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Matrix models

© 2D quantum gravity is the enumeration of random
triangulations of surfaces.

o Its asymptotic behaviour is captured by the matrix
model partition function

Z = /dM exp (fj\/'Ztn tr(M”)) , M =M*"eMy(C)

e For N’ — oo, this series in (t,) is evaluated in terms of
the r-function for the Korteweg-de Vries (KdV) hierarchy.

© 2D topological quantum gravity has correlation functions
which are intersection numbers of complex curves.

o They can be arranged into a generating functional with
series parameters (tp).

[Witten, 1990] conjectured that both (t,)-series are the same.
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The Kontsevich model

@ [Kontsevich, 1992] computed the intersection numbers in
terms of weighted sums over ribbon graphs.

@ He proved these graphs to be generated from the Airy
function matrix model (Kontsevich model)

/dM exp ( — Lr(EM?) + Lir(M?))

/dM exp (— 1tr(EM?))

Z[E] = . M=M*eMu(C)

for E =E* > 0andt, = (2n-1)!ltr(E~(n-D),

@ Limit /' — oo of Z[E] gives the KdV evolution equation,
thus proving Witten’s conjecture.
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A matrix model inspired by noncommutative QFT

@ The simplest QFT on a 4D noncommutative manifold can
be written as a matrix model

/dM exp (— tr(EM?) + tr(IM) — 2tr(M*))

Z[E,J, N =

)

/dM exp ( — tr(EM?) — 2tr(M*))

where E = E* € My(C) is the 4D Laplacian, A > 0 and
J € Mxr(C) generates correlation functions.

@ In joint work with Raimar Wulkenhaar [arXiv:1205.0465v4]
we achieved the exact solution of Z[E,J, \] for ' — oo
and after renormalisation of E, \.

@ Schwinger functions describe a commutative 4D QFT
[arXiv:1306.2816]. “Particles” interact without momentum
transfer. There are non-trivial topological sectors.
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Field-theoretical matrix models

@ classical scalar field ¢ € Co(RY) C B(H), with 3 [oq dx ¢%(x)

@ translates to tr(¢?) < oo, i.e. nc scalar field is
Hilbert-Schmidt compact operator on Hilbert space H = L2(l, 1)

o realise as integral kernel operators: M = (Map) € L2(Ix1, pux )
@ product: (MN )., = [, d/u(c) MacMep
e trace: tr(M) = | du(a) Maa
@ adjoint: (M*)ap = Mpa

@ action = non-linear functional S for ¢ = ¢* in volume V:
S[¢] = V tr(E¢” + P[g])

E — unbounded positive selfadjoint op. with compact resolvent,
P[¢] — polynomial in ¢ with scalar coefficients

@ partition function Z[J]| = / D¢ exp(—S[¢] + V tr(¢J))
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Topological expansion

@ Connected Feynman graphs in matrix models are ribbon
graphs.

@ Viewed as simplicial complexes, they encode the topology
(B, g) of a genus-g Riemann surface with B boundary
components (or punctures, marked points, holes, faces).

@ The k' boundary component carries a cycle
Nk . o _
Ipstpy, = Hj:l Jpip. Of Ni external sources, N +1 = 1.

_ N\ 1y2-B N N
@ Expand log Z[J] = >° §V= " Gp, . py, |.lqs-ang [Ipr-p, ** Jar-ang
according to the cycle structure.
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Ward identity

@ Unitary transformation ¢ — U@U* leads to Ward identity
0= [ D6 [E00— 60E — 30+ 6] exp(=S[6] + V u(69)
that describes how E, J break the invariance of the action.

...choose E (but not J) diagonal, use ¢4, = %\]ba:

Proposition [Disertori-Gurau-Magnen-Rivasseau, 2006]

The partition function Z[J] of the matrix model defined by the

external matrix E satisfies the |I| x |I| Ward identities
0z 0Z 0Z )

(Ea * EP)
0= Jop—— — Jo——
nzel ( V. 03an0dnp T 53 Lo

For E of compact resolvent we can always assume that
m — Emn > 0 is injective!
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We turn the Ward identity for E injective into formula for

> onel 8‘33§ij The J-cycle structure in log Z creates

@ singular contributions ~ dap
@ regular contributions present for all a, p

Theorem (Ward identity for injective E)

622[3] ¢ Jp, ---Jp
=90 P YPk G G
aJanaan ap{ Z Sk <nze|: |an|Py].. |PK|+ lajalPy]...|P|
+Z Z Glgrats...qr Pel...|Px |90, . qr>
r>1q....0 €l
Jp, - IpJo, - Ja,,
4 Z = S;SKl/ i< G‘a‘Pll‘PK‘G|3|Q1|\QK/|}Z[\]]
(K),(K”)
0Z[J] dZ[J]
J -J
+EpEanZe|( pn 93 na D3 )
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How to use the Ward identity

