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), (↵1, ↵2, ↵3), (1.4)

where tan � = v2/v1 and µ2
= v2⌫, with ⌫ = Rem2

12/(2v1v2) and
v = 246 GeV.
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If CP is conserved, or spontaneously violated, then a basis exists in which
all the parameters of the potential are real.
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CP will be conserved on certain manifolds !
embedded in this space.

3-dimensional parameter space



If CP is conserved, or spontaneously violated, then a basis 
exists in which all the parameters of the potential are real

In the absence of a Yukawa sector !
(which might distinguish the two doublets), !

there is a reparametrization invariance

We follow approach by Gunion & Haber, study invariants:
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v̂⇤āYab̄Z
(1)

bd̄
v̂d
⇤

= �v21v
2
2

v4
(�1 � �2)Im�5

Im J2 =
4

v4
Im

⇥

v̂⇤b̄ v̂
⇤
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CP conservation:!
Define:
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In general the CP violation is explicit if

IY 3Z 6= 0 and/or I2Y 2Z 6= 0 and/or I3Y 3Z 6= 0 and/or I6Z 6= 0
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bē Z

(1)

cf̄
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Second lines valid in “2HDM5”
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Zeāf d̄v̂av̂d

⇤

=
v21v

2
2

v4
(�1 � �2)(�1 + �2 + 2�4)Im�5

Im J1 6= 0 and/or Im J2 6= 0 and/or Im J3 6= 0

↵ = {↵1,↵2,↵3}
In general the CP violation is explicit if

IY 3Z 6= 0 and/or I2Y 2Z 6= 0 and/or I3Y 3Z 6= 0 and/or I6Z 6= 0

1

R = R3 R2 R1 =

0

@

1 0 0
0 cos↵3 sin↵3

0 � sin↵3 cos↵3

1

A

0

@

cos↵2 0 sin↵2

0 1 0
� sin↵2 0 cos↵2

1

A

0

@

cos↵1 sin↵1 0
� sin↵1 cos↵1 0

0 0 1

1

A

=

0

@

c1 c2 s1 c2 s2
�(c1 s2 s3 + s1 c3) c1 c3 � s1 s2 s3 c2 s3
�c1 s2 c3 + s1 s3 �(c1 s3 + s1 s2 c3) c2 c3

1

A

with ci = cos↵i, si = sin↵i
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all the parameters of the potential are real.
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Explicit or Spontaneous CP conservation?
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more invariants!
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“2HDM5” results simple
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If CP is conserved, or spontaneously violated, then a basis exists in which
all the parameters of the potential are real.
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In general the CP violation is explicit if
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1(2) Where in the      space is CP violation 
spontaneous?
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If CP is conserved, or spontaneously violated, then a basis exists in which
all the parameters of the potential are real.
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Zbēcd̄Ydā
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⇤

= 0

I2Y 2Z = Im
⇥

Yab̄Ycd̄Zbādf̄Z
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⇤

= �1

8
(m2

11 �m2
22)

⇥

(�1 � �3 � �4)(�2 � �3 � �4)� |�5|2
⇤

Im
⇥

(m2
12)

2�⇤
5

⇤

= �v21v
2
2

8v6
⇥

(�1 � �3 � �4)(�2 � �3 � �4)� |�5|2
⇤

⇥ ⇥

(v21 � v22)(2µ
2 � v2(�3 + �4 + Re�5)) + v2(v21�1 � v22�2)

⇤

⇥ ⇥

4v2µ2Re�5 � 4µ4 + v4(Im�5)
2
⇤

Im�5

I6Z = Im
⇥

Zab̄cd̄Z
(1)

bf̄
Z

(1)

dh̄
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CP violating ZZZ vertex



Preamble

ggg vertex in QCD

Structure:

p1, µ1, a1

p2, µ2, a2

p3, µ3, a3

�i g fa1a2a3 [gµ1µ2(p1 � p2)µ3 + gµ2µ3(p2 � p3)µ1 + gµ3µ1(p3 � p1)µ2 ]

1

SU(3)

18



Origin of ggg coupling, SU(3):

�i g fa1a2a3 [gµ1µ2(p1 � p2)µ3 + gµ2µ3(p2 � p3)µ1 + gµ3µ1(p3 � p1)µ2 ]

F µ⌫
a Faµ⌫

Fµ⌫ = @⌫Aµ � @µA⌫ � ig[Aµ, A⌫ ]

F µ⌫
a = @⌫Aµ

a � @µA⌫
a + gfabcA

µ
bA

⌫
c

1

SU(2): Completely analogous.!
!
But structure constant is zero unless !
all 3 gauge fields are present. !
Have W+W-Z vertex, but!
No ZZZ vertex (at tree level).

