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OUTLINE OF THE LECTURE

@ Lecture I: String theory: motivation and overview
@ Lecture Il: Quantization and Spectrum

@ Lecture llI: Interactions and Effective action

@ Lecture IV: Duality symmetries

» A short list of References for this course

There is no intellectual exercise that is not ultimately pointless
Jorge Luis Borges
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Part |

STRING THEORY: MOTIVATION AND
OVERVIEW
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String theory postulates that the elementary objects are open or closed
fluctuating fundamental string. J

An extended object of extension p swaps a p + 1 world-sheet = (P+1)
embedded in a space-time M'? " with metric signature (— +--- + ).

s (p+1) _y R1.0-1
& xH(E)
The world-sheet coordinates are &/ with / =0, .. ., p equipped with a

metric of Lorentz signature (— + - - - + ) and the embedding
coordinates x* (&) with w=10,...,D—1
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» The reparametrisation invariant world-volume action is given by
the volume of the induced metric on the word-sheet 9., pull-back
of the spacetime metric g,.

she — —Tdep“é J—g

where g := det g,

ds? = gap(x(£)) dE3dED;

« oxH* oxY
Gap(x(&)) = dia aeb Guv

ox™

from now we use 0,x" =

0&a
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» T, is the tension. In a static gauge where the world-sheet time is
proportional to the space-time time £° ~ ¢

S,’)VG =—Tp J dt (volume of extended object)

therefore the tension is energy per unit of p-dimensional volume

T _ Energy

D ~ (Length) '~

volp

in units where h = c =1
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v

Introducing the auxiliary metric on the world-sheet h,,(¢), it's
inverse is h?°(&) and its determinant is /1 := det 1,
To

Sp=—15 Jd”“ £\/—h (habaaxuabXng — /\(p))

\4

A(p) = p— 1 is the world-sheet cosmological constant

v

Varying the action with respect to to % gives the stress-energy
tensor

2 1 88
b T, V/—h shab —

« 1 N
Tap = Qab — > hap (he? Jed + N\(p))

Ta

v

Solving the equation 7, = 0 allows to express h.;, in terms of §
and we get the Nambo-Goto action [ o '¢ /g
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WHAT MAKES FUNDAMENTAL STRINGS SPECIAL? 1

Specializing to p = 1 gives a 1-dimensional object swapping a
2-dimensional world-volume
String like objects can be used to describe many physical situation

» magnetic flux tubes in superconductor
» QCD color flux tubes
» cosmic strings

They are not all fundamental strings because they are in general
effective objects.

The world-volume action gets higher derivative correction extrinsic
curvature corrections, and have a width

S1OCDfSl‘ring _ _sza( T1 (ax)Z + :L(aZX)z + ... )
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WHAT MAKES FUNDAMENTAL STRINGS SPECIAL? II
curvature and instrinsic curvature corrections that are subleading

compare to the Nambu-Goto action with higher derivative corrections
from quantum fluctuations

Sp:Tde‘?E, —Jab (1 +oc19%+ocgl?2+---)

String theory posits the fundamental strings to have zero width J
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WHAT MAKES FUNDAMENTAL STRINGS SPECIAL? III
» Let’s consider a string fluctuation around a classical solution

Xt =xt+ VT 1y
S= TFszagw(X)aaxuaaxv
_ sz E(Guv(X0) + VT 1 Voguy YP +---)0YHD2YH

» This expansion makes sense if the curvature of space-time is
small enough

1

» with

Tr < M5 = (10'8GeV)?

» To understand what value this should take we need to make
contact with Gravity as will be done in a later lecture
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WHAT MAKES FUNDAMENTAL STRINGS SPECIAL? IV

temps,

espace
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WHAT MAKES FUNDAMENTAL STRINGS SPECIAL? V

Graviton

Graviton
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QUANTIZATION I

Quantization of this model will provide constraints on the value of the
tension T, the dimension of the embedding space-time, the charge at

the end of the strings
There are two approaches to string quantization
1rst quantized approach

» One chooses a specific classical background M "~ on which
one quantizes the world-sheet string action

5S ~ Tr J d?e V/—hh?G ., (X)X 0pXY
z
+ q+ Ap (X)X dn?
ox

+J<D:R<2)(h)
>
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QUANTIZATION II

» Interactions are derived by weak field perturbations of the
background g,.v = 97, + Juv, © =@ + O/, A, = AEL +au

e @ x(X) JDh@X, 6781 (Jgkﬂ/ax“ . aXV> <q§ an- a>
ox

» The fundamental string feels the space-time background thru
various corrections allowed by Weyl invariance. The conformal
invariance of the string imposes that the background field satisfy
their equations of motions and one can only compute on-shell
S-matrix elements

» The contact with low-energy field theory is easy Tr — oo

» This approach is not background independent and does not
capture the non-perturbative physics: the dualities of string theory
allow to overcome this problem
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QUANTIZATION III

2nd quantized approach: Another approach is to use interacting
nonlinear action for string fields W[ X" ()| and compute amplitudes

[Witten]

S¥(X(0))] = (@, Q¥) + % (W, W+ W)

7_ Jm, ot SI¥(X(0))]

v

allows to address non-perturbative questions: tachyon
condensation rsen;

Can compute off-shell amplitudes
This approach is background independent
Very difficult to use in practice

v

v

v
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String theory provides has a consistent unitarity and space-time
local interactions. It has a well defined S-matrix approach (guaranteed
by its high-energy behaviour) s = — (ki + k»)?, t = —(kq + ka7,
U=—(ki +hk3)? = —s—t

lim Agsi ~exp(—TF ' (slog(Tg's) + tlog(T- 1) + ulog( T 'u))

» String provides a consistent description of gauge interactions
(non-abelian massless spin 1) and gravity (massless spin 2). The
UV cutoff of effective field theory is A% = Tr ~ o/

y
LM = Jd“x <2tr(F2) + flo!) r(FY) + gl )r(F?)? + - )
9vym
1
L0 — Jd“x (2.<2 R+cla) R? +d(a/)R* + - )

» We can compute on-shell amplitudes and extract important
informations on the structure of the low-energy effective action.
This provides crucial information on

» string degree of freedom
» its perturbative and non-perturbative duality symmetry
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Part Il

QUANTIZATION AND SPECTRUM
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THE_BOSONIC STRING I =~ | , _
» The coordinates of the string in flat space-time are given by

X¥(t, o) from £ — M2~ where the world-sheet ¢ = (T, 0) are
the world-sheet coordinates with 0 < o < L where L is the length
of the string.