Write S = % 3, p(Ea + Ep)dabdba + VSint[¢]-
Functional integration yields, up to irrelevant constant,

Z[3] = e7VSint[%]e%<J,~]>E : (3,d)g = Z JmnJnm

Example: Gap (for a # b)
1 0%Z[J]

G =
1301 =\ Z[0] 03pa0dap l1=0
I G e b BN Ar
- VZ[O]{i,)Jbae 93w }JfO
“EatEy | (EatEn)Z[0] { <“ab Odab ) [vaﬂ } J ]‘
A=VSim) 2

‘ . 0
contains, for any P[], the derivative -
a(/)ab y [é] Zn aJanaan
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Schwinger-Dyson equations (for Sint[¢] = 3tr(¢*))

The previous formula lets the usually infinite tower of
Schwinger-Dyson equations collapse:

after genus expansion G = ch’iovﬂg@_(g);

1. A closed non-linear equation for G;%) (planar+regular):

© GO
6 -t -3 (c96l - Slob) G|ab|)
@bl B, + By V(Ea -+ Ep) |ab| |ap| Ep—Ea

pel

2. For every other Gggl_)__aN an equation which only depends on

° Gggl_)__ak fork <N,

o G . withh < gandk <N +2;

this dependence is linear in the top degree (N, g)

Some G need renormalisation of E, M, and \!



Solution of quartic matrix model
0000008000

Exact solution for ¢ = ¢*

Reality implies invariance under orientation reversal

GIpép%...p&,rlI...IpEp?...pEB,1\ - G\pép&,l,l...p%\---IpEpﬁB,l..ﬁ
@ empty for Gy,
@ cancellations in (Ea+Ep, )Gabyb,..by_; —(Eat+Eby_,)Gaby_;..b,b;

Theorem (universal algebraic recursion formula)

G by by |

N—2
2

= (_)\) Z G‘bOblmbmﬂ‘GleIbZIH'“bN’ll — G|b2|b1"'b2l—l‘G|b0b2I+1»~bN—1‘
(Ebo - Ebzl)(Eb1 - EbN—l)

=1

+

N—1
(=) 3 Glbgby...be_1[bebic.-by 1] — Gbiby..by 1 Jbobysa.. by

\ K—1 (Ebo - Ebk)(Ebl - EbN—l)

Last line increases the genus and is absent in G‘(SgblmbN N
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Further observations

@ Non-planar contributions with genus g > 1 are suppressed
by V=29 In limit V — oo, full function and its restriction to
planar sector satisfy the same equations.

@ The non-linear equation

© _g©
60—t -5 (6969, - Cloby *G\ab\)
BT E T V(B Ey) o \CRIC T TEE,

pel
is not algebraic and to be solved case hy case for given E

@ Divergent index sums can possibly be renormalised by
2
Ea s Z(Ea + & — e and A — Z2),

@ Pattern extends to B > 2 boundary components: Equation
for (N1+ ...+ ... Ng)-point functions Glp%- | is

iy, - [PT PRy
© universally algebraic if one N; > 3
© an affine equation to be solved case by case if all N; < 2.

The coefficients are known by induction.
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Renormalisation theorem

The renormalisation leaves algebraic equations invariant:

Theorem

Given a real scalar matrix model with S = V tr(E¢? + 3¢*) and
m — Eq, injective, which determines the set G‘p%_

of (N;+...+...Ng)-point functions.

..pﬁl\...\p?...pﬁB\

the basic functions with all are turned

Then all functions with one N; > 3

© are finite without further need of a renormalisation of ), i.e.
all renormalisable quartic matrix models have vanishing
S-function.

@ are given by algebraic recursion formulae in terms of
renormalised basic functions with N; < 2.
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Graphical realisation (B =

Goob pp. — (7)\)Gb0b1Gb2b3 Cbobs Gbsby _
ob1b203 (Ebo Ebz)(Ebl Eb3

-
OO0

b b = (ETH leads to non-crossing chord diagrams; these are

counted by the Catalan number CN_W
2 2 ‘2
L Eb-iEb leads to rooted trees connecting the even or odd

' vertices, intersecting the chords only at vertices
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¢4 on Moyal space with harmonic propagation

Moyal product (f *g)(X) = / dx dkf(x+1@k) g(X+y) eilk.y)
RY xRd (ZW)

2
S[¢]:647r2/d X (%w( A+ (207 X)? + fifare) & + %¢*¢*¢*¢>(X)

@ renormalisable as formal power series in A
[HG+R.Wulkenhaar, 2004]

