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Motivation
® incompatibility between GR and QFT

1
Ry — §Rg/w = (1)

Ihs: classical Einstein tensor, rhs: ev of an
operator

® natural limit in experimental length resolution:
better length resolution requires higher energy,
energy required for resolution of the Planck
length has a Schwarzschild radius of the
Planck length
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2] i Image source:
EﬁeCtlve mOdeIS fOI’ Landau & Quantum Ha” http://web.physics.ucsh.edu/~giddings/shgw/physics.html
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What is a "non-commutative" space?

Geometric space S — Commutative C*-algebra
(according to Gel'fand-Naimark theorem

Non-commutative space < Non-commutative C*-algebra
(A. Connes 1990s)

Commutator of the coordinates has the general form:  [2*, 27| = 10"/ (2) ,
0" (r) = const, 60"(x) = \/3F,
e.g. constant case leads to uncertainty relation Axz*AxY > %|9W| ~ ()\p)2

exists isomorphism mapping between NC algebra and commutative one, e.g. Weyl map

WA= A ol iVWﬂﬂMﬂ=>@V*ﬂ:

definition of the Groenewold-Moyal *-product:
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QFT on deformed space-time

For a field theory in Euclidean space this means interaction vertices gain phases, whereas
propagators remain unchanged, e.g.:

2
S = /d4:1: (%auqs*a“¢+ %¢*¢+ %¢*q§*¢*q§)

and some Feynman integrals ("non-planar diagrams”) have phases which act as UV-regulators

1/d4k£ i K (\/mQ(Q )2> -~ (i + c.m? In(fp)*
1) Tk em2 T\ e D) e T

==) origin of the UV/IR mixing problem

Grosse-Wulkenhaar model:

S = d4af;(%@Lgb*@“gb—kmTQQb*Q—I—QQZ(QT:qu)*(i?“gb)—I—%qb%), Fo= (071"

propagator is known as the Mehler kernel: (—A + 4Q°3% + m?) !

Properties: Langmann-Szabo invariant, renormalizable to all orders in perturbation

/’B theory, no Landau ghost and the beta-function vanishes at the self-dual point
» Los Alamos
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Gauge fields on theta-deformed spaces

Non-commutative Yang-Mills action with gauge fixing and ghost terms:

1
S = 1 /d4a: (FW * F' 4 bx 0"A,, + %b*Q — E*@“Duc)
F,,=0,A, —0,A, —iglA,* A

This action is invariant under the BRST transformations

sA,=D,c=0,c—iglA,*c|, sF,, =—ig|F.*d, sc = igcxc,
sc=2b, sb=20, s2p=0, Vo
. IR pPv ~\ .__ UV
IR divergent terms: 11, (p) X —% , pt = 60""p,, |
e (%)
3A.IR p10p2 Di,uDi,vDi.p
s (p1,Pp2,P3) o cos 5
2 (p7)
i=1,2,3 ¢
May try similar techniques as in the scalar case, but gauge
@7 symmetry makes matters more complicated...
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U(N) gauge fields on Moyal space

Star commutator of two Lie algebra valued functions:

01 8] = L{a®t #1177 + 4

a t BPHT, T")

m=) must always consider enveloping algebras, such as @(I@ O(N), etc.

1
A, = AATA Tr(TATE 5AB T° = —1
jz 1 ) ( ) 9 \/W N
couplings between the U(1) and the SU(N) sector
IR divergent terms: 42 (p) o« N Z; 213:; 540550
J2CD gbCD i <l€2p) L pacd phed oo <kp> @ a,b 0

o p16p2 Pi,puPi,vDs,
FiprR(p17p27p3) o V.N cos ( )/Z\ E ~z2 2 =

2 L .
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Slavnov-Taylor identities in NCGFTs

IR divergent terms are consistent with ST-identities (cf. D.B., H. Grosse, J.-C. Wallet,
JHEP 06 (2013) 038):

521

® Transversality of 2pt-function: 8; 5AA(y)5BA ) =0
v 7

o
® |dentity connecting 2pt with 3pt function:

5 53I‘(0) . dDAC’ 51“(0) *5( B )
HSAA(2)SAB(y)dAC(z) Y SAD(2)6AB(y) VY 7

+ingAC{ o) *5(9—2)} t (0, A,z) & (v, B.y)
SAD(@)5AB(y) A B,

® And a similar identity connecting 3pt with 4pt function:
==) NO IR divergence in 4pt function
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Constructing an IR modified gauge field model

E.g.: IR damping similar to scalar model by Gurau et al., Comm.Math.Phys. 287 (2009) 275.

t/ﬁ4 o) p(r) = t/ﬁ4 Lpw @ F
TOT)—==0lT T — = y

020 4 p2pz "

~ y 1 , 1

Dy =0,,D", O (EF> :@g[afﬁﬂ
Drawback: infinite number of vertices ...

