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Noncommutative action

Noncommutative action

e The action is typicaly defined through the star product

S= /dx (%a,-qs*aqur %u2¢*¢+ v)
where

frxg=m (eigﬁaiaj(f,g)) ’

e This is such that

[X,',Xj]* = 19’./
o Another way of writting the noncommutativity is

dk

()0 = [ o35

/dy f(x+ %9 - k)g(x + y)e™



Noncommutative action

e The action previously defined is non-renormalizable. Grosse and
Woulkenhaar solved this by adding

QZ ~ ~i
- (i6) + ()

to the lagrangian, where ¥ = 267! . x.

e The treatment simplifies if we use the matrix basis

(fmn * fkl)(x) = 5nkfm/(x)7
with

P(x) = Z Bmnfmn(X)



Noncommutative action

In the matrix basis we have

i (x) = [%, F(x)]

The kinetic term becomes

2
XiXip" — Xipxi@

With the extra potential and the mass term we are left with

2y 42
(xixi + p°)p
e We can choose an apropriate basis so that (xix; + p?) leads to a harmonic
oscillator spectrum



Ward Identity

Ward Identity

e The action for \¢* is written as

5 = Z %¢mnHmn¢nm + V(¢)7

with a cut-off in the summation, and Hy, = (m 4 n+ u?). The A\¢® has
also a linear term Mo, My, = mdap

e The partition function is
2[] = N/Dqﬁ e STTHDD) _ Nl ~VIo/oI) Gy <sH 1>
in the A¢*, with < J,H™ ' >=3" JpgHpq Jop, and

Z[J] = Ne(~VI9/2J) o3 <(J+M),H™ (J+M)>

in the A¢°.



Ward Identity

e We consider the variation of W = In Z with respect to infenitesimal
unitary transformations, which leads to

9? d ) Vin/ou 1ot
"_,,7 _ Han - . ( [6/8J]) 5<JH™"J> —
<¥( b )6ana-jan + <J 6an Jb aJan)) € € 07

e The Identity can be further developed to

1 B P
Z aanaJ Domddm = Z ( b Gan + (Jb"aJa,, *J"annb)) z



Two-point funtion for >\¢4

Two-point funtion for A\¢*

e The two-point function is given by

’

N —Vv (?2 1 H—l
Gab e ez<J, J>
J=0

- Z[O] 0Jap0Jpa

e This leads to (zero genus)

Gbn - Gab

Gap = Hp' + AHop' Gob Y Gan + AH' D =—

o Notice it is not explicitly symmetric.



The A3

The A3

e The two-point function can be calculated by

Gap = N |:7V 9

HJ, e%<J,H_1J>:| _
Z[0] 0wy 7% o
NH! 0 1oy
— H1 -vy, 1<uHTU> _
Gab b + Z[0] { J T »

Goo = H' + Z[;] [aé;:) {%} a? [J]] J-o



The A3

e The derivative of V will give

o 9
/\ZMEZ[J].

o Here enters the Ward identity, so that we have, for a # b

1 A)Habl a B i)
Gab - Hab + Z[O] 6./ Jan an 8./ Z[J] o

So that we have

AH !
(a—b)

Gab = Hab + (Ga - Gb)

where G is the one point function.

e The equation is no longer only on the two-point function, but it is
explicitly symmetric.



We can try the same for the one-point function:

N v 0 1oym1s
G, = o bt
Z[0] {e 9 ©

Now the linear term shows,

J=0

2 =

N —V -1 Loy H 1>
72[0] [e Haa (Jaa + m(/\,/\))eZ :|

The Ward identity has a singularity, so in this case we have only

G = 2[01[ (- AZaJ 8J LO

J=0

Thus

Go = Ha' (m =AY Gun)

The A3



The A3

We can also take two currents down in the two-point function calculation

Gop = Hp! + Hp2 [e*VJabJ,,EZ[J]L_O

This leads to

Gab = Hp' = MH, (G +Gb)+ abz (Gan — Gon)

But this equation is not linearly mdependent from the two others.

Taking G, and Ggp we can write

AH 2 H? 1 NH?
~ob (3G, — bGs)+ 2 (aHio Gao — bH3Gos ) ~Hop' = S22 3 (Gun — Gin)

And so

AH,? H.,?

Gas =~ (bG, — 2Gy) + —2 (aH}o Guo — bH3Gos )

a—



The A3

e For the three-point funtion we find

A AHG! AH !
Gac:7¢ GafGaczfi Gcfcazfiab Gcafcc

b b (Gab ) o 5 (Gbe — Gba) P b)
e Similarly we have the four-point function

AH!
Gac - — cd
bed c—d

(Gabc - abd)



The A3

e Inserting the first equation for the two-point in the one-point funtion
equation, we have

m 1 1 )\ Gafcn
G, = - -
2a + p? 2a+u2za+n+u2 2a—|—u2z(a+n+u2)(a—n)

e This leads to the singular integral equation of the Carleman type

! n—G(n) = a
a(a)G(a)—i—/o oy = F@)
. . A+1/2 . G(FI) .
a(3)G(a dh—— =f(3a
@6@+ [ dig s = 1)

e The equation has a non-degenerate kernel. It can be solved by the
transformation n? = x.



Using the equation for the three-point function we can also have
1 H_l
Gob = Hp' =D Gasn = Hyt + A2 ﬁ (Gap — Gan)
or
2 Hpe' o
Gab (1—,\ Zﬁ) = Hy' =X Gan
This allows us to study the mass renormalization ur
’ Hy ! Hyt
Goo (1 - Zﬁ) =pTtHNY S G

We have also the renormalization condition G, = 0

m:AZGon

Both cnditions are given by Go,

The A3



Thank You!
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