» We set a, b = 0, 1 where 0 is for the time direction T and 1 for the
o direction. The world-sheet metric has signature (— + )

L
S= —g J dt L do vV—hh® 3, X"3,X Ny

» From now we rescale the coordinate so that o < [0, 7] and
introduce a new parameter o’ such that
1

2mo’

Tr=TiL=
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THE BOSONIC STRING II
» For closed strings we ask for the periodicity condition
XH(T, 0+ m) = X*(T, 0)
» The variation of the action with respect to to X** with
SX(Tinit, 0) = 0 = 0 XM (Tfipg), 0) Vo
§S = Tr J d2e 8 XH0% X, — Tk J d?&02(5XM10,X,,)

where 9%e — 0,(/—hh? e ) and 0° = 090,

» For the closed string the total derivative drops and

58 "
S = 0= 0a (\/—hh abxu) —0

PIERRE VANHOVE (IPHT & IHES) STRING THEORY CORFU SCHOOL 2011

197129



THE BOSONIC STRING III

In the conformal gauge, where h., = e°'%) 1, and the (light-cone)
coordinate system £ := 1+ o with 0, == 9/0;+ = 5 (0. = 0,) the
eom take the form

%X =0; 0.0, X*=0

» For the open strings there are no periodicity conditions . For open
strings with 0 < o < 7w we have in addition to the eom we have the

possible boundary conditions

» The free end Neumann boundary conditions

0o XH(t,0)=0ato=0orm
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THE BOSONIC STRING [V

» The fixed end Dirichlet boundary conditions break Lorentz
invariance

dXM(t,0)=0atoc=0orm

X*(t,0)=y*(t)ato=0orm

» The end point of the string localized on an hyperplane. We can
see the space-time as the end of the hyperplane where the end of
the open string are fixed

» We can have mixed conditions NN, ND, DD
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THE CONSERVATION LAWS 1

If the action is invariant under a transformation 5x" we get the
conserved current
= 5L

T 80axH
042:=0

SxH

and conserved charges

J(1) = | doj°

aJ
a._o
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THE CONSERVATION LAWS II

» The stress-energy tensor is conserved charged for local
diffeomorphism

SXM = (Fo X"
éhab _ Ccachab - acCath - accbhac
a2 1 88
To /—h 5hab
Tao = Gab — oy P (G + A )

» We use diffeomorphism conformal invariance to set
hap = €' 1., where 114, is the flat metric
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THE CONSERVATION LAWS III
» The conservation 097,, = 0 and traceless T, = 0 of the

stress-energy tensor in the light-cone gauge this gives

1

T,,:%a,Xﬂ,X:O

T.. =T ,=0

» The 2nd set of equation is trivialy satisfied because of the
traceleness of the stress-energy tensor implied by Weyl
invariance.

» The first sector constraints are the Viraroso constraints

» Conservation of the stress-energy tensor 0. 7+ = 0 is implied by
the equation of motion 00, X* =0

PIERRE VANHOVE (IPHT & ITHES) CORFU ScHOOL 2011 247129



THE CONSERVATION LAWS IV

» The global Poincaré invariance and

dxt = AR, XY+t AY, € SO(1,D—1)
6hab:O

» the Lorentz rotations 5 X+ = A, XY with AM,, € SO(1,D — 1)
imply the conservation of the angular momentum J*

Y = T (xM0xY — xV0xM)

JWY = J do SO
0
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THE CONSERVATION LAWS V
» the space-time translations 6 X" = (¢ lead to the momentum P*

ox™

T
p = —Tgd%x";,  P* :J dop® = Tk
0 O+

» If we split the center of mass from the oscillatory part
XH = xH (1) + Y™ where

7T L
Xy (1) == Jo do X% (7, 0); Jo do Y*(1,0)=0

» no momentum is flowing thru the boundary (using
20/ = (2nTE) 1)

xH(t) =x§ +2x'PH 1
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THE CONSERVATION LAWS VI

» The satisfy the classical Poincaré algebra

", p¥] =
P+, 0] = ( —np?)
[Juv'JpA i(n upJW\ vaM _nMva +nv7\Jup)
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CANONICAL QUANTIZATION I

» The canonical conjugate to X" is the momentum
5S

PH = m = TF aTXH(T, 0-)

» impose the equal-time canonical commutators
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MODE EXPANSION FOR CLOSED STRINGS I

Using the left and right moving coordinates £+ = 1 + o the eom
0,0 X" =0is solved by X" (1, o) = X/"(£7) + X5(&7)

We can consider the mode expansion such that

XH(T, 04+ m) = X*(T1, 0)

XH(EJr - X + (XH £+ 4 &l Z &7}; 672in("r+0)
S V 2 n
XH( / Ha 4 /(X/Zo‘n —2in(t—o0o)

n#0

[ (O ' pu
where o) = &y = /5 P
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MODE EXPANSION FOR CLOSED STRINGS II

» The commutation relations betwen X and P lead to

[ty 06?7/] = m5m+n0n
(x5 PY1=in

[, Xg]:[ocn PY1=0
[xpépy] =

» The mode expansion for the stress energy tensor
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MODE EXPANSION FOR CLOSED STRINGS III

7T

l.n - ;égi C10'692In(y 71___((),(7) — é% :E:: Xp—m * Xm
0 meZ.

7 Te (™ —2inc 1 ~ ~

Ln = ? doe T++(O, (7) = E Xpn—m - Xm
0 meZ

These modes satisfy the Virasoro commutation relations
[(Ln, L] = i(n—m)Lpym+ AlM) dmino
[zn. Zm] =i(n— m)zn+m + ,Z\(m) dm+n,0

[an Lm] =0
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MODE EXPANSION FOR CLOSED STRINGS IV

» The Jacobi Identity [L,, [L,, Lk]] + perms = 0 implies that
A(m) = am® + bm

» The Hamiltonian is given by

- 1 ~ .
Helosed := Lo + Lo = ) Z Npv (o‘im“%f + C"Emo‘yn)

meZ
o’ 1 . .
= Zp2+§ Z (—m-m+ & m- &m)
mezZ\{0}
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MODE EXPANSION OF THE OPEN STRINGS I

» with NN boundary conditions 0,X =0 at o = 0,7t forall t

o
. o
XM (1, 0) = X5 + V20 off ppenT + 1 V20! E 7" e " cos(no)

n#0

where o open = = V2« P* the mode satisfy the reality condition
()" = o, wehave L, = L,

» For DD boundary conditions X = yp rat o =0, 7

X (t,0) =yt (1 . %) yho — FZ ~in sin(no)

n+0

where /' _are the location of the D-brane where the end of open
string are stuck
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MODE EXPANSION OF THE OPEN STRINGS II

» For ND and DN boundary conditions one has 1/2 integer mode
expansion.

H )
XY (t,0) =iv2un Z (XT’ e 't

rez+}

sin(ro) for DN
cos(ro) for ND

» The Hamiltonian is given by

’ o/ p?&r =0 NN
Hopen:=Lo=75 3 a-m-am+{ (Vx—Y0)?&r=0 DD
MEZ+r\{0} 0&r =3 ND or DN
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PHYSICAL STATES

» o, are called creation operators for n < 0 and annihilation
operators for n > 0

» We require that the ground state satisfies
Q) =0, ¥n>0

» The ground states |p) is defined as
p) =€”%|0)

» Clearly this state satisfies
P¥p) = p*p)

» this is the ground state of the string with momentum p*
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HILBERT SPACE OF PHYSICAL STATES

Physical states are excited states obtained by the action of ", with
n > 0 on the ground state.