�i g fa1a2a3 [gµ1µ2(p1 � p2)µ3 + gµ2µ3(p2 � p3)µ1 + gµ3µ1(p3 � p1)µ2 ]

L 3 TrFµ⌫Fµ⌫

Fµ⌫ = @⌫Aµ � @µA⌫ � ig[Aµ, A⌫ ]

F µ⌫
a = @⌫Aµ

a � @µA⌫
a + gfabcA

µ
bA

⌫
c

�µ1µ2µ3
V V V =

p21 �M2
Z

M2
Z

[if4(p
µ2
1 gµ1µ3 + pµ3

1 gµ1µ2) + if5✏
µ1µ2µ3⇢(p2 � p3)⇢] (0.1)

|f4| <⇠ 0.01 (0.2)

1
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a1 µ1

p1

a2 µ2

p2

a3 µ3p3

a1 µ1

p1

a2 µ2

p2

a3 µ3p3

a1 µ1

p1

a2 µ2

p2

a3 µ3p3

a1 µ1

p1

a2 µ2

p2

a3 µ3p3

a1 µ1

p1

a2 µ2

p2

a3 µ3p3

Σ
flavours

a1 µ1

p1

a2 µ2

p2

a3 µ3p3

Back to QCD
At one loop (ggg):
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More Lorentz structures:

4

2 Preliminaries

The Yang–Mills term of the QCD Lagrangian yields the following well-known expression
for the lowest-order three-gluon vertex:

−i g fa1a2a3 [gµ1µ2
(p1 − p2)µ3

+ gµ2µ3
(p2 − p3)µ1

+ gµ3µ1
(p3 − p1)µ2

] , (2.1)

where p1, p2 and p3 are the momenta of the gluons, all of which are ingoing, p1+p2+p3 = 0.
In (2.1), the fa1a2a3 are the totally antisymmetric colour structures corresponding to the
adjoint representation of the gauge group5. They can be extracted from the general
three-gluon vertex by defining6

Γa1a2a3
µ1µ2µ3

(p1, p2, p3) ≡ −i g fa1a2a3 Γµ1µ2µ3
(p1, p2, p3). (2.2)

Since the gluons are bosons, and since the colour structures fa1a2a3 are antisymmetric,
Γµ1µ2µ3

(p1, p2, p3) must also be antisymmetric under any interchange of a pair of gluon
momenta and the corresponding Lorentz indices.

The lowest-order gluon propagator is

δa1a2
1

p2

(

gµ1µ2
− ξ

pµ1
pµ2

p2

)

, (2.3)

where ξ is the gauge parameter corresponding to a general covariant gauge, defined such
that ξ = 0 is the Feynman gauge. Here and henceforth, a causal prescription is under-
stood, 1/p2 → 1/(p2 + i0).

When one calculates radiative corrections to the three-gluon vertex (the corresponding
one-loop diagrams are presented in fig. 1), other tensor structures arise, in addition to the
lowest-order expression (2.1), and the general tensor decomposition should be considered.
If we take into account momentum conservation (only two of the external momenta are
independent), fourteen independent tensor structures carrying three Lorentz indices exist,
and in general Γµ1µ2µ3

can be written as a sum of these tensors multiplied by scalar
functions (see Appendix A). This decomposition is useful for extracting the corresponding
scalar functions from the result of a calculation. Although bosonic symmetry of the vertex
puts some conditions on the corresponding scalar functions, the explicit symmetry of the
expression is broken, because one of the momenta was substituted in terms of two others.

