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1B matrix model is one of the promising
candidates of the non-perturbative definition of

superstring, and many interesting aspects will be
discussed by several speakers in this school.

In order to examine the dynamics of this model, it
IS useful to understand the large-N reduction,
which 1s one of the universal features of large-N

gauge theory.

In my talk, first | would like to explain how the

large-N reduction appears in general large-N
gauge theory, and then discuss why we expect
that the 11B matrix model describes superstring

correctly.



PART 1 How does the Large-
N reduction appear?



1. What is Large-N reduction

Roughly speaking,

Physics of the large-N gauge theory
with periodic boundary condition
does not depend on the volume of the
space-time.



More precisely,

Consider U(N) or SU(N) lattice gauge theoy
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N, v

N a perlodlc box of size L xL,x---L;.

Take the large-N limit N — oo, A: fixed.

The physics of the system does not depend
on the size, at least in the strong coupling
region:

A>A, A ~4.



In particular,

we can consider the minimum

size of the box u,
I1x1x---1.

Then the system iIs reduced to
a d-matrix model
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the large-N reduced model




The meaning of “physics”

(1) Free energy per unit volume f =—

V
F=-logZ, Z ZI[dU]eXp(_SWilson)’
\V = L1><L2X.“Ld’

does not depend on L’s.

In particular,
f =—logZ
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(2) Wilson loop

Consider a closed loop C In the infinitely
extended lattice space
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Wilson loop In a periodic box:

Define the corresponding loop In the
periodic box by the same expression

C :(n,n+&,n+&+,§,---,n—é)),
a,f,-=11,+2,-- +d.

The Wilson loop Is given by
deU exp Wllson) (C)

IH dU n,u EXP (_SWiIson )
n,u

1

W(C) NTr(UnaUn+aﬂ . Un c?)a))
Here we assume U, ,=U!, . n—i



Because of the translational invariance
W(C) does not depend on the position n.

The Wilson loop defined In this manner
does not depend on the size of the periodic

box L’s.
In particular the Wilson loop In the

Infinitely extended space IS given by the

reduced model: jf[du exp (- Wi (C)
W (C) — <Wreduced (C)> o

IH de exp o reduced )
u=1
1
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The Large-N reduction

The large-N gauge theory with periodic
boundary condition does not depend on the
volume of the space-time.

In particular, the theory In the infinite
space-time Is equivalent to that on one point.

The space-time emerges from the internal
degrees of freedom of the reduced model.



2. Strong coupling analysis

We show that the coefficients of the strong
coupling expansion of the Wilson action and
the reduced model agree in the large-N limit.

It Indicates that two theories are equivalent
at least in the convergence radius of the
strong coupling expansion.

Contents of this section
(a) Weingarten model
(b) Wilson action



a) Weingarten model

The Weingarten model Is a modification of
the Wilson action in which the strong
coupling expansion Is easily examined:

S

Weingarten

=—E2Tr(v VAP VA )+NZTr(V AN]

2 N,u " N+a,v " N+v,u nv N, " N,u
n, u#v

V_ N x N complex matrix

n,u

Obtained from the Wilson action by changing
the Integration measure

[, dU > [dVexp(-NTr(W1)).



We will show that this model is equivalent to
the reduced Weingarten model:

S - i Tr(V,V,V,V, )+ NiTr(VﬂVJ ).

reduced Weingarten — 1
uzv=1 u=1

VN x N complex matrix

The arguments are the same for the free
energy and Wilson loop.



Wilson loop In Weingarten model

Wilson loop Is defined as usual:

For a loop In the lattice space
C :(n,n+&,n+&+,§,---,n—c?)),

Wilson loop i1s defined by

_[ H dvn,y EXP (_SWeingarten ) W (C )



Hopping parameter expansion of surfaces

We regard the quadratic term as the free
agrangian and the quartic term as the
Interaction Lagrangian.

SWeingarten — SO T Sint ’
Sy =NY Tr(v,,V.,)
n,u
N
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In the path integral, we keep S, In the
exponential function, and expand exp(-S;, )
with respectto s . .



Then we have the following perturbation
series:
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S
W(C)ZWS(Z (Ij N

85=C)

S runs over all surfaces with boundary C
In the lattice space.

A(S) : the number of plaguettes in S.
x(S) : the Euler characteristic of S.