We want to define the Hilbert space of physical states |phys)

We need to impose the Virasoro constraints 7. = 0 on the states

Tt +|phys) =0

We need to impose the constraints
One can covariantly quantize then impose the constraints that
eliminates the negative norm states from the physical Hilbert space

(Ln — adn,)lphys) =0, n=0

where a is a quantum normal ordering ambiguity discussed later.
Covariantly this includes square roots which can be avoided by going
to the space-time light-cone gauge. One then breaks space-time
lorentz invariance. Convienient for spectrum generating questions.
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THE LIGHT-CONE GAUGE I

This gauge is very practical determining the physical degrees of
freedom and the spectrum of the theory

We define the light-cone coordinates

X0 4 xDb-1
==

the rest of the coordinates are denoted X' with i = 1
The Virasoro constraints becomes

Xt

4 D=2 , ‘
é Z aj:X’a:tXI
=2
We can use reparametrization on the world-sheet to set all the
oscillator modes of X to zero (recall £ = 1 + 0)

aiX+aiX_ =

Xt(t,o)=x"+2a'pt 1
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THE LIGHT-CONE GAUGE II
we then get a constraint equation for X

]
X = X X
d SopT d_X'a_

This determines all the modes and constant part of X in terms of the
modes o, for the transverse coordinates.

1 :
p :W Zocl_n“n 2p+PP

Xy = N Z (Xn mo‘m asn)
,0+ meZ

One canonically quantizes the transverse modes, but one needs to
pay attention to normal ordering ambiguities from [« . o} = m /.
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THE LIGHT-CONE GAUGE III

oy o) = MBmynodl; X, pl] = id¥; [, XI] = [, p] = 0
We need to check how the light-cone gauge condition X = x"«/p*t
is compactible with the full SO(1, D — 1) Lorentz invariance. This leads
to non-linear constraints which can develop anomalies at the quantum

level. The potential source of anonmaly is in the commutator which
should vanish

=, J

— ool
m>1

Ap=mP L1 (D_26+2(1 —a)>

where

12 m 12

which implies that D = 26 and a = 1 and we have full full SO(1, 25)
Lorentz invariance
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SPECTRUM I

In the light-cone gauge the spectrum obtained by considering the
excited states of the ground state

fyeeiy I
Any i =l e o’ 1P)

The mass of the states is obtained from Lg|state) = 0, but we must pay
attention to normal ordering issues from the commutation relation
o oy = odol — mol we have

Lo—a:oc’p2+Z o pod —1

n>1

Zeta function regularisation gives

D-2 D—-2 D-2
a=—"5= Y m=—"2S0-1)= 5

m>1

24
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SPECTRUM 11

Setting the number operators that counts the number of excitations of
mode number n

i i

o

N = E nNp; Nn::$
n>1

The exited states have a mass

D-2
M =—a'p? = nN,— ==
x op n>1n n 54

The normal ordering constant determines the mass of the ground state

Db-2

/M2 _
* 24
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SPECTRUM 111

» This ground state has negative mass for D > 2, it is tachyonic and
the theory is unstable.

> At level one we can construct the massless state |(, p) = ;o [p)
which has the mass

The action of Ly|phys) = 0 implies that

26-D

/M2
« 24

0

a massless state in D = 26
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COVARIANT QUANTIZATION I

Consider local operator A(t, 0) creating a state at one end of the string
say o =0

Under change of variables T — t/ = 1 + ¢ this operator changes by
A(t)(dr)?! = A(r")(dt")?

dA de
dA(T,0) = —ea + JAa

where J is conformal dimension. Since the L, generate the
diffeomorphism on the world-sheet we have

Ly, Al = ™ <id + Jm> AT, 0)
dt

If one decomposes A in modes

At 0)=) Aye ™

nez
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COVARIANT QUANTIZATION II

then

[Lm, Anl = (m(J —1) —n) Amin

When J = 1, the zero mode A; commutes with the L, and will

preserve physical state conditions when acting on another physical
state

In particular we can use Ay on the ground state [p)
If one considers the vertex operator

V(T k) = (0. X" "X
the condition that this state has conformal dimension one implies
k=0, k-(=0

We see that this state is the covariant version of our level 1 light-cone
state by noting that
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COVARIANT QUANTIZATION III

27T
Vo= | V(L k) = oty 4
0

so VolQ) = ¢, e*X|Q)
Under the transformation ¢, — ¢, — ik, A

SAVI(C k) = —iA a ghhX
dt

We remark that this total derivative total derivative state decouples
from amplitudes as should all longtidual states

This corresponds to the Fock space state k- o« k) = L k) which is
a null state since k? = 0 and is orthogonal to any physical states
(phys|L_4|k) =0
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COVARIANT QUANTIZATION IV

Now we can interpret the state or the vertex operators as describing a
massless spin 1 field for which

PHP”CV =0; pHCu =0

are the linearized equations of motion and bianchi identities

MFuy =0, 3y Fyp =0

wtvp

The vertex operator corresponds to the creation of a massless spin 1
state at the end o = 0 of the open string

We can couple the end of the string to an external gauge field

Ay =A%+ a, to get
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COVARIANT QUANTIZATION V

exp(q J . ATAL(X)DXH)

= exp(qJaz dTA?L(X)dTX”) (1+ qu dra, (X)o X" +--+)

for the plane-wave a,, — (X we have the vertex operator
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GAUGE GROUPS

» The end of open string can be in some representation R of some
group

Q;a) =) 10;i)A]
ij
» Each excited states will carry group indices
A2 =3 AN~ ot 6PN a)
if

» Where \? are some matrices that will be in some representation of
a gauge group G

» We will need to consider amplitudes and unitarity for restricting G
and anomaly cancellation will restrict it further
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THE CLOSED STRING SPECTRUM I

> The spectrum is the tensor product of the open string spectrum
D) closed = | D) open @ | D) open and the physical conditions are
Lmlphys) = Lpy|phys) = 0; m>0

D—

D—-2
(Lo — 7)\phy5> (LO - THPhYS) =0

~ D—-2
(Lo + Lo — T)\phys} =0; Mass-shell condition

(Lo — Zo)lphys> =0; Level matching condition

» The zero mode for the momentum is commmon to left and right
movers
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THE CLOSED STRING SPECTRUM II
» The level matching condition tells that the string does not have

angular momentum

» An exited state
i i
XLy -l 0‘/1 my ¥ * melP)

» has mass and level matching condition

2 | X ol gy gty gy
o o+ & ah— ——=
n*n n*n 12
n>1

-~ i i
(zero-modes =) =0 = Z X0, — Z &0,
n>1 n>1
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THE CLOSED STRING SPECTRUM III
The absence of anomaly in the Lorentz algebra implies that D = 26 the
spectrum is

» fundamental is tachyonic |p) of mass o/ M? = —4
> The first exicted states (o’ & ,|p) is massless

Decomposition of irrep for SO(24) one gets from the symmetric
traceless part the spin 2 graviton g;;, the antisymmetric part the B field
and the trace is the dilaton ©

Again one can check that the physical conditions on the state

v (K) ol &Y 4 1)

imply the linearized equation of motion and gauge invariance for the
graviton the B-field and dilaton

Sgrav Jd%x V-G <1R %(aop)? — % (dB)2>
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THE SUPERSTRING |