(renormalisation of ugare, A Z € Ry and © € [0,1])

means: well-defined perturbative quantum field theory

@ Langmann-Szabo duality (2002): theories at Q and Q* = %
are the same; self-dual case () = 1 is matrix model

@ (-function vanishes to all ordersin A for O = 1
[Disertori-Gurau-Magnen-Rivasseau, 2006]
means: almost scale-invariant

Is the self-dual (critical) model integrable?
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Matrix basis and thermodynamic limit
Moyal algebra has matrix basis [Gracia-Bondia+Varilly, 1988]:

Z Omnfmn fmn(x) = fmlnl(x()? Xl)fmznz(xsa X4)

== /m ﬁ'2 n—m 21y |2 Iy2 )
mn(y y m\ - <\ (} > I—gw m< b;)‘ ))e 7, y:yOJrlyl

o satisfies (fii * fmn)(X) = dmifkn(X), e AX fun(X) = (2770)?dmn
@ previous action becomes for (2 — 1

S[¢] = V( Z Em ¢mn¢nm + Z ¢mn¢nk¢kl¢lm>

m,neNg, m,n,k 1ENZ,
Im| uﬁ
E :Z(— ﬂ) m|:=m m, <
m \/v + 2 ) ’_‘ mp; +mp < N
oV = (%)2 is for Q = 1 the volume of the noncommutative

manifold which is sent to oc in the thermodynamic limit.

@ We do this in a scaling limit LW = A2;2 = const
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Integral equations

@ Matrix indices become continuous yl_ — p?p with p € [0, A?]
@ Normalised planar 2-point function G, = MZG‘(;Z‘, a,b € [0,A?]
@ Difference of eqns for G5, and G4 cancels worst divergence

@ Renormalisation jipare — g and Z=1 — (1 + ) by
normalisation conditions Goy — 1 and 9z aepo = —(1+D)

Integral equation for Holder-continuous G5, and A — oo

(9 L1t Arat, [G

o0
a aG. ] )Dab - )\WHa[Dob] = —Gao

where
® Dy := §(Gab — Gao), Y=-A /OX dp Dpo

p

@ Hilbert transform  H[f(e L im /a / f(q dq

71' e—>0
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The Carleman equation

Theorem [Carleman 1922, Tricomi 1957]

The singular linear integral equation
h(x)y(x) — AMrHx[y] = f(x) , x € [-1,1]
is for h(x) continuous + Holder near +1 and f € LP solved by

yx)= 2V () cosu(x)
ety [e*”-[ﬁlf(.)sin(ﬁ(.))} + )
B AT . B |AT|
Y(x) = a{rgtgn <W) , sin(d(x)) = N CEE

where C is an arbitrary constant.

Assumption:
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Solution

Ara
— arctan
® angle Jp(a) := afcta b 4 TrTaHalCu]
a0

@ Gy is solved for ¥p(a): G.p = WeHa[“o(ﬂ]f'Ho[vo(-)]

@ Addition theorems and Tricomi’s identity
e~ Hal] cos(9y(a)) + Ha [e—H°Wb] sin(ﬁb(o)} = 1 give:

G Sin(ﬁb(a))eﬂa[ﬁb]*ﬂo[ﬁol _ gHtalp(®)]=Ho[Vo(e)]

|Alra \/ (Ara)? + (b+E2ralCudl)2

@ Consequence: Gy, > 0!

)= )\/
0 (Arp)? + (RATlCul)2
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The self-consistency equation

b
Given boundary value G, i
Carleman computes Ggp, A
in particular G, G
symmetry forces Gpg = Ggp
0 /\2 a

Master equation

The theory is completely determined by the solution of the fixed
point equation G = TG

dp
Gpo = eXp( /dt/ )\7rp 1+Aprp[G.o]) )
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Existence proof

The operator T satisfies assumptions of Schauder fixed point
theorem. Define

o= {teCd®y) : f(0)=1, 0<f(b)<qly,

with Cy from 2\P?(1+C,)e“ " =1 atP, =

© KC, convex
9 T/C,\ C ]C)\

Q (T)Y'(b) < (B + 2+ fr (lepk)z)(Tf)(b) forany f € K,.