Large-N limit

In the large-N limit, only planar surfaces,
x(S)=1, survives.
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Wilson loop of the large-N Weingarten
model Is given by the sum of planar
random surfaces with boundary C.



Feynman diagram

We can visualize the surfaces by
depicting the Feynman diagrams as
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interaction term = square

n+2 1 n+1+2 n+2 1 n+1+2
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 To each vertex of the square a lattice
site Is assigned.

e Each edge of the square has a label u
(v =1,2, .. ,d) and a direction indicated
by an arrow.

 Each square has a circular direction
along which v, , are multiplied.

If the circular direction Is the same
as that of the edge we take v, , .

IT not, take v, .



propagator = gluing two edges

The quadratic part S, glues two edges
correspondingto V, ,andV, ' .




The Feynman diagrams for the Wilson loop are
characterized by

(1) Each diagram Is a segmentation of a surface
S with boundary C into a set of squares.

(1) Each edge of S has a label (1,2, .. ,d) and a
direction. The opposite edges of each square
have the same label and direction.

(1) 1f two squares are glued, their circular
directions along the common edge are
opposite.

(1Iv) A lattice site Is assigned to each vertex.
This assignment should be compatible with
the labels and directions of the edges.



N
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(Iv) cont’d

More precisely, suppose that vertices

A and B are the endpoints of an edge with
label 4 , and the arrow points from A to B.
Then the sites m and n assigned to A and B,
respectively, should satisfy

N=m-+ /.

i




Value of each Feynman diagram

% W(C) - %Tr (Vn,avn+0?,,3 ; .V”—QA)’C")
A(S)
X (%j Sint T % nz¢ I (Vn,uvn+ﬁ,vVnT+‘7,ﬂV”T’V )
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> N # o vertices —— an index loop from each vertex

A(S
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A(S): # of plagerttes in S

X (S) : Euler characteristic of S




Large-N limit

In the large-N limit, only the planar surfaces
survive, and we have the additional condition:

(0) The surface S is planar: y(S)=1.

crucial fact:
If the conditions (0) ~ (111) are satisfied, (1v) Is
automatically satisfied.



(0) The surface Is planar.

(1) Each diagram iIs a segmentation of a surface
S with boundary C into a set of squares.

(11) Each edge of S has a label (1,2, .. ,d) and a
direction. The opposite edges of each square
have the same label and direction.

(111) If two squares are glued, their circular
directions along the common edge are
opposite.

(Iv) A lattice site Is assigned to each vertex.
This assignment should be compatible with
the labels and directions of the edges.



The conditions (0) ~ (i) tell nothing about
the sites.

However, once a site Is assigned to one of the
vertices, we can uniquely assign sites to the
other vertices In a compatible manner with
the edges.
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The sum of the displacement vectors
around each square Is zero.

The sites are consistently determined by the
edges, and the condition (Iv) Is redundant.



This situation iIs analogous to the well
known fact about the existence of the

potential.
“A rotation free vector fieldv;(x) on a planar

surface has a potential ¢(x) that is unique up
to an additive constant.” X




Wilson loop In the reduced Weingarten model

In the case of the reduced Weingarten model,
the Feynman diagrams are characterized by
(1) ~ (11).

The condition (iv) Is not there, because we do
not have “site”.

However, If we take the large-N limit, the
planarity condition (0) iIs added.

Then the Feynman diagrams of the reduced
Weingarten model have one-to-one
correspondence with those of the Weingarten
model (up to an overall translation of site.)



More precisely,

Suppose a planar Feynman diagram of the reduced
Weingarten model Is given.

Pick up one vertex A and assign a site n to It.
For any vertex B find a path P from A to B,

2/'\
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The site that should be
assigned to B Is obtained by
summing up the displacement

AZLeCtC)rS aIOng P

N+3+1+2.
This does not depend on

N 1

because the sum of the displacement vectors
around each square Is zero and we can deform P.

the choice of P,



We have seen

“The large-N limits of the Weingarten model
and the reduced Weingarten model are the
same at laest in the convergence radius of
the hopping parameter expansion.”



b) Wilson action

A similar analysis can be applied to the case
of Wilson action. The problem is reduced to
the case of the Weingarten model by using

([ e [ - e ]
exp| —Sy | < | w| C,5 lexpl Y f(J,,)
N oJ. N oJ, #
\ \ L *1)) L #J ) s 120
\N(C): 19=0)
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NaJ,, #
\ \ L H2)) " (3=0}

exp(f(3))=[dUexp(iN(Tr(JU)+Tr(J'U")).