The bosonic string has a tachyon in its spectrum and does not contain
fermions. The correct spectrum can be obtained by considering
supersymmetric extension We will be working with the covariant RNS
(Ranmond-neveu-schwarz] Model is given by the action written by
[Deser-Zumino-Brink-di Vecchia-Howe]

In flat space g,.» = n,.» the action is given by

_Tr
2

_ 1- _
+ 2%ap?p%0p X, + Ell)ulquapbanb)

S= Jd% V=h (h9, X", XY 1y — DM p20h*

» X" and " are space-time vector and Y* is a world-sheet fermion

> (h? x <) are the two-dimensional supergravity fields

» where p? are 2 x 2 gamma-matrices
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THE SUPERSTRING II
In addition to the diffeomorphism and Weyl invariance this action has

global susy invariance

S XM =8PH:  SoM = —ipd XM

The conserved supercurrent implies a new constaints on physicals
states ]

Joca = é Pbpaﬂ)ﬁabxu: aaJaoc =0
The super-conformal gauge 1., = €°'%) 14, and X 2 = 0 with
P =D} b
TF
2
The equation of motion are in the world-sheet light-cone gauge

S=— Jd% (0aX10%X,, — P} 0} — Pl 0_plR)

0_0.X*=0; PI=0; o YPL=0
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THE CONSTRAINTS

1 .
T++ == é a_|_X . 6+X—i— élyL . a+l.lIL

1 i

T _=-0.X-0.X+_-¥Yg-0 V¥
50X 0 X+5¥p 0 Vg
T..=T_,.=0

1
JL+—§WL'6+X

1
JF,’_—§‘PR6_X
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CLOSED STRING MODE EXPANSION I

periodic (Ramond) or anti-periodic (Neveu-Schwarz) boundary
conditions for the fermions

R: PH(T, 0+ m) = PH(T, 0)
NS : PH(t, 0+ 1) = —pH(T, 0)

» The mode expansion for the right movers

R: Whito)= vaa Y dy e 2nie)

neZ
NS : Ph(t,0) = Vou! Z bt g—2ir(t=o)

reZJr%
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CLOSED STRING MODE EXPANSION II
» We define the modes of the supercurrent as

G = TFJ doJ;_(0, o) e?me
2 Jo

The NS and R boundary conditions can be chosen independently for
the left and right movers giving rise to four sectors R — R, R — NS,

NS — R and NS — NS we will see in a minute that one must restrict this
by the GSO projection to get the correct spectrum
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CLOSED STRING MODE EXPANSION III
The bosonic and fermionic constraints now read

» in the R sector

Z X—m* Xpym+ 5 5 Z n+ )d_n-dnim
neZ nezZ

Gm= Z X _pn-Onim

neZz.

» in the NS sector

Z‘X m- O(n+m+; Z r‘|‘ )b bmr

”GZ rez+}

Gs = Z X_n- bm+s

nez
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OPEN SUPERSTRING
In the same way than the variation of the bosonic string lead to various

boundary condtions at the end of the string for the bosonic coordinate,
we have for the fermionic coordinate

5y =0 — [t [s i~ Sa-a] ) =0
Solved by

Vg(T,0) =n1b[(1,0); Wit 7) = N2} (T, 7)

where 11 » = +1. If ny =1, the Ramond boundary conditions,

1n1 = —12 = 1 the Neveu-Schwarz boundary condition.

We can combine these boundary conditions with the NN, DD, ND DN
boundary conditions for the bosonic coordinates
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QUANTIZING THE SUPERSTRING I
We perform the light-cone quantization

S=Tr J FPE (34X - 0_X + b0 by + bRD, DR)
with the constraints _
0 X-0 X+ éxp,qaflp,q —0

0. X -0, X+ émamL —0

P9 X=0
Yr-04:X=0

We make the gauge choice X" = x + 2a/p "t and supersymmetry
allows us to set 1\, 5 =0
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QUANTIZING THE SUPERSTRING II
Now the constraint equation read

B 1 . o .
X = Salpt (O_Xo_X + élp’ﬁa_xp;q)

_ 1
Y& = 5apt Va0 X
A state is obtained by acting with bosonic creation oscillators and the
fermionic ones

(Xilm o bﬁ bjsms+5|p>

—nr —my +68

where 6 = 0 for the Ramond boundary conditions and 6 = 1/2 for the
Neveu-Schwarz boundary conditions
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QUANTIZING THE SUPERSTRING III
As before we need to consider normal ordering

o ) 1
5 —ans=o'pP+ > o pa+ Y bl b+ —5=(1+5)> m

n>1 r>% 2 2 m>1
LR_ A2 i i di di D-2 1—-1
0 —aR=ao'p —i—Zoc,nocn—i-Zn,n n—i-iz ( )Zm
n>1 n>1 m>1
~—

1
12

» Again the absence of anomaly in the Lorentz algebra requieres
D =10
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QUANTIZING THE SUPERSTRING IV

In the NS sector the ground state is defined as |p) ys := P *|Q) ns

%nlP)ns = by 1IP)ns =0, n.r>0
its mass is o/ M? = —91;62

> The first excited level is a SO(D — 2) vector b’ | |k) with mass
2

o/ M? = %P which is massless for D = 10
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SPACE-TIME SUPERSYMMETRY I

The ground state is defined in Ramond sector as
Q) =dlQ)=0, n>0
We consider the ground state with momentum
p) == eP¥|Q)

Since (Lo, djj] = 0 then dj|p) and |p) have the same mass
From the commutation relations {d}j, o)} = 5/ we build of Fock space
composed of creation and annhilation operators

1

_
V2
{8, ()" =85 {5,8}=0

5 (@21 +id?),  (6)7 = —=(d? T —id?); 1<i<4

>
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SPACE-TIME SUPERSYMMETRY Il
The ground state is now defined as

dilp)r = 0; 1<i<4=|p)g=>5184P¥Q)

We consider the following set of states setting &' = (5,)'

PR, PR, VPR, ¥ |p)p, &' 8%p)R

Since (Lo, dé] = 0 and the normal ordering constant az = 0 we have
16 states of zero mass o/ M? — 0. We can split these into the 2 chiral
representation of SO(8) fermions massless states |8, p)r and |8., p) g

Bs.p)r=Ip)r+ Y  8¥p)p+ &'---5%p)a
if

8e.p)r=)_dlp)a+) 89 Ip)a

iik
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SPACE-TIME SUPERSYMMETRY III
This builds the following spectrum of the theory

o/M? || Neveu-Schwarz | Degen. Ramond Degen.
—2 P)Ns 1 None 0
0 bL% IP)Ns 8 8s.c. P)R 85 ® 8¢
2 b b Ip)ns 28 None 0
2, 2
o |P>Ns 8 | None 0
b b b \Ip)ns | 56 || o485 p)n | 645 64
1 b"_% IP)Ns 8
(xj_1 bL% ‘p>NS 64 (XI;1 ‘83,(;, p>R 645 D 640
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SPACE-TIME SUPERSYMMETRY IV
We can match the spectrum of bosons and fermions by introducing a
operator (f)F such that ((f)F)2 =1and

{(—)F, bﬁ} = 0, Vr in the NS sector

{(—)F, df,} =0, Vn in the R sector

» The operator Pgsp = (1 + (f)F)/Z is the GSO projector.