To avoid this, one can use a more symmetric decomposition of the general three-gluon
vertex, proposed by Ball and Chiu [13]7,

Γµ1µ2µ3
(p1, p2, p3) = A(p21, p

2
2; p

2
3) gµ1µ2

(p1 − p2)µ3
+B(p21, p

2
2; p

2
3) gµ1µ2

(p1 + p2)µ3

−C(p21, p
2
2; p

2
3)
(
(p1p2)gµ1µ2

− p1µ2
p2µ1

)
(p1 − p2)µ3

+1
3 S(p21, p

2
2, p

2
3)
(
p1µ3

p2µ1
p3µ2

+ p1µ2
p2µ3

p3µ1

)

5Although the standard QCD Lagrangian corresponds to the SU(3) group, our results are valid for an
arbitrary semi-simple gauge group.

6In fact, also completely symmetric colour structures da1a2a3 might be considered, but they do not
appear in the perturbative calculation of QCD three-point vertices at the one-loop level.

7Another general decomposition of the three-gluon vertex was considered in ref. [22].

5

+F (p21, p
2
2; p

2
3)
(
(p1p2)gµ1µ2

− p1µ2
p2µ1

) (
p1µ3

(p2p3)− p2µ3
(p1p3)

)

+H(p21, p
2
2, p

2
3)
[
−gµ1µ2

(
p1µ3

(p2p3)−p2µ3
(p1p3)

)
+ 1

3

(
p1µ3

p2µ1
p3µ2

−p1µ2
p2µ3

p3µ1

)]

+ { cyclic permutations of (p1, µ1), (p2, µ2), (p3, µ3) } . (2.4)

Here, the A, C and F functions are symmetric in the first two arguments, the H function
is totally symmetric, the B function is antisymmetric in the first two arguments, while
the S function is antisymmetric with respect to interchange of any pair of arguments.
Note that the contribution containing the F and H functions is totally transverse, i.e. it
gives zero when contracted with any of p1µ1

, p2µ2
or p3µ3

.
Now, before proceeding further, we introduce some notation. For a quantity X (e.g.

any of the scalar functions contributing to the propagators or the vertices), we shall denote
the zero-loop-order contribution as X(0), and the one-loop-order contribution as X(1). In
this paper, as a rule,

X(1) = X(1,ξ) +X(1,q), (2.5)

where X(1,ξ) denotes a contribution of gluon and ghost loops in a general covariant gauge
(2.3) (in particular, X(1,0) corresponds to the Feynman gauge, ξ = 0), while X(1,q) repre-
sents the contribution of the quark loops.

For example, from (2.1) one can see that at the “zero-loop” level all the scalar functions
involved in (2.4) vanish, except the A function which is

A(0) = 1. (2.6)

In what follows, we shall also need to use some other QCD Green functions, including
those involving the Faddeev–Popov ghosts. As in (2.4) we define the corresponding scalar
structures following the notation of the paper [13].

The gluon polarization operator is defined as

Πa1a2
µ1µ2

(p) ≡ −δa1a2
(
p2gµ1µ2

− pµ1
pµ2

)
J(p2), (2.7)

while the ghost self energy is

Π̃a1a2(p2) = δa1a2 p2 G(p2). (2.8)

The lowest-order results are J (0) = G(0) = 1. The one-loop contributions to Πa1a2
µ1µ2

(p) and

Π̃a1a2(p2) are presented in fig. 2 and can easily be calculated. The results (in arbitrary
space-time dimension) can be found e.g. in ref. [8]. For completeness, we collect the
relevant formulae in Appendix C.

The ghost-gluon vertex can be represented as

Γ̃a1a2a3
µ3

(p1, p2; p3) ≡ −ig fa1a2a3 p1
µ Γ̃µµ3

(p1, p2; p3), (2.9)

where p1 is the out-ghost momentum, p2 is the in-ghost momentum, p3 and µ3 are the
momentum and the Lorentz index of the gluon (all momenta are ingoing). For Γ̃µµ3

we
adopt the following decomposition, also used in [13]:

Γ̃µµ3
(p1, p2; p3) = gµµ3

a(p3, p2, p1)− p3µp2µ3
b(p3, p2, p1) + p1µp3µ3

c(p3, p2, p1)