This Is obtained by plugging the source terms
and replacing U by J derivative.



f(J) 1s expanded as the polynomial of J:
f(3)=c,N?+c,NTr(JJ")
FEENTr((307)2) +c2 (Tr(337)) 4+

We have multiple trace terms, but each term
Is of order N2 if we assume each trace is of
order N .

We can show that only planar diagrams
survive In the large-N limit, and the previous
argument for the large-N reduction holds.



We find that the coefficients of the strong
coupling expansion of the Wilson action and
the reduced model agree in the large-N limit.

Two theories are equivalent at least In the
convergence radius of the strong coupling
expansion.



3. Schwinger-Dyson equation

So far we have considered strong coupling
expansion. But we can make the argument a
bit stronger by using the SD equation.

We show

“In the large-N limit, the Schwinger-Dyson
equation for the Wilson loops (the loop
equations) of the reduced model becomes
equivalent to that of the Wilson action

as long as the center invariance

0,
Uﬂ—>e Uﬂ

IS not spontaneously broken.”




Loop equations

Consider
deUnﬂﬁTr(t UpoUiiasUnon ) €XP(=Syieon )
and change the variables as
U, — (1+ "t )UM.
Because the integration measure IS Invariant,

0= |\|1 <Tr(t °U,, Upos U o))

n,a n+aﬁ

£ Y <Tr(t UnoUnias YUnoo) TFH(tU,, Ui, Uns0Us )>

na =~ n+a,p N
;t+a

- Z Nﬂ<Tr(t UnaUn+aﬂ . Un—aBa))Tr(t U”ﬂU”+HOCU:+aﬂU:“)>

+ spllttlng terms



The splitting terms appear if one of the link
variables in the Wilson loop ,u. ,U ..U
coincides with u, _ oru”

na'! ~ n+a,B! N-o,m

For example, If we start with the operator
1

WTr (t U Un+aﬂ ”Un—o?,KUn,a .“Un—é),w)’
the splitting term
1 b
WTr(t U Un+a,3 ..Un—o?,zct Un,a.”Un a)a))

appears.



By contracting a and b, and using
> Tr(t*A)Tr(t*B)=Tr(AB),

> Tr(t*At*B) =Tr(A)Tr(B),

we obtain
1
0= <NT|" (Un,a n+a,f 'Un—c?),a) )>

1
+ (;r:a)N—ﬂ<Tr (U n,a U n+o?,uU rT+ﬁ,aU :,ﬂU ne T ntdf o U ”_aA)"")>

1
- Z N—ﬁ<Tr (U n,u U n+ﬁ,aU :+&,ﬂ U n+@.f U n_é)’w)>

+ splitting terms



The splitting term for the previous example
becomes

<Z$Tr(t UnaUn+aﬁ ' Un&,xtaun,a“'una“),a))>

<%Tr(un,aun+o},ﬂ U, azc)Tr(U Una“)a))>

1 1
— <WTr (Un,a Un+0?,,8 N .Un—o?,/c )> <WTr (Un,a N Un@w)>

Here we have used the factorization of single
trace operators which generally holds In
large-N theories:

(Tr(0,)Tr(0,))=(Tr(0,))(Tr(0,)).



In this way, splitting terms become a product of
Wilson loops In the large-N limit, and the SD
equation gives a set of closed relations between

Wilson loops.
. T N

1 * 1

,u(;tia)
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Splitting terms appear when the loop passes
through the link we are considering.



L_oop equations of the reduced model

We start with
J‘HdUﬂWTr(t U U --U )exp(_Sreduced)’

and change the variables as  “Gita”

Uu — (1+ igbtb)Ua. does not
Then we have appear.

0=<%Tr(uauﬂ-.-uw)>

Ly —(Tr(u,u,ulUlU,U,--U,))

a,ua,ua,B

-y N1/1<Tr(uﬂuauﬂuﬂ U,))

+ splitting terms



These loop equations are formally obtained
from those of the Wilson action by
identifying all the U, that have the same u ,
but splitting terms have different structures.