» If we make the choice Pgsolp)ns = 0 the states with even number
of fermionic oscillators are projected out.

» If we make the chirality choice in the Ramond sector choice
Pssol8c)r = 0 the states with even number of fermionic oscillators
on |8.)r are projected out, or the states with an odd number of
fermionic oscillators on [85); are projected out
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SPACE-TIME SUPERSYMMETRY V

» leaving this time a supersymmetric spectrum

o/M? | Neveu-Schwarz | Degen. Ramond | Degen.
0 bL% o) NS 8 18s, 0) R 8
b\t b lpjns | 56 | o418 p)r | 64
1 'b’f 3 IP) NS 8
o bi_% IP)Ns 64 o 4185, p)r | 64s

» This is the field content of N = 1 SYM in D = 10 so far we can
have any gauge group G of type SO(N) for unoriented string and
U(N) for oriented strings
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THE CLOSED SUPERSTRING [

As before one gets the closed string spectrum by tensor product

(D) gosed = | D), @ |D) gz, the GSO projector acts one each sector, we
have the follwing massless spectrum. We have two type of theories
differentiated by the relative chirality in the R-R sector

type lIA |85 8¢, p) := [8s,p)r @ 8¢, PR
type lIB 185 8s,p) =85, p)r @ 85, P) R
type A fields type 1B fields
NS-NS zbl p) | Gj. By, @ 2b’ p) Gj, Bj, @
RR || d,8B;08:p) |C" CL | d 8:28p) | CO C? Cl
NS-R b |18 p) WA b 18, p) W Aa
2 2
R-NS b 185, p) Y A b 185 p) YT Aa
2 2
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THE CLOSED SUPERSTRING II

In the RR sector we have in the spectrum a 1-form and and 3-form for
the type IIA string and a 0-,2-,4-form for the type I1I1B string which
together with the NS-NS fields build the massless bosonic sector of
N = 2 type IIA and type IIB supergravity in D = 10. The NS-R and
R-NS sector provide the fermions
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We have discussed the construciton of the spectrum of
@ open string type | with group G
@ closed type lIA
@ closed type IIB

» On can consider having right moving fermions given by Lorentz
scalars but world-sheet fermions A% ¢ G : heteorotic string

Shet = TFJdZa(axz F L0 + ARdsA)

open string type | G
closed heterotic G
closed type IIA
closed type 1B

©000

» Anomaly cancellation will restrict the gauge group to be SO(32)
for the type | case and SO(32) or Eg x Eg for the heterotic string

» There are 5 perturbative string theories in D = 10 dimensions
corresponds to various perturbative vacua of M-theory
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GREEN-SCHWARZ FORMULATION

i i i
Sas = sza [TF3aX'02X — 80 Sf — 850, S5

v

matter fields X' with / =1, .., 8 in the 8, and S?in 8, . of SO(8)
S are world-sheet scalar
advantages: explicitly supersymmetric

disadvantage: difficult to use beyond 1-loop due to the light-cone
gauge. Need to take care of contact terms that could lead to
unphysical singularities inside the moduli space

v

v

v
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RAMOND-NEVEU- SCHWARZ FORMULATION

A

SHNSTFJd E [0 XXM+ il w4 ibHo, WY

v

matter fields X* and " with n =0, ..., 9inthe 10 of SO(1,9)
1" world-sheet fermions 1), =1, dz'/? — spin structures
most popular, easier to use

susy is not explicit: need the sum over the spin structure

Perturbative formalism well under control up to and including
2-|00p [D" hoker, Phong]

» interesting recent proposal for higher loop measure of integration

v

v

v

v
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PURE SPINOR FORMALISM

Sps = Tk J AP [0, XM XM + P20_02 4+ wo_A+c.cl]

m 1o 0 . 2 __
AY™A=0 Q—%?\ (ae“+---), Q°=0

» matter fields X" with . =0, ..., 9inthe 10 of SO(1,9) and 69 in
16 spinor of SO(1,9)

» 09is a world-sheet scalar. A, w are the pure spinor ghost

» most promising, make susy cancellation explicit, is well adpated
for AdS backgrounds

» Difficulties are due to the lack of proper understanding of the
origin of the formalism and the treatement of the pure spinor

constraints in the integral is still very delicate
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INTERACTIONS AND EFFECTIVE ACTION
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STRING THEORY AS A S-MATRIX THEORY

» So far we have constructed the spectrum of the string theories.
We need to see how their field are dynamical.

» One approach is the use the constraint from conformal invariance
that forces the background field to satisfy their equations of motion

» another one is to compute amplitudes.

» String theory is a unitary theories with massive spectrum we can
construct amplitudes and S-matrix elements

» For external momenta «’ k; - k; << 1 one can do a derivative
expansion leading to higher dimension operators to the lagrangian
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EFFECTIVE ACTION [

» The string amplitudes lead to an infinite set of massive string
exchange leading to an infinit set of higher derivative corrections
to the SYM action

]
8" oc — Jdmxe“’ /—gC [tr(F?) + by (@) tstr(F*) + ba(@) 0%tgtr( F*) +

(x/

» The coefficients b; depend on the spectrum of the string theory
and on the parameters of the perturbative string vaccum this is the
low-energy effective action §¢”

» These corrections provides new vertices that one needs to use in
amplitudes computations in order to reproduce the unitary string
S-matrix elements in a perturbative fashion.

» One first constructs an effective action sggt that describes the
massless free particles of the theory.
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EFFECTIVE ACTION II

» One then adds cubic terms that describe their three-point
couplings, as given by the string vertex, thus obtaining Sggt.

» One then considers the four-point scattering amplitude. Unitarity
guarantees that the massless poles will be those generated by the

tree graphs of 8.

» The remainder is due to massive particle exchange, has no
singularities for small external momenta and can thus be
expanded in a power series in «/p?. Each term in this expansion
can be reproduced by some local vertex, V., (which starts out
quartic in the massless fields) and thus one can construct S5, the
effective action correct through quartic order. This procedure can
then be repeated for the five-, six-, etc. point scattering
amplitudes, thereby yielding, in principle, the effective lagrangian
to all orders.
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EFFECTIVE ACTION III

» The task of constructing $¢” can be greatly simplified by exploiting
the local and global symmetries (ie supersymmetry, dualities) of
the theory to generate terms at a given order that must emerge in
higher orders as a consequence of these symmetries. In the last
lecture we will discuss these constraints.
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AMPLITUDES [

» We have constructed a theory with the massless spectrum of
non-Abelian super-Yang-Mills we can intriduce the gauge group G
by adding chan-paton factors at the end of the opens string

» The classical space-time lagrangian reproducing the equations of
motion and gauge and supersymmetry invariance is N = 1 SYM in
D =10

1 _
S™ — 7 Jdm x (tr(F?) 4 tr(¥T* D, W)
YM

» From this classical Lagrangian allows to deduce the Feynman
rules and compute amplitudes and S-matrix elements
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AMPLITUDES II
External states are given by vertex operators creating the state with

helicity ¢ and momentum k at o = 0
V(C, k) = Gy 1 XM + ik - it e X .

