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Formulations of Generalized Kähler Geometry
The corresponding Sigma Models
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Generalized Kähler Geometry I
Bihermitean.

(M,g, J(±),H)

J2
(±) = −11 , J t

(±)gJ(±) = g , ∇(±)J(±) = 0

Γ(±) = Γ0 ± 1
2g−1H , H = dB .

E := g + B
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GKG II

(M,g, J(±))

J2
(±) = −11 , J t

(±)gJ(±) = g , ω(±) := gJ(±)

dc
(+)ω(+) + dc

(−)ω(−) = 0 , ddc
(±)ω(±) = 0 ,

H := dc
(+)ω(+) = −dc

(−)ω(−)
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GKG III

Description on T ⊕ T ∗

J 2
(1,2) = −11 , [J(1),J(2)] = 0 , J t

(1,2)IJ(1,2) = I , G := −J(1)J(2)

J(1,2) = 1 0

B 1


 J(+) ± J(−) −(ω−1

(+) ∓ ω
−1
(−))

ω(+) ∓ ω(−) −(J t
(+) ± J t

(−))


 1 0

−B 1


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GKG IV
Local Symplectic Description

(M, J(±))

Locally, ∃ “symplectic” two-forms F(±) such that

F(±)(v , J(±)v) > 0 , d(F(+)J(+) − J t
(−)F(−)) = 0 .

F(±) = 1
2 i(B(2,0)

(±) − B(0,2)
(±) )∓ ω(±)

F(+) = −1
2E t

(+)J(+) , F(−) = −1
2J t

(−)E
t
(−)
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GKG V
Generalized Kähler Potential

Summary:

Geometric data: (M,g,H, J(±)) or (M,g, J(±)) or (M,F(±), J(±)).
In each case, there is a complete description in terms of a
Generalized Kähler potential K . Unlike the Kähler case, the
expressions are non-linear in second derivatives of K . E.g.,

J(+) =

 J 0

(KLR)−1[J,KLL] (KLR)−1JKLR


g = Ω[J(+), J(−)]

F(+) = dλ(+) , λ(+)` = iKRJ(KLR)−1KL` , ...
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Sigma Models

d = 2 , N = (2,2)

Algebra:
{D±, D̄±} = i∂

++
=

Constrained superfields:

D̄±φa = 0 ,

D̄+χ
a′

= D−χa′
= 0 ,

D̄+X` = 0 ,

D̄−Xr = 0 .

Notation: c := a, ā , t := a′, ā′ , L := `, ¯̀ , R := r , r̄ .
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Superspace I

The (2,2) formulation uses the generalized Kähler Potential.

S =

∫
D+D̄+D−D̄−K (φc , χt ,XL,XR)

K → K (XL,XR)

Reduction to (2,1) superspace

D− =: D− − iQ− , X| =: X , Q−XL| =: ΨL
−

S =

∫
D+D̄+D−

(
KLΨL

− + KRJD−X R
)

S = i
∫

D+D̄+D−(λ(+)αD−ϕα + c.c.)

which uses the “Liouville form” (F(+) = dλ(+))
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Superspace II

Reduction to (1,1) finally yields

S =

∫
D+D− (D+XED−X ) .

The reduction goes via D+ =: D+ − iQ+ , Q+XR| =: ΨR
+ and

both the auxiliary spinors ΨL
− and ΨR

+ have been eliminated.

The (1,1) formulation uses E = g + B directly.
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