In the reduced model, the splitting terms
appear If one of the U’s in the Wilson loop,
U,,U,,-U,, coincides with U, oru’_ .

n) )

Because this time only the directions are
relevant, there appear splitting terms that do
not exit in the original Wilson theory.



We can show that those additional terms
vanish in the large-N limit as follows:

An additional term is a product of Wilson
loops that do not close in the real space,

because otherwise such term appears in the
case of the Wilson action.
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However, for such Wilson loop the number
of U, and U," are different at least for one
direction u .

Therefore If the center invariance

16
Uﬂ—>e ”Uﬂ

IS not spontaneously broken, such Wilson
loop Is zero.



The loop equations of the large-N reduced
model are equivalent to those of the Wilson
action If the center invariance is not broken.

The same argument can be applied to the
general periodic boundary condition:
The large-N gauge theory with periodic
boundary condition does not depend on
the size of the space-time as long as the
center Invariance Is not broken.



4. Perturbative expansion

So far we have considered the strong
coupling expansion and the S-D equation.

The large-N reduction can be also
understood In the context of the ordinary
perturbation series.



Parisi made a general theory that iIs valid
for various matrix field theory, which
becomes the reduced model when we apply
It to the gauge theory:.

(1) Parisi’s rule
(2) Application to the gauge theory



Parisi’s rule

This rule can be equally applied to both
the continuum and lattice theories.

As the simplest example we consider the
large-N ¢° theory in the continuum space.

S:jdder( (6 ¢) + = m¢ +:131<¢j

¢.N x N hermitian matrix.

We consider the expectation values of
single trace operators such as

O, (X4, Xp0e++, X ) =T ((%)B(%, ) (X,)).



Corresponding to the action, we construct a

matrix model in the following way:

N\

(1) Let P, (#=1---,d) be N XN diagonal
matrices whose elements distribute
uniformly in the d- dimensional space,
which we regard as the momentum

space.

e

Pp,:

2

(N)

N/2

p2

—AJ2

N2 D1

“AJ2




(2) Corresponding to each field ¢(x) .
introduce a N X N hermitian matrix ¢
and construct the corresponding action
and operators by substituting

$(X)—> #(X)= exp(i Isﬂx”) ¢ exp(—i Isﬂx“),
to the original expression.

For the action the space-time integral is
replaced by

_[d x1—>(2fj .

A is the cut off that appears in P, .



Then we have

0,4(x)

—0,4(x) =0, (exp(iP,x") g exp(-iF,x"))
— exp(i ﬁﬂxu)[iﬁﬂ,&] eXp(_i Isuxﬂ)’

S =[d’x Tr(%(@,ﬁ

v

2 122 1 3)
+-Meo +_-K
2 ? 3¢

- Irs 2.1 250 1 =5 |
>S=[d*XTr| D[P, ¢ | +om*g*+2ap® | |° 0"
S=d 4 r(z[l ﬂ,¢] LU K¢j dependence




Then we obtain

action , . - .
3 7T 5 7 2 72 73
S _( Aj Tr( P, ¢ [ +-m’g + K j
operators

CSn(xl,xz,---,xn):Tr(&(xl)é(xz)---ﬁ(xn)).
We can show that the expectation value

5 |dgOexp(-S)
©)- wexp? S)

agrees with the original field theory.




proof

For simplicity, we consider the free energy,
The generalization to the expextation
values are straightforward.

Because the quadratic part Is

Tr([ﬁwﬂz) =3((p. =0, )+ m?)(4), |

l, ]

the propagator for (¢),.is given by
| 1

J (p(n 3 p(i>)2 +m?




Feynman diagrams are something like

SYY 1

((p(')— p(”)2+m2)((p“)— p("))2+m2)((p(k)— p(‘))2+m2).

In the large-N limit we can replace 2. >ANDIde

(NY > DD 1
/[AD] fffd PaTpae ((p—p’)2+m2)((p’—p”)2+m2)((p”—p)2+m2)

. N ’ D D D 1
,[AD] A ffd K d7k; (k12+m2)(k22+m2)((k1+k2)2+m2)




It might have a wrong overall factor.

N Ik d¢ 1
[_d] A ffd k, d k2 2_|_m2)<k22_|_m2)((k1_|_k2)2—I—mz)

[211] ff d° k d k 1
(k4 m?) (k2 4+ m?)((k, +k,)* +m?)