Proposition:
> Use techniques known from the

Gribov-Zwanziger action in QCD

(cf. D.B., Rofner, Sedmik, Wohlgenannt, J. Phys. A43 (2010) 425401)
In QCD, restriction to 1. Gribov horizon via:

) 5o Kok,
7492 /d4£8 fabcAZ(M_l)adfdecAZ :> G/fz)/ _ (5LW v )

2 2
2 o
A k2 + L k
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How to prove renormalizability?

» Need a renormalization scheme that preserves gauge symmetry and works also in
non-commutative space...

» The scalar model was proven using multiscale analysis which unfortunately breaks
gauge symmetry in our case.

> Algebraic renormalization works well with models which have symmetries, but only if
they are local in the quantum fields.

> Dimensional regularization does not work well with non-planar graphs.

» BPHZ with dim. Regularization works well with local gauge theories.

Can we generalize the scheme to a non-commutative setting?
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The BPHZ scheme ...

Inventors: Bogoliubov, Parasiuk, Hepp and Zimmermann

» A subtraction scheme
» Proof of locality of these subtractions
» Normalization conditions

» Overlapping (sub-)divergences are treated using
Zimmermanns forest formula

Divergences are subtracted without requiring regularization, e.g.:
finit — 4 o(
Jfinite (5, ):/d k [1-@ >} Ir(p. k).

o' T
@Nh) E:“p - pué% _:%m (p=0,k).

A
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. and its problems in the non-commutative setting

p+ K
Example: “fish-diagram” of phi*4 theory P2 P3

P1 Pa
Jhnite () = / D[~ 19 I (p, ) = / Ak [ (p. k) — Ip(0, k)]

= [at <[<p+ R ;21%2 ] R +1m212) ’

But: J@%@zi/#k(K A+@iﬁ@@) A#%D>,

p+ k)2 +m?|[k%2+m?]  [k? 4+ m?]?

is not finite!
[17
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Suggested remedy: BPHZ for NCQFTs

Treat p and p-tilde independently (cf. D.B., Garschall, Gieres, Heindl, Schweda, Wohlgenannt,
EPJ C73 (2013) 2262):

N B 4 B 1 1
) = [k 4+ Bt (o ~ e )

General expression with superficial degree of divergence n:

0
n =\ = I3 ~
U%ﬂ@%m%—f®4w+-§zy(aﬂf@um) T
0 0
Hon ~
E U ( o - S (Dis Di)
s Jn apjl 8p.7n pi=0
2,
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Apply new BPHZ scheme to NC scalar theory:

1 1
S[p| = /d4a: [5 (14 a)0"¢d,¢ + = (m + b)¢* +
In momentum space, constants b, ¢ are p and 6 dependent, but:

V(p1,p2,p03,p1) = —Af(pi,0)

i'<A-+cg¢ﬁ4].

Result (pq,, 9) = + C,/(pm 9) + Co
4
// S
= Z:lnmpZ Zl (m=(p1 +pi)°)|
=2
2>\2 d4k 1
Coo = ———
% 9 ) (2m)% (k2 + m2)2
A 1“?(04) (ps) = A+ + E’(pq;, 0), c' fixed by normalization condition
)
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New BPHZ scheme seems to work for NC scalar theory

v Explicit 1-loop calculations
v Also works for sunrise graph which appears at two-loop level
and has an overlapping divergence

v BPHZ subtractions always involve some ambiguities (finite
terms), which in the NC setting lead to additional possible
counter terms such as

A

NI
o(P°)" ¢
m==)  this is exactly the additional term in the Gurau et al. model!

In general: allowed terms are polynomials in 1/]52 whose degree
pa Is determined by the degree of IR divergence.

)
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What about NC gauge theory?

Gauge fields are massless, hence usually need further regularization, BUT
in the model | presented earlier, the propagator's damping term takes care of this!

| > No s-trick of Lowenstein or dim. reg. seem to be
required!

New BPHZ scheme works fine for 1-loop vacuum polarization;
vertex corrections and higher orders are still work in progress.

Hﬁglte(p) - /d4k (1 _t]%) IFuy(paﬁa k)
oo [ d'k —cos(ki ,  a’p*  A(kp)? (4K, k., 2k25,w)
=2 [ 5 (kp)){< e+ )
1
_|_

1
+ (4kpuky = 3pupy + 20, (P — k)< < ( o)
+p

h 1 PR —_
ﬂ wnere N._kQ—I—a?_ Zk‘Q—I—lCLC
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Conclusion and Outlook

v Introduced and motivated the concept of NCQFTs

v Have constructed a promising candidate for a renormalizable NC gauge
field model (for both U(1) and U(N)), but need to prove renormalizability to
all orders

v Shown some steps towards this goal by generalizing the BPHZ
renormalization scheme to the NC setting

v Still some work to do: higher loop orders, systematic proof, ...
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