for the emission of an Abelian gauge boson A,
The propagators is the inverse world-sheet propagator

1 +o0o
A | “areeon
0
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AMPLITUDES III
By computing the 3-point amplitude we derive structure of the cubic

vertex

AL = e~ (V(1)AV(2)AV(3))

3
. 3 (10 A 2 3
=e P a5 )(ZKI)HC/H (g Mz + K Mg+ Ky M)
i i=1

x tr([A1, A%]A%)

» This takes the same form as the field theory 3-point coupling
Ag;§ = llg'g‘; and working out the complete normalisations we
deduce that (introducting gs = exp(¢)

By = V8(21) gs o’®

» and that the non-Abelian interaction are specified by the structure
constant 12%¢ o tr([A\, APIAC)
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AMPLITUDES IV

Ap(1,2,3,4) = e © (V(1)AV(2)AV(3)AV(4))

(0]

» where K, (1234) = fgFa, - - - Fa,tr(A% - - A%) where fsF* is the
unique lorentz scalar determined by supersymmetry

» The field theory answer is

Kiin(1234)
2 kin| 10
AY(1,2,8,4) = g8y, 0 =2 et Zk

PIERRE VANHOVE (IPHT & IHES) STRING THEORY CORFU SCHOOL 2011 82/129



AMPLITUDES V
» Higher point amplitudes in string theory display the propagation of
massive string states which lead to an infinite set of
higher-derivative operators

o Kk
Wi = Al e st | 2 G (&SP
p.g=1

» At one-loop order

1
|
|

3 15

+a

.
. _ 1
disc, = ' +a
1
1
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ULTRAVIOLET DIVERGENCE I

» The loop amplitudes in field theory have ultraviolet divergences

. X_X —0

A% x (cy tgtr(F*) + cp tgtr(F?)) o xeytgtr(FY) o Xcatstr(F?)?

» The UV divergences need counter-terms that are higher-derivative
local correction to the effective action. These counter-terms have
to satisfy all the symmetries of the theory.
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ULTRAVIOLET DIVERGENCE II

1
S=—3 J d'%x [e~Ptr(F2) + o/? ¢y tgtr(F*) + «'2 ooty (trF2)2)
X

» The coefficients c; are determined from the expression of the
one-loop amplitude in string theory.

» We will present in a minute the argument for the perturbative

finiteness of string perturbation and at the end of the lecture we
will discuss the issues when removing the string cut-off
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ANOMALIES

» Since D = 10 N = 1 SYM has chiral adjoint fermion. The loop
amplitudes in field theory have anomalies

BNS
Tr(F*) Tr(F?)
Tr(F%) oc Tr(F*) x Tr(F?)

» This anomaly can be cancelled by the (crcen, schwarz1 mechanism

if the gauge group is such that
Tr(AJg - Aogp) o Tr(A b - - M) Tr(A A 5g)

» the introduction of the coupling to supergravity
» restriction of the gauge group to be SO(32) and Eg x Eg
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SYM+SUGRA I

» the anomaly cancellation mechanism showed that we need to
couple SYM to massless B-field this field is part of a supergravity
multiplet

» Another reason where we see the mixing of SYM and SUGRA is
to look at the non-planar 1/N corrections.
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SYM+SUGRA II
» For instance the 1//N? correction to the L = 3 loop 4 gluon

amplitude

OB -

» is equivalent to adding an handle and there is no way and non
meaning into separating gravity and YM contributions.

» The leading low-energy limit {s — 0 of the L-loop open string
amplitude is given by

AP~ gt NE(1 + % + % 4o ) 0Phte(FY)

» c;is given by pure SYM and mixed SUGRA+SYM contributions
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SUPERGRAVITY I

The massless spectrum for type Il string contained the degrees of
freedom of the N = 2 supergravity massless multiplet in D = 10
The fields satisfied the linearized eom and gauge invariance of
supergravity.

The classical reproducing the gauge + local susy invariance is

GSUGRA _ 5 12 Jdmx \/_791:‘ (RO 4 (D)2 — H2 + Z F? + fermions)
Ko P

Newton’s constant is determined from the 3 point coupling. Type lIA

and Type IIB have effective action SUGRA. We will return to this point
later.
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SUPERGRAVITY II
» The cubic 3-point amplitudes

My = e 2P (V(1)AV(2)AV(3))
= e (123) UG5 (123)
This implies the following relation for the 10D Newton’ constant is with
gs = exp(o)
23, = (2m)7 a'* g2
One important point about the relation that i jpseq = Aopen © Uopen IS

the relation between the gyy coupling constant and the gravitational
coupling

— 16 (271)” o'
» This is the relation that is precisely needed for the anomaly

cancellation mechanism
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SUPERGRAVITY III
For string compactified a torus 77 of volume v, to 10 — d dimensions

Newton’s constant and YM coupling constant in D = 10 — d dimension
are given by

LYm

1 J D 2
- dPxtr(F2) + - ..
295\

1
LGrav _ % JdDX \/ZR(D) + ...

1 e 1 Ve
2ch 25y 295 295
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SUPERGRAVITY IV
» therefore
2 V/Vd
Kp ~dp ol
» For D = 4 the YM coupling constant is dimensionless, and
assuming g4 ~ 1 we have ,/vy/o/ ~10 %3cm

» The constrains on the Regge recurrences of elementary particles
implies o’ < (10 '°cm)? therefore R — vg/6 <10~2%'cm
» In general D = 4 Newton’s constant is a function of the moduli
1
— —f(R?/«, g, - - -
2Ki ( // gS )

» we will discuss at the end of this lecture what happens when one
tries to send v, — 0 and o’ — 0 and decouple the string
excitations when relating string theory to N = 8 supergravity
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REFORMULATION OF QFT AMPLITUDES I

» We have explained that string theory provides a unitary S-matrix
approch to gauge and gravity amplitudes.

» The field theory limit of string amplitudes reproduces the field
theory amplitudes but this reorganizes the field theory
perturbation by resumming all the Feynman graph contribution
into a single unified formula

» Therefore some properties of field theory difficult to see using
traditional approach are easily shown using string theory

» On example is the reformulation of the YM and gravity amplitudes
in terms unified building block inherited from the fact that spectrum

was [phys) ciosed = ‘phy5>open & ‘Phy3>open
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REFORMULATION OF QFT AMPLITUDES II

As well at the level of field theory amplitudes this implies that all QCD
and Gravity amplitudes can be build from a elementary building block

[Bjerrum-Bohr, Damgaard, Sondergaard, Vanhove]

S
0 1 ]

AL,...,m~ Y Tr(AA%@ ... %0) A(1,0(2,...,n))

o€, 1/Z>
» A% are generator in the fundamental representation
» A(1,0(2,..., n) are the color ordered open string amplitudes

» PSL(2,R) invariance zy =0, z, 1 = 1 and z, = +co. (3 marked
points)
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REFORMULATION OF QFT AMPLITUDES III

A1, .., n) = J d"3x f(x; — x;) H (x; — x;)2% ks
X<+ <Xp

1<i<j<n

» The function 7(x) does not have branch cut but has poles.
Depends on the polarisation of the external states.