Butitis actually correct, If we take the
prefactor of the action into accout.

§_(2[fj Tr(;[lP ¢] +1m¢ +§K¢j

5[ 2 d* k d k 1
= N [ ] ff +m2)(k22+m2)((k1+k2)2+m2)

)
free energy per unit cell




Application to the gauge theory (naive)

We apply Parisi’s rule to gauge theory.

Parisi’s rule

N\

(1) Let P, (#=1---,d) be N XN diagonal
matrices whose elements distribute
uniformly in the d- dimensional space.

N/2

P2

—AJ2

N2 P1q

“AJ2




(2) Corresponding to each field ¢(x) .
introduce aN X N hermitian matrix ¢ .
Define the action and operators by
substituting

¢(X)—>&5(X)=exp(i Isﬂx“)&exp(—i Isﬂx“),
In the original field theory.

Space-time integral of 1 should be replaced
by the volume of the unit cell:

_[d x1—>(2fj .



The expectation value in the matrix model

5 _Id&féex (-S)
< >_ Id&fexpp(—é;)

agrees with that in the original field theory.




We apply Parisi’s rule to the continuum
gauge theory.

A, (x)—> exp(i Isﬂx“) A, exp(—i Isﬂx“)
0,A (x)—> exp(i Isﬂx“)[i P.. A] exp(—i Isﬂx“)
-iF,, (x)=|-i0,+A,(x),—i0, + A (x)|

=—io A( )+i0, Aﬂ(x)+[Aﬂ(x),A(x):
—>exp( Pﬂx“)(:lf5 A +[ )

:exp(i Isﬂx“][

Obtained by replacing -io, —» P, .






A, (X)— exp(i Isﬂx“) A, exp(—i Isyx“)

w(X)—> exp(i Isﬂx“)gﬁ exp(—i Isﬂx“) «— adjoint
fermion
D,y (X)=0,w(X)+i| A,(x),w(X) ]|

—>exp(' i P x“)([ } [Aﬂ,gﬁ])exp(—i Isﬂx“)

=exp( Px“) [ +A, }exp(—i Isﬂx“)

'U>



If we define o
A =P, +A,

the action becomes

s—(Z] 5m((a.aT)

andP’s disappear from the theory.

One might conclude that this theory

IS equivalent to the gauge theory In
d-dimensions.

But 1t IS too naive.



Actually, in Parisi’s rule, the diagonal
elements are negligible, because we
have only N such variables while the
action is of order N<.

But It Is not necessarily true in massless
theory.

In that case, the propagators
for diagonal elements become
Infinite.

PRI 1

((p(') _ p(j))z +m2)((p(” _ p(k))2 Jrmz)((p(m _ p‘”)z +m2)'



We have to be careful, when we apply
Parisi’s rule to a massless theory such
as gauge theory.



Violation of the center invariance

In order to make the problem clearer,
we go In the opposite direction.

We start with

~ 27T

§ — (Aj —Tr([A A )
and see under what circumstances It
becomes gauge theory in d-dimensions.




We first consider the classical solutions.

Because P, commute with each other,
A(O)ﬂ _ |3ﬂ is a classical minimum of the
action.

Therefore 1t Is natural to consider the
expansion around it, A, =P, + A,
and we then have



If the fluctuation A, is small and the
classical solution A , =P, is stable, we
can safely apply Parisi’s rule and
conclude that the theory Is equivalent
to the gauge theory in d-dimensions.

In the real world, however, the
expectation values of the diagonal
elements of A, are so large that the
classical value A” , =P, is completely
cancelled.



In order to see this, we evaluate the
one-loop effective Lagrangian for
the diagonal elements by Iintegrating
out the off-diagonal elements.

( pﬂ(l) %)

(N)
\ * P, y,



The quadratic part of the action In
the Feynman gauge Is

s, =Tr([P, AT +[P.b][P.c]

-2(p =) (A),
(R =Y ((0), (), (0, (@),

and the effective Lagrangian is given by

S, = (d —2) ng(( (i) _ (J))Z)_

i<j




s is of order N?for N variables.
It IS minimized in the large-N limit.

If d > 2, the eigenvalues of A, =P, + A,
are attractive, and collapse to a
point.

