n+4 = dψ2n+3

0 ,

Ξ2n+6 = dϕ2n+5
0 , Y2n+8 = d ρ2n+7

0



The simplest representative of the 
cohomology class 



•  Two	
  forms	
  that	
  differ	
  by	
  and	
  exact	
  form	
  are	
  
cohomologous.	
  	
  

•  The	
  challenge	
  is	
  to	
  find	
  the	
  simplest	
  
representaLves	
  for	
  the	
  secondary	
  forms	
  

!ψ2n+3
0 ~ψ2n+3

0 +d a2n+2
!ϕ2n+5
0 ~ϕ2n+5

0 +d β2n+4
!ρ2n+7
0 ~ ρ2n+7

0 +d γ2n+6



The simplest secondary forms



⋅ψ 0
2n+3 = Str (A3,G

n )

⋅ϕ 02n+5 = Str (A5,G
n )+ nStr (A3,G4 ,G

n−1)

⋅ ρ02n+7 = Str (A7,G
n )+ n (n −1)Str (G4

2 ,A3,G
n−2 )+

+ nStr (G6 ,A3,G
n−1)+ 2nStr (G4 ,A5,G

n−1)



δ(secondary forms) = �
d(potential anomalies)	
  

∗ δξψ
0
2n+3 = 0,

δζ2ψ
0
2n+3 = dψ2n+2

1 (ζ2 ,A )

∗ δξϕ
0
2n+5 = 0,

δζ2ϕ
0
2n+5 = dϕ2n+4

1 (ζ2 ,A ,A3),

δζ4ϕ
0
2n+5 = dϕ2n+4

1 (ζ4 ,A )

∗ δξρ
0
2n+7 = 0,

δζ2ρ
0
2n+7 = d ρ2n+6

1 (ζ2 ,A ,A3,A5),

δζ4ρ
0
2n+7 = d ρ2n+6

1 (ζ4 ,A ,A3),

δζ6ρ
0
2n+7 = d ρ2n+6

1 (ζ6 ,A )

•  There	
  are	
  no	
  
anomalies	
  with	
  
respect	
  to	
  the	
  
standard	
  gauge	
  
parameter!!	
  



Anomalies


•ψ2n+2

1 (ζ2 ,A ) = Str (ζ2 ,G
n )

•ϕ2n+4
1 (ζ4 ,A ) = Str (ζ4 ,G

n )

ϕ2n+4
1 (ζ2 ,A ,A3) = nStr (ζ2 ,G4 ,G

n−1)

• ρ2n+6
1 (ζ6 ,A ) = Str (ζ6 ,G

n )

ρ2n+6
1 (ζ4 ,A ,A3) = 2nStr (ζ4 ,G4G

n−1)

ρ2n+6
1 (ζ2 ,A ,A3,A5) = nStr (ζ2 ,G6 ,G

n−1)+ n (n −1)Str (ζ2 ,G4
2 ,G n−2 )
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