» The precise form of f(x) depends on the type of string we use

Contour deformation

PIERRE VANHOVE (IPHT & IHES) STRING THEORY CORFU SCHOOL 2011

95/129



REFORMULATION OF QFT AMPLITUDES IV

r S

<oe[[Te® ) Y T]TTe" P 4n(1, () n)]

1<i<j<r cCOP{oc}U{BT}’ 1 /=1

S

— Jm [ [T e®e0 > HHe“'Bf {G}n)]

1<i<j<r ocCOP{x}U{pT}i=1 j=1

» expla, B) = expl2ina’ ky - kp) if Re(zg — z) > 0 or 1 otherwise
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REFORMULATION OF QFT AMPLITUDES V
» For closed string amplitudes the fact that spectrum is the product

of open string spectrum allows holormorphic factorization

o kjk; o kjk;
Wit on) = | @m0 oy TTou—x)"F iy Fxalyy)
X y

1<i<j<n

= ) R,
left/right ordering

» The countours C, and C, have to be ordered due to choice of the

! !
o k,‘-kj _« ki-Kj

holomorphic factorization |z|*'%# — z—=2"z =2~
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REFORMULATION OF QFT AMPLITUDES VI
» Leading to

Mo~ Y > D SwlyoololkSalpoolol,,

oceS, 3v€E (5/' ﬁE@,—,,g,j

x Ap(1,0(...),n—=1,nAplyoo,1,n—1,poo, n)

» with the momentum kernel 8

K K
Serliy, ..., ilfr, - - -, Jlp = | | ESIH(P‘ ki, + z 0(it, iq) ki, - Ki,)
t=1 gt

» All color ordered amplitudes satisfy the annihilation relation
> Salo(2....n—=1)p(2,...,n= )] An(n,o(2,...,n—1),1) =0

ceS, 2
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REFORMULATION OF QFT AMPLITUDES VII

» Taking the field theory limit o — 0 we get

.AYM 7Avector RE® Ascalar
n =
MGrav _ Avector RE® Avector
n

» with the momentum kernel 8§

K K
Sliv, . iklit -y = [ [ (P ki + Y_ 8t ig) ki, - k)

t=1 q>t

» This is representation of the YM and gravity tree-level amplitudes
that is independent of any particular parametrization one would
use of the given amplitudes.

PIERRE VANHOVE (IPHT & IHES) STRING THEORY CORFU SCHOOL 2011 99 /129



Part IV

DUALITY SYMMETRIES
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D-BRANES I

The C, ¢ forms from the RR spectrum couple to extended solitons of
10D type IIA/B SUGRA

SUAB _

Jd“’x\ﬁ
zw o]

where p = 0, 2, 4 for type-1IA theory, p = —1, 1, 3, 5 for type-1IB in the
Einstein frame

e @
R—— (B0)? — = (dB)Z)
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D-BRANES II
The Dp-brane action has world-volume theory coupling to the pull-back

fo the space-time metric g., and Ramond-Ramond p-form C,,.
Iop = J'dp+1£ (Tp ep%s‘l) \/ —8 + op C(p+1]>_

» The world-volume theory shows the tension 7, and the charge p,

~8piq

» Linearizing the worldvolume action gives the coupling to the
graviton h,,., dilaton ® or Ramond-Ramond field C

o = P22 o500
Jlc = Pp 5(x )
1
Ih = Tuv—éTp 6(XL)ﬂuv; O<uwvsp
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D-BRANES III

G, @, [0t2)
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D-BRANES IV
» The leading order interaction energy from the exchange between
two static branes localized at distance r away in the transverse
plane

e(r) ~ ~2xto, | 0% | 0% [jo o — joAo + inty

2t 2 T2 AE
=2Vip)&(10) [Pp — Tpl A (1)

» where A are the propagator of the fields in ten dimensions where
V), is the p-brane volume and A{fg p) (r) is the propagator in the
9 — p transverse dimensions.

» The net force is the result of the difference between
Ramond-Ramond repulsion and gravitational plus dilaton
attraction
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D-BRANES V

» closed string exchange is given by the cylinder diagram dual of
a one-loop (annulus) open string diagram

» The one-loop vacuum energy of oriented open strings reads

Vo [ dPTk (= dt (K24 MR) /2
&(r) = ZJ 2P L - Swe

» Strings stretching between the two D-branes have mass
o' M? =r? + N
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D-BRANES VI
» The zero point energy is changed by the configuration is still

supersymmetric. The fermionic and bosonic contribution
compensate exactly with the result

e(r) = Vip) (1—1) 2n(4n2a’)>P AE  (r) + o(e™/ V)

» Ramond-Ramond repulsion cancels exactly the gravitational and
dilaton attraction

» we deduce the relation between charge and tension typical of
supersymmetry

s _
Tp2 _ pp2 =— (47_[20(/)3 p
K(10)
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D-BRANES VII
The previous computation indicates that the tension of the Dp-brane is
VT 3_ 2n
T, = 2mlg)P P = ————
K(10) 2t gs (2mls)1+P

where we used o’ = (2, to be compared to the tension of the

fundamental string
1

Te—
d 272
Using gs = exp(@) and « 1o, = (27tls)" gs/ /47 that
s
TpTe—p = K2
(10)

There is another non-perturbative object: the NS5-brane of tension

T 27

Tnss = T

Koy | & (2mts)®
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T-DUALITY I

The string interactions lead to corrections to the effective action, the
coefficient of the correction depend on the string spectrum and the
parameters of the vaccum of the theory

Let’s consider the case of type Il string compactified on tori 7¢ to

D =10 — d dimensions

The perturbative string will depend on the moduli of the tori: g;, B;
Because of the non-trivial background the zero mode of the
world-sheet coordinates have non trivial dependence on the
parameters of the torus.

Let’'s consider the case of a circle of radius R in the direction .. = 9, the
closed string coordinates satisfy

X(t,o+m) =X%t,0)+2nRmMm meZ

the mode expansion now takes the form

n
X°(t,0) =x° + 20U—RT + 2tR mo + oscillators meZ
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T-DUALITY II

where the momentum along the circle is quantized as well as the
winding of the string around the circle, with Kaluza-Klein n and
Winding modes m The closed string spectrum is

2 2
/
<\/§n> + <m;> ] + oscillator
o

The mass spectrum depend on the radius and is invariant under the
transformation

- 1
Heiosed = Lo + Lo = 20‘/,02 + >

LQ*ZOZOZNL*NRJFZITIH

/

R — %; (m,n) — (n,m)

The level matching condition is modified as well by the product of the
winding modes times the KK modes mn which is independent of the
moduli of the circle.