This indicates the spontaneous breaking
of the translational invariance of the

elgenvalues. A, — A, +C |
U, =exp(iaA,)

This i1s the continuum version of the
center invariance. U, —¢e'“U,



5. Emergence of space-time

The large-N reduced model

. 2

§ — ( fj —Tr([A A )
describes d-dimensional space-time
If the eigenvalues of A, are uniformly
distributed.
However, It I1s not automatically realized.
The eigenvalues collapse to one point
unless we do something.
Here we consider various ways to make
the eigenvalues distributed.




Strong coupling

If the coupling Is sufficiently strong,
the fluctuation may overwhelm the
attractive force.

It actually happens at least for the
lattice version of the reduced model.

d
S e =—% > Tr(UUUUl), 2> 4.

u-v=u>"v
u#v=1



guenching

Impose the constraint (A,) =0 by hand.
Then the perturbation series formally
reproduce that of the d-dimensional
gauge theory.

However, this Is rather formal, and the
gauge Invariance 1s no longer manifest.

A lattice version of the quenching that
keeps the manifest gauge Invariance
was proposed, but it trued out not to
work.



twisting

If we expand A, around the non-
commutative back ground

A =D,
[ﬁy’ ﬁv] — I B,uv (B,uv E]:R)’

the theory Is equivalent to gauge theory in a
non-commutative space-time.



Because the equation of motion of the
reduced model Is given by

[Au’[Aﬂ’A”:H:O’
the non-commutative back ground
A9 =p [ﬁﬂ f)v] =iB,, (B, €R),
IS a classical solution.

it- —_ A0 4 A
We expand A, around it: A, =A"+a,.

Next we introduce the following
correspondence between operators
and functions:



. ¢ d% . Cod% .
6 = j ) 6(k)exp(ik,&*) <> 0(x) = j ) 6(k) exp(ik,,x*)

vA A v; VA
where B,C"=0,, x*=C"p,.

Then we can show the following rules:
[[3#,6](—)@#0,
0,0, <>0,*0,,
~  JdetB ¢ .
Tr(o) = d”x o(Xx).
()= (] 470

The matrix model action becomes a field
theory on the noncommutative space-time:




One way to make the configuration
A9 =p [,@ﬂ, @V] =iB,, (B, €R),
stable Is to modify the model to

S = (ij —Tr(([A Al-iB, ))

The lattice version of this is called the
twisted reduced model'

S g = —— Z e Tr(U,UUU/).

u-vu>"v

y¢v—1



In the non-commutative gauge theory

det B jd X r(——F j
( )d/2 4 *
only planar diagrams survive in the high
energy region, and the theory becomes

equivalent to the large-N limit at least
formally.

Several MC analyses have been made on the
twisted reduced model, and they found some
discrepancy from the infinite volume theory.



PART 2 Why do we expect
the 11B matrix model
describes superstring?



1. Worldsheet as phase space

Worldsheet of string has a structure of
phase space.

It becomes manifest when we express the
string In terms of the Schild action.

In the Schild action, the worldsheet can be
regarded as a symplectic manifold, and the
action Is given by the integration of a

guantity that is expressed in terms of the
Poisson bracket.

For simplicity, we start with bosonic string.



Schild action
Nambu-Goto action

Sy = —pjdzg\/—%zz, >4 = g0 X4 0, X"
IS equivalent to the Schild action

s =7 @ e\fo S{xex - jd%sﬁ,

\/6 . volume density on the world sheet

(XY} = \/—gabc’i X 0,Y : Poisson bracket.
g

Here we regard the worldsheet as a phase space.

o 1 2 y
Because ms&hud -0 = /g =—\E\/—(8 "0, X0, X )2

= Seiy = jd 5\/—— £®9_ X0 XV)



symplectic structure of the worldsheet

Schild action has a structure of phase space.
It Is given by the integration over the phase

space
[d°cJg

of a quantity that is expressed by the Poisson
bracket

We have functions X“on the phase space,

and the action 1s written In terms of

[d*s/g and { . }. Worldsheet metric
plays no role.



2. Matrix regularization

We want to regularize or discretize the
worldsheet in order to perform the path
Integral.