= TK, is relatively compact in K, by variant of Arzela-Ascoli
Q T : K\ — K, is continuous

This provides exact solution of ¢*-QFT on 4D Moyal space at §— oo

Harald Grosse Exact solution of the quartic matrix model and application to 4D NCQFT



Position space

@00

Translation to 4D Euclidean QFT model

infinite volume limit V — oo requires densities

Schwinger functions

N
o Sc(pXa, -y PXN)

i NN FI]
= 0m 3T e (%) e () 55—

Vi Hoﬁnnl,--.,mN,nNeNz ming - - - Ymyny 13=0

F = e log [ Dl¢] e SV 2g penz Pabdba

T 2\/2,,8 S

6472V 2, J Dlg] e=SE] 202, o
2(1+Y)

@ J-cycle structure in F produces f,,-cycles for every face:
Zml,...,mj fmlmZ o fmj—lmj fmjmlG\\mlmj||
@ Write G|...|m1...m,-\...\ for every face as Laplace transform in

[y [+ [ ; ;
N and Fourier transform in
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Withd +i=i, |z]<1)

oxo [ — Zik:l i(Zkti - Za4i)
m m|+1 m| P 1—( 1 ..ZJ)
Z HZ I (r) = 1—(z

z
oy gm0 it o)

0o 2 J odd 2
0 1-(z9--25) — VH Tt EJ ever)l) (t—Laplace par., r X_\N)
\
@ gives factor , and G gives factor

Proposition
SC(N/Xla s a,uXN

“oi 3 Z(H + Lt o RO )
s R4 4T

i1++ig=N €S\
ig even

<« G [[p > . ([ |I* ’ lpell® .. llps |I”
2u2 1+y)° ) 2/;2(1+)}) o 2/42(1+)})’ ? 2/;2(1+)})
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@ Only a restricted sector of the matrix model contributes to
position space: All faces have common matrix indices.

@ Schwinger functions are symmetric and invariant under the
full Euclidean group (this is limit 6 — oo!)

@ Most interesting sector: every face has j; = 2 indices. This
describes propagation and interaction of B particles,
without any momentum exchange

@ Similar to free particles, but (N1+ ... +Ng)-point functions
violate clustering. There are non-trivial topological sectors.

@ Analytic continuation to Minkowski space and
Osterwalder-Schrader reflection positivity would follow (at
least for 2-point function) if a — G4 is a Stieltjes function.

f Stieltjes < f-smooth, f(x) > 0, (—1)" g (x"tf(x)) >0

dx2n+1

@ This can at best be the case for wrong sign A < 0.
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Next steps

(Analysis): The homogeneous Carleman equation has
non-trivial solutions not taken into account. They arise from a
winding number and seem to be relevant for \ > %

We are currently performing computer simulations.

The (important!) uniqueness proof needs prior clarification of
this freedom.

(2D model): Carrying these methods and results over to 2D
Moyal space is easy. But the master equation has a singularity
at a = 0 (infrared) so that the Schauder existence proof does
not work in the same way.
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Future steps

(2D gquantum gravity) should have equivalent descriptions as
cubic and quartic matrix model.

Quartic models show positivity and boundedness from below.
They admit techniques from constructive QFT (loop vertex
expansion) not possible in cubic model.

Our solution of the quartic matrix model might be useful in 2D
guantum gravity and algebraic geometry.

(Coloured tensor models) extend these methods to quantum
gravity in D > 3. They have Schwinger-Dyson equations and
action of U(oco) group. Our method might generalise to this class.
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Computer simulations

@ We implement G, for a € [0, A\?] as piecewise-linear
function with edges arranged as geometric progression.

@ We find numerically that the operator T in the fixed point
equation G = TG satisfies the assumptions of the Banach
fixed point theorem in Lipschitz space.

@ Convergence of the sequence G”Jrl (TGM)ao is
established for A > —1.

® There is no discontinuity of Gao(\) at A = 0.

@ The required symmetry G, = Gy, is numerically
— verified for0 < A < %
— increasingly violated for A > =
Solution of homogenous equatlon to be added for A < 0
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asymmetry sup, y, |Gap — Gpa|

-10

-12

log(asymm)

—14
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log G0 and log G4, as function of log(1 + a)

log(1+a) ‘ ‘ log(1+a)
5 -5
_10f —10F
sl -1sf logG
11 log Gao 1.0 ®
a0l A= == 20 A= K3 )
H A2 =107 10 G o A2 =107 logGaa %

° Forog)\g%wehaveGaazmwithn>)\.

Such functions are not Stieltjes.
@ For \ > 171 the function G4, suddenly bends (here at
a ~ 10°) and increases the (negative) slope by 1.

This signals necessity of the non-trivial solution
of the homogeneous Carleman equation
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Taking the non-trivial solution into account

G,p is parametrised by a constant C and possibly an arbitrary
function f(b). These may depend on (), A?).

MBI i (@) (1 , N*(C +DI(0)y
|A|ra A2 —a

Assuming f(b) = 0, then the fixed-point equation is unchanged,

Gab =

and C can be computed from Ga“
0.00002 - .‘
. . 0.06
A
0.00001 / o
s 1 : oot
: Iog(1+a3
—0.00001 - :
C for x =11 oce] C for A = 22
-000002 «
~000003F* ) )
. 5 10

log(1+a) *
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