The interactions are as well preserved by this symmetry.
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T-DUALITY III
For general torus compactification with metric g; The mass is of

wrapped string is given by

d
1 )
o' M? = 5 E MY m; + oscillators
ij=1

is a function of the moduli of the toru M

G_-BG'B BG
MZ( _G'B G )

The string spectrum is invariant under the discrete symmetry group
SO(d, d;7)
The angular momentum of the string is independent of the moduli

d
Lo—Ly=2 Z nim'’ + oscillators € 27
i=1

PIERRE VANHOVE (IPHT & IHES) STRING THEORY CORFU SCHOOL 2011 110/129



S-DUALITY [

In type IIB string we have see that there is a scalar field C in the
spectrum. One can consider the complexified coupling constant

T=Cy+ie ?

where string coupling constant gs = exp( o)
This scalar field parametrizes the vaccum structure of the type 1IB
theory in D = 10 dimension

te SL(2,R)/U(1)
The S-matrix elements of type llb string a parametrized by the

classical value of 1, and the theory is classically invariant under the
SL(2,IR) action on T

ar+b . a b
S(m+d> = 8(7); <C d) € SL(2,R)
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S-DUALITY 11

The S-duality does not preserve the string length /o’ and the string
massive perturbative spectrum but preserves the 10-dimensional

Newton’s constant ] ’

2 T4 0
2Kjy &5

The S-duality transformation has gs — 1/gs from t — —1 /7 therefore
to preserve the Planck length one needs

o — o gs

Therefore we see that this transformation relates the F-string to
D-string

1 o T = 1
2mo/ 17 2 gs

Tr =
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S-DUALITY 111

this transformation related F-string to D-brane, and because this
inverts the coupling constant this maps weak to strong coupling.

» In D = 10 for type llb superstring the SL(2, IR) the U(1) symmetry
is broken by the massive string states but it is as well anomalous
in the field theory

» The anomaly in the U(1) needs a anomaly counter-term written
down by [Gaberdiel, Green]

59“:JFA@R4

F—do— I.dfr/\zd"r
4T2

» Only SL(2,7) is preserved at the quantum level
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U-DUALITY I

» The S-duality SL(2, Z) and T-duality group SO(d, d; Z) do not
commutte

G(Z) = (SO(d, d; Z), SL(2,Z)) = E4(Z)

D Eii_pi1-p)(R) Kp Ei1_pi1-p)(Z)
10A RT 1 1
10B SI(2,R) SO(2) Sl(2,7)

9 SI(2,R) x R SO(2) Sl(2,7)

8 | SIB.R) x SI(2,R) | SO(3) x SO(2) | SI(3,Z) x SI(2,7Z)

7 SI(5,R) SO(5) SI(5,7)

6 SO(5,5,R) SO(5) x SO(5) SO(5,5,7)

3 Es(6)(R) USp(8) Es6)(Z)

4 E77)(R) SU(8)/Z» E;7)(2)

3 Egs)(R) SO(16) Egs)(Z)

> E11_p(11—p) real split forms, Kp maximal compact subgroup.
» The vacuum of the theory is the scalar manifold ¢ € Mp = Gp/Kp
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DUALITY OF THE EFFECTIVE ACTION [

» This is a symmetry of string perturbation and the effective action is
invariant under this symmetry

» We still have maximally 32 supercharges supergravity in these
dimensions and string theory will induce higher-derivative that are
function of these moduli

» Half of the supersymmetries are realized on-shell:
the S-matrix element is proportional to the tree-amplitude

Auapt = Alfse x 3stuF(@; 63s, 65t 5u)
> For the four-graviton amplitudesA /57 = R*/((2 stu)
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DUALITY OF THE EFFECTIVE ACTION II

> The low-energy energy (2k; - kj < 1 expansion of S-matrix
elements has analytic (local higher derivative operators) and
non-local (branch cut needed for unitarity)

» The analytic contributions: o, = (s" + " + u")

anal. __ p8+4p+6q -\ P g o
Agpt = 1s Z E(p,q) () 0505 R
p=0,g=>—1

» non-analytic contributions corresponding to massless thresholds

needed by unitarity disc 4727273 ~ (A2 )2

4pt
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DUALITY OF THE EFFECTIVE ACTION III
Aggramal — 8 R* (2 slog(—(2s) + & g 0) (€ 5)* log(—2s)

+&(1,0) (£55)° log(—{3s)
+ (t25)° (log? (~3s) + log(~2) log(y10)) + - - )

» The coefficients are function of the moduli are invariant under the
action of the duality transformations

» They are as well constrained by supersymmetry invariance

2p1+3(g+1) 2p+3(q+1)
(Bio,—1y+ Y_ o« FHIs ) (St + Y &/ PTHITVS ) =0
2p+3g>0 2p+3q=>0

» Constraining the coefficients ¢, ;) in the effective action
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NON-DECOUPLING OF STRING STATES I

» The couping to the effective action receives perturbative
contributions from string oscillators, winding and Kaluza-Klein
momenta but as well non-perturbative contributions from D-brane
and NS-brane instantons

» Under the action of the dualities these contributions are
exchanged

» One can ask the question about sending to infinity all string states
and keeping QFT contributions?

» Since this means sending the UV cut-off to A% ~ «/ ' coone

needs to be careful
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NON-DECOUPLING OF STRING STATES II

» For string theory compactified to D dimensions on a torus of size

10 — d and radii R. The tension of wrapped branes satisfy

7T
ToTpp-a=—5—
(D)
» Where
K
2 _ ob—2 __ (10)
Kioy = "= Rio-b
1 R10—-D

» is Newton’s constant in D dimensions and Planck length
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NON-DECOUPLING OF STRING STATES III
» Wrapping Dp-brane on a p-cycle with p < 5

P p—3
- (B) L
Js €p+ ls ly
» Wrapped NS5 brane on a 5-cycle
R5 €2 1
Mpyas =

» Wrapped F-string have a mass (KK states)

» One checks that
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NON-DECOUPLING OF STRING STATES IV
» Decoupling the string states requieres
1/R,1/8s, Mg > 1/,

» [Green, Ooguri, Schwarz] have pOinted out that since
MgMpyss = 1/(% in this limit the NS5 brane becomes massless
there is no more mass gap and the limit is singular

» In perturbative string (s determines a minimal length

]

R—R =l {s = fixed

» Spectrum of wound string spectrum has a minimum: exchanging
winding and momentum
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NON-DECOUPLING OF STRINQG STzzATES \%

{
(esm)2:ﬁ§+g>2

» Planck length {, determines a minimal length in the 'decoupling’
limit
1 R (2 1
— ==, e 2, = —,  {p=fixed
R R £2D S Es gS gs D X

» In the "decoupling’ limit (s — 0 with {, =fixed the theory dualizes
to a strong coupling limit gs — co decompactified to
ten-dimensions R — oo
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NON-DECOUPLING OF STRING STATES VI
» The effect COUpIingS ale [Green, Russo,Vanhove]

» The D*R*in 7 dimensions g; — oo

3ESL 1 2 ESL 4 A4r? >

(1,0)_309 0011:3 T 5 g'E1oo 201027 5 log g7

+ O( Q7VS) e g7€s/’7 )

» To be compared with the weak coupling expansion g; — 0

7y _ ¢(5) 3 _si4
& _?§+@E0105+

1 ) _1
+ O(ef(g7v3) 2 : ef(gg('s/r/) 2 )

2 =5L(4) 82 5
3(E100 2+E001 )+ ﬁlogg7
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