A natural discretization of phase space IS
the “‘guantization”.

function - matrix

{A B N %[A,B]

1 |d?sJgA »>  TrA
27T
W_-symmetry — U (N)-symmetry



Then the Schild action becomes as

1 2
SMatrix = OCZTr ([Ay’ A\/:| )_IBTr (1)’
and the path integral Is regularized as

[dg dX | . _
jvoI(lef) Ssani ) ZI SU(n) (S )
Here we have used the phase space volume

|d?sJg is diff. invariant and becomes the
matrix size Tr(1)=n after the regularization.



Multi-string states

One good point of the matrix regularization is
that all topologies of the worldsheet are
automatically included in the matrix integral.
Disconnected worldsheets are also included as
block diagonal configurations.

o (O
=




Furthermore the sum over the size of the
matrix that corresponds to a worldsheet Is
automatically included, if it Is imbedded in a

larger matrix as a sub matrix.
O | |
\ J

S = a%Tr([Aﬂ, Adz) ~ ATr(1),



If we take this picture that all the worldsheets

emerge as sub matrices of a large matrix, the
second term of .

S = aZTr([Aﬂ, A]z) ~BTr(1)

can be regarded as describing the chemical
potential for the block size.

Thus we expect that the whole universe Is
described by a large matrix that obeys

1 2
s=a Tr([A.AT)
This i1s nothing but the large-N reduced model.



However, as we have seen, In this model the
eigenvalues collapse to a point, and it can not
describe an extended space-time.

This might be related to the instability of
bosonic string by tachyons.

On the other hand, If we start from type 1I1B
superstring, we will get the reduced model for

supersymmetric gauge theory. In this case
eigenvalues do not collapse, and we can have

non-trivial space-time.



3. Schild action of 11B string

We consider the Schild action of the type
1B superstring.

Green-Schwarz action ., , (1=0~09)

1
Sec = —pjdzzf( \/—522 ¢, 67 : 10D Mayorana-Weyl

+ie®0,X (0T ,0,6" + 6°T ,0,6°)
+&%0'T“0,6'0°T ,0,0° ),

S = ¢TI T

[ =0, X*-i0'T"0,0" +i0°T"0,6°




K-symmetry

N=2 SUSY

5.0 =a

5.0°=a’

S X* =0 T"a —i0°T"a’
o = (1+ f)/{l

~S

¢ = (1—F)K2,

K

11
Ogusyt =&

2 2
Ogusyt” = €

Oguey X =18 THG —ig’T"6’



Gauge fixing for the k-symmetry 6'=¢°=y

1 . 2 _
See = —pjdzf(\/—zaz +2l¢ bﬁaX”wFﬂﬁbw],
o' =&®0 X" "o X"
N=2 SUSY

560 =8y, 0" +3.6"
56 =5,,0,0°+5.6°

OX" =0y ey X" +0 _X* =00 =606
1 —& + &
2
2 g—&’




N=2 SUSY




Schild action

SSchild

Z[aefa( 3 x ) gom, x| - L s

2

N=2 SUSY 6@y = —%{X“, X"IT

y73%

Oy o _i=14 . .
orXT =gy Everything is

written in terms
2 .
5Py =¢& of the Poisson
sUXH“ =0 bracket.



Matrix regularization

Applying the matrix regularization, we have
1

SMatrix :a(_ZTr([A A»] )__WF [Aﬂ’ W]j_lg
N=2SUSY 8%y =——F T,z «F,=-i[A.A]
oW A~ =l [y
5y =¢&



| 1B matrix model

Drop the second term, and consider large-N

S yrat :a(—%Tr([A A )—iwr A W]j

This 1s the reduced model of 10D super
YM theory.

A good point Is that the N=2 SUSY Is
maintained after the discretization.



N=2SUSY  Sum—a|—;Tr([A.AT)-3or,

One of the N=2 SUSY Is nothing but the

supersymmety of the 10D super YM theory.

1,
5(1)’7”:—5 F'u Fyvg

SYWAH = le [y
The other one Is almost trivial.
2),, _
V=
sP A =0
Even so, they form non trivial N=2 SUSY:

{Q(l),Q(l)} — 0, {Q(Z)’Q(Z)} — 0, {Q(l)’Q(Z)} _p

)



4. Open questions

We expect that the 11B matrix model

s_—iTr( [A” AT +;%ﬂ[Aﬂ 1)
g’

gives a constructlve definition of superstring.

However there are some fundamental
open questions.

(1) Is an infrared cutoff necessary?
(2) How the large-N limit should be taken?

