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Basics

+ Entropy: S % (3, =hG/c3, G =c =1).

Bekenstein (1972)

Temperature, T = g—g k =surface gravity. Hawking (1974)

Schwarzschild black-hole, k = -+
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First and Second laws

Brian Dolan

o .
!nterrjal energy U(S), T = s
identify M = U(S) = dM = TdS.
More generally M = U(S,J,Q), (angular momentum,
electric charge),
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First and Second laws

ou .
!nterrjal energy U(S), T = %5
identify M = U(S) = dM = TdS.
More generally M = U(S,J,Q), (angular momentum,
electric charge),

First Law of Black Hole Thermodynamics

dM = T dS + QdJ + #dQ

Brian Dolan Black hole compressibility




Smarr relation Smarr (1973)

Ordinary thermodynamics: U(S,V,n) (n = number of
moles) is a function of extensive variables. U is also
extensive =

MU(S,V,n) = U\IS A9V, dn)
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“Smarr relation

Smarr (1973)

+ Ordinary thermodynamics: U(S,V,n) (n = number of
moles) is a function of extensive variables. U is also

extensive =
MU(S,V,n)
= U

= U
=3 G
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UA9s, A9V, \dn)
U ouU  du

SE +V N IF n% Euler equation

ST — VP +npu (1 = chemical potential)
U+ VP — ST =nu. Gibbs-Duhem relation
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88—8 +V N IF na—n Euler equation
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Black hole in D dimensions, angular momenta J;: (Q = 0)
S+ AP=25, 3 = \P23;, M = \P3M =
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Smarr relation

» Doesn’'t work when there’s a Cosmological Constant!

Solution: (Kastor, Ray+Traschen [0904.2765])
include A as a thermodynamic variable, A — A—2A,
(Henneaux+Teitelboim (1984))

APTIM(S,AJ) = M(AP2S,A2A, AP 2Y;)
©-3M = (0-2s%8 2% 1 (2320
i
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“Smarr relation

* Doesn’t work when there’s a Cosmological Constant!

* Solution: (Kastor, Ray+Traschen [0904.2765])
include A as a thermodynamic variable, A — ACA,
(Henneaux+Teitelboim (1984))

AP3M(S,A ) = M(AP~2S,A~2A,AP~2]))
oM oM oM
P-8M = (D-2)S55 —2A5r+(D—2)i55

= (D-3M = (D-2)ST—2A0+ (D —2)J; Q.

_ oM
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Enthalpy

* Pressure P = —% = mass is the enthalpy:

Enthalpy

Internal energy U (S,V,J) is the Legendre transform:
U=H-PV
where V = g—'\F’,' is a thermodynamic volume.

First Law of thermodynamics

(0.29% for A = 0). (BPD [1008.5023])




Enthalpy

> Pressure P = —% = mass is the enthalpy:
Enthalpy
M =H(S,P,J)

(Kastor, Ray+Traschen [0904.2765])
Internal energy U (S,V,J) is the Legendre transform:

U=H-PV
where V = ‘g—’\F’,' is a thermodynamic volume.

First Law of thermodynamics

(0.29% for A = 0). (BPD [1008.5023])




Enthalpy

* Pressure P = —% =- mass is the enthalpy:
Enthalpy
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Enthalpy

* Pressure P = —% =- mass is the enthalpy:
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Enthalpy

* Pressure P = —% =- mass is the enthalpy:
Enthalpy
M =H(S,P,J)

(Kastor, Ray+Traschen [0904.2765])
* Internal energy U (S, V,J) is the Legendre transform:

U=H-PV
where V = g—“F’,' is a thermodynamic volume.
First Law of thermodynamics
du=TdS —PdV +QdJ

» For A < 0, Penrose process can be up to 50% efficient
(0.29% for A = 0). (BPD [1008.5023])
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Thermodynamic Volume

In 4 — D the thermodynamic volume evaluates to

1 NE
V —§<rh/4h+ﬁ>,

where Ay, is area of the event horizon and ry, the radius.
(CvetiC et al. [1012.2888].)
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'Equation of state (D =4, A <0)
‘ * Critical point (J # 0):

\%
(PJ )crit ~0.002857, (T \/j)crit SACINER <m>crit ~ 158

* Define

Te Ve Pc
Expand the equation of state about the critical point:
p = 2.42t — 0.81tv — 0.21v> + o(t?,tv?,v*).
cf. Van der Waals gas: p = 4t — 6tv — 3v3 + o(t?,tv2,v*).
(Gunasekaran et al. [1208.6251], BPD [1209.1272]).
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Compressibility

« Adiabatic compressibility: » = — & 92 <y

Rotating black-hole in D-dimensions (Myers-Perry).