+p3µp1µ3
d(p3, p2, p1) + p1µp1µ3

e(p3, p2, p1). (2.10)

tree level structure

(in QCD) all conserve CP
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ZZZ vertex at one loop
General structure!
Gaemers & Gounaris (1979); !
Hagiwara, Peccei, Zeppenfeld (1986); !
Baur & Rainwater (2000)

Violates CP Preserve CP

For two Zs (Z2, Z3) being on-shell:

plus “scalar” terms

SM: quark loop contributes to 

LHC:
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Zeāf d̄v̂av̂d

⇤

1

Bose symmetry and Lorentz invariance: Coupling vanishes if all are on-shell 
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ZZZ vertex at one loop
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Z: odd under C
ZZ: even under C
ZZZ vertex will in general violate CP

q

q

q
Z1

Z2

Z3

SM contribution via fermion loops!
preserves CP
Gounaris, Layssac, Renard (2000):!
“Vertex can only be generated by fermionic triangles”  Not correct!



ZZZ vertex at one loop, in 2HDM

Allow for CP violation in Higgs potential

non-zero contribution from bosonic sector

24
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c̄YbēYcf̄Zeāf d̄v̂av̂d

⇤

Im J3 = Im
⇥

v̂⇤b̄ v̂
⇤
c̄Z

(1)
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CP violation in the 2HDM

• Lavoura and Silva, 1994	


• Botella and Silva, 1995	


• Gunion and Haber, 2005	


• Ivanov, Nishi, Maniatis…, 2006-2007
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Gunion and Haber expressed invariants

CP conserved iff
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c̄YbēYcf̄Zeāf d̄v̂av̂d

⇤

Im J3 = Im
⇥

v̂⇤b̄ v̂
⇤
c̄Z

(1)
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What is the physical content?

Can 

be rephrased in terms of 
“physical” quantities? 

�i g fa1a2a3 [gµ1µ2(p1 � p2)µ3 + gµ2µ3(p2 � p3)µ1 + gµ3µ1(p3 � p1)µ2 ]

L 3 TrFµ⌫Fµ⌫

Fµ⌫ = @⌫Aµ � @µA⌫ � ig[Aµ, A⌫ ]

F µ⌫
a = @⌫Aµ

a � @µA⌫
a + gfabcA

µ
bA

⌫
c

�µ1µ2µ3
V V V =

p21 �M2
Z

M2
Z

[if4(p
µ2
1 gµ1µ3 + pµ3

1 gµ1µ2) + if5✏
µ1µ2µ3⇢(p2 � p3)⇢]

|f4| <⇠ 0.01

M2
12,�5,�6,�7

V (�1,�2) = �1

2

n

m2
11�

†
1�1 +m2

22�
†
2�2 +

h

m2
12�

†
1�2 + h.c.

io

+
�1

2
(�†

1�1)
2 +

�2

2
(�†

2�2)
2 + �3(�

†
1�1)(�

†
2�2) + �4(�

†
1�2)(�

†
2�1)

+
1

2

h

�5(�
†
1�2)

2 + h.c.
i

+
nh

�6(�
†
1�1) + �7(�

†
2�2)

i

(�†
1�2) + h.c.

o

⌘ Yab̄�
†
ā�b +

1

2
Zab̄cd̄(�

†
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The physical content
Im J1, Im J2, Im J3
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Three determinants:
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Couplings:

Im J1, Im J2, Im J3
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Recall CP-conserving 2HDMLet
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Let

H1 = h

H2 = H

H3 = A

Then

(ZHA) e1 6= 0

(ZhA) e2 6= 0

(ZhH) e3= 0

and

(hH+H�) q1 6= 0

(HH+H�) q2 6= 0

(AH+H�) q3= 0

V V V :! 0 Furry’s Theorem
V V A :⇠ ✏↵��� Violates P
V AA :! 0 Furry’s Theorem
AAA :⇠ ✏↵��� Violates P
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This result was actually published 	

by Lavoura and Silva in 1994

[Im J2]Higgs Basis = �v6JLS
1

[Im J1]Higgs Basis = v3JLS
3

[Im J30]Higgs Basis = �v4JLS
2

3

and is reminiscent of the Jarlskog determinant

(see also Botella and Silva, 1995)
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1.2. ONE-LOOP INTEGRALS 9

Dµνρσ = (gµνgρσ + gµρgνσ + gµσgνρ)D0000

+
3

∑
i,j=1

(

gµνkiρkjσ + gνρkiµkjσ + gµρkiνkjσ

+ gµσkiνkjρ + gνσkiµkjρ + gρσkiµkjν
)

D00ij

+
3

∑
i,j,ℓ,m=1

kiµkjνkℓρkmσDijℓm .