(3) How does the space-time emerge?
(4) Does diff. invariance exist rigorously?



|S IR cutoff necessary?

Because of the supersymmetry the force
between eigenvalues cancels between
bosons and fermions

S(l—loop)eﬁc =(D - 2_dF )Z Iog (( p(i) . p(j))z) —0
]

It seems that we have to Impose an infrared
cutoff by hand to prevent the eigenvalues
from running away to Infinity.

—l < eigen(A”)< |



But there Is a subtlety.

The diagonal elements of fermions are zero
modes of the quadratic part of the action.
We should keep them when we consider the
effective Lagrangian.

The one-loop effective Lagrangian for the
diagonal elements is given by




Because of the fermionic degrees of freedom,
there appears a weak attractive force between

the eigenvalues, and the partition function
becomes finite.

However 1t I1s not clear whether all the
correlation functions are finite or not.
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To estimate the order of this interaction, we
first integrate out the fermionic variables

Z(l—loop) de16'§(l) exp( (1-loop) ( 0, f))

Since S, ., isquadraticin &V -gW
which has only 16 components, we have

Sap’ =0, (n>8)
and [ / 4 8\ )
1 loop) S('J) S('J)
exp( (p f)) exp —Ztr y + .
\ 1< ] \ //

— H(1+ a tr(S(i,j)“)Jr b tr(S(i,j)8))'



Therefore, for each pair of 1 and j we have 3
choices

1, atr(S,,*), btr(Sy;’)
which carry the powers of <
0, 8, 16 respectively.
On the other hand, we have 16N dimensional
fermionic integral | Hd“’é(')

Therefore the number of factors other than 1
should be less than or equal to 2V, and we
can estimate as

zeon (py= Y f(pa(i) _ pa(i)) f(pa(i’) _ pa(i’))...

various terms

— _
~—

~exp(O(N)). <2N




This should be compared to the bosonic case

25 (p) = exp(—(D -2)), Iog( p") - p“))z]
~exp(O(N?))

SUSY reduces the attractive force by at least
a factor 1/N.

In the naive large-N limit, simultaneously
diagonal backgrounds are stable.

It IS not clear what happens in the double
scaling limit.



How to take large-N limit

In the 11B matrix model , A are the space-

time coordinates.

s_—iTr( [A“ AT +;¥yﬂ[Aﬂ 1)
g’

g has dlmensmns of length squared.

How Is the Planck scale expressed?
If It does not depend on the IR cutoff |, as
we normally guess, we, should have
oo = N“ 92, —a’
In other words, we should take the large-N
limit keeping this combination finite.

At present we have no definite answer.



How does the space-time emerge?

If we regard the I1B matrix model

s_—iTr( [A” AT +;§y”[A" 1)
g’

as the matrlx regularization of the Schild
action, A# are space-time coordinates.

On the other hand If we regard It as the
large-N reduced model, the diagonal
elements of A# represent momenta.

It Is not a priori clear how the space-time
emerges from the matrix degrees of
freedom.



One Interesting possibility Is to consider a
non-commutative back ground such as

'Ahm) :;pu 21, (p=0,+,3)
| 0, (p:4,...,9) |
where P, satisfies
b,.P,|=1B,, (B, €R)

we have a flat space with SU(k) gauge theory.

There are many possibilities to realize the
space-time.



Actually various models that are close to the
standard model can be constructed by choosing
the background properly.

(ex.) “latersecting branes and a standard model realization
in matrix models.”

A. Chatzistavrakidis, nl. Steinacker, and G. Zoupanos.
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Diff. Invariance and gravity

Because we have exact N=2 SUSY, It Is
natural to expect to have graviton in the
spectrum of particles.

There are some evidences.

(1) Gravitational interaction appears from
one-loop Integral.

(2) Emergent gravity by Steinacker. Gravity
IS Induced on the non-commutative back
ground.



However, It would be nicer, If we can
understand how the diffeomorphism
Invariance Is realized in the matrix model.



0. Prospect

It IS Important to examine string theory In a
non-perturbative manner.

The 11B matrix model is well defined, and In

principle it is possible to determine the vacuum
structure of string theory.

Although at present we do not know an
effective scheme to obtain the ground state, at
least numerical analyses are possible and

hopefully the problems above will be solved In
near future.
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