Dimensionless angular momenta, 7, := —Zgj',

1
i 5 even D
Constraint: T > 0= > 1+l72 > {i .
J o .

Compressibility, A — 0
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« Adiabatic compressibility: » = — & 92 <y

» Rotating black-hole in D-dimensions (Myers-Perry).

Dimensionless angular momenta, 7, := —2’;',

1
i 5 evenD
Constraint: T > 0= > 1+172 > {i .
J o .

Compressibility, A — 0




Compressibility

Adiabatic compressibility:

Rotating black-hole in D-dimensions (Myers-Perry).

Dimensionless angular momenta, J; := —ngi.

Brian Dolan Black hole compressibility




Compressibility

Adiabatic compressibility:

Rotating black-hole in D-dimensions (Myers-Perry).
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-Compressibility

- Adiabatic compressibility: » = —& 7% .
* Rotating black-hole in D-dimensions (Myers-Perry).

7TJi

Dimensionless angular momenta, J; := %

1
- 5 evenD
Constraint: T > 0= ) 1+1j2 > {i D
i 0 i

Compressibility, A — 0

16712 (D —2)3 F* — (X F2)?
(D — 1)(D — 2)? D-2+3 J2 ’

KR =

(BPD [1308.5403])
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-Compressibility

- Adiabatic compressibility: » = —& 7% .
* Rotating black-hole in D-dimensions (Myers-Perry).

7TJi

Dimensionless angular momenta, J; := %

1
- 5 evenD
Constraint: T > 0= ) 1+1j2 > {i D
i 0 i

Compressibility, A — 0

16712 (D —2)3 F* — (X F2)?
(D — 1)(D — 2)? D-2+3 J2 ’

KR =

(BPD [1308.5403])
c 0< Kk < o0.
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Example of compressibility, D = 6, SO(5): Jq, Jo,

a
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Speed of sound

» Define p := % then the thermodynamic speed of sound is

N cs2 =1+ kp.

Speed of sound




- Speed of sound

Define p := % then the thermodynamic speed of sound is

OP

) —2

CE = — , = Cs “ =1+ kp.
s @p S,J s K/p

Speed of sound

L1 (OD-2+% 5)°
STD-2)(D-2+2%, J2+ 5, T4

1 2
mgcsgl.
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Black hole compressibility

c2 in 6-dimensions:
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Conclusions
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AN#0 = PdV termin black hole 1st law.
Black hole mass is identified with ,H(S,P,J):

dM = dH=TdS+VdP +J,
duU = TdS-PdV +QJ.

; : OH
Hawking temperature: T = (3_S>p'

“Thermodynamic” volume: V = (g-';)T.

PdV term affects Penrose processes — more efficient in
asymptotically AdS space-times.

D = 4. Van der Waals type equation of state.
Compressibility, 0 < xk < oo, with kK — oo for some J; — oc.
Instability of ultra- spinning black-holes.

Speed of sound: 55 <c2 < 1.
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'Non-zero charge, zero J

Reissner-Nordstrém — Anti-de Sitter (J = 0, Q # 0):

» Gibbs free energy is a ‘swallowtail’, same as Van der Waals
Champlin, Emparan, Johnson+Myers:
[hep-th/9902170]; [hep-th9904197].

+ Equation of state:

_8 8 4 3 2 4,2 4
p—3t 9tv 81v +o(te,tve,v?),

Critical exponents are mean field
(Kubizhak+Mann [arXiv:1205.0559]).
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Kerr-Reissner-Nordstrom-AdS

Line of second order critical points

Unique black
hole

Large and
small black
holes

Reissner-Nordstrom anti-de Sitter (J # 0, Q # 0).

No Hawking-Page phase transition in canonical ensemble, if
J#0o0orQ +#0

Caldarelli, Gognola+Klemm [hep-th/9908022].
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