Of all scalar and tensor-coefficient functions implemented in LoopTools, only A0, B0, B1,

B00, B11, B001, B111, B′

00, the C coefficients with at least two indices zero, and the D

coefficients with at least four indices zero are actually UV divergent.

1.2.2 Conventions for the Momenta

A large source of mistakes is the way of specifying the momenta in the one-loop inte-

grals. The prime error in this respect is the confusion of the external momenta pi with

the momenta ki appearing in the denominators, which are the sums of the pi (see Eq.

(1.2)).

Consider for example the following diagram:

p1

p2

p3

q

q + k1

q + k2

m1

m2

m3

The three-point function corresponding to this diagram can be written either in terms

of the external momenta as

C
(

p21, p
2
2, (p1 + p2)

2,m2
1,m

2
2,m

2
3

)

or in terms of the momenta ki as

C
(

k2
1, (k1 − k2)

2, k2
2 ,m

2
1,m

2
2,m

2
3

)

.

In both cases the same function is called with the same arguments since of course k1 = p1
and k2 = p1 + p2. (The arguments are given in the conventions of LoopTools.)

May have up to three Lorentz indices!
(from Lorentz vectors in integrand)

Expand in “tensor coefficients”

LoopTools (Thomas Hahn)
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1.2. ONE-LOOP INTEGRALS 9
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8 CHAPTER 1. LOOPTOOLS

The q’s in the numerator arise typically from fermion propagators or from vertices that

correspond to terms with derivatives in the Lagrangian.

The nomenclature is A for T 1, B for T 2, etc. The scalar integrals are denoted by a sub-

scripted zero: A0, B0, etc.

1.2.1 Tensor Coefficients

The integrals with a tensor structure can be reduced to linear combinations of Lorentz-

covariant tensors constructed from the metric tensor gµν and a linearly independent set

of the momenta [PaV79]. The choice of this basis is not unique.

LoopTools provides not the tensor integrals themselves, but the coefficients of these

Lorentz-covariant tensors. It works in a basis formed from gµν and the momenta ki,

which are the sums of the external momenta pi (see Eq. (1.2)) [De93]. In this basis the

tensor-coefficient functions are totally symmetric in their indices. For the integrals up

to the four-point function the decomposition reads explicitly

Bµ = k1µB1 ,

Bµν = gµνB00 + k1µk1νB11 ,

Cµ = k1µC1 + k2µC2 =
2

∑
i=1

kiµCi ,

Cµν = gµνC00 +
2

∑
i,j=1

kiµkjνCij ,

Cµνρ =
2

∑
i=1

(

gµνkiρ + gνρkiµ + gµρkiν
)

C00i +
2

∑
i,j,ℓ=1

kiµkjνkℓρCijℓ ,

Dµ =
3

∑
i=1

kiµDi ,

Dµν = gµνD00 +
3

∑
i,j=1

kiµkjνDij ,

Dµνρ =
3

∑
i=1

(

gµνkiρ + gνρkiµ + gµρkiν
)

D00i +
3

∑
i,j,ℓ=1

kiµkjνkℓρDijℓ ,

Tensor coefficients:
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Product of couplings:
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The H1SM limit
The quantity       is involved in many couplings
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The H1SM limit



In particular:

The H1SM limit
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is very close to SM limit (LHC)
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Green: allowed in 2HDM

“circles”: 1%, 2%, …, 5% deviation from e1=v (SM limit)



Im J1, Im J2, Im J3
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Recall

could still be non-zero, even if
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Requires
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• Invariants Im J1, Im J2, Im J3 can be expressed 
in terms of physical couplings and masses	


• All three neutral Higgses are “involved”	


• Couplings lead to a calculable CP-violating 
ZZZ coupling	


• It will be a challenge to measure it	


• In H1SM limit, CP violation possible

Summary


