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The CP1 model and its solitons

dynamics of maps u : (t, z, z̄) ∈ R1,2 −→ CP1 $ SU(2)
U(1) $ S2

other parametrization: u = p
q

T =
( p
q

)
∼

(
u
1

)
=⇒ P = P † = P2 = T 1

T †T
T †

hermitian rank-one projectors in C2

action S = −4
∫
d3x tr ηµν∂µP ∂νP

= −4
∫
d3x (T †T)−1ηµν∂µT

†( −P) ∂νT

= −4
∫
d3x (1+ūu)−2ηµν∂µū ∂νu

static configurations have energy

E = 8
∫
d2z (T †T)−1

{
∂z̄T

†( −P) ∂zT + ∂zT
†( −P) ∂z̄T

}

= 8
∫
d2z (1+ūu)−2

{
∂z̄ū ∂zu+ ∂zū ∂z̄u

}
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classical static configurations: δE = 0 ⇒ u = u(z) or u = u(z̄)

finite energy ⇒ u rational of degree n ⇒ E = 8π|n| ⇔ solitons

moduli spaceMn has dimC = 2n+1 (including domain and target isometries)

after removing isometries we remain with nontrivial moduli {α} = {β, γ, ε, δ, . . .}:

n=1 : T(z) =
(
β
z

)
⇒ E =

∫
d2z

8 |β|2

(|β|2 + |z|2)2
= 8π

with β ∈ R+ dimRM1 = 1

n=2 : T(z) =
(
βz + γ
z2 + ε

)
⇒ E =

∫
d2z

8 |βz2 + 2γz − βε|2

(|βz + γ|2 + |z2 + ε|2)2
= 16π

with β, γ ∈ R+ and ε ∈ C dimRM2 = 4

we simplify to subclass β=0 ⇒ T(z) =
(

γ
z2 + ε

)
with γ, ε ∈ R+
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Moduli space metric

so far considered classical static finite-energy solutions (= solitons) u = u(z |α)

bring back time dependence in adiabatic approximation (slow motion):

u(t, z, z̄) ≈ u(z |α(t)) sequence of snapshots of static solitons

S
[
u(· |α(t))

]
+ const = 4

∫
dt

[
∫ d2z (T †T)−1∂ᾱT

†( −P) ∂αT
]
˙̄α α̇

= 4
∫
dt

[
∫ d2z ∂ᾱū ∂αu

(1+ūu)2

]
˙̄α α̇ =: 1

2

∫
dt gᾱα(α) ˙̄α α̇

with Kähler metric gᾱα = ∂ᾱ∂αK deriving from a Kähler potential

K = 8
∫
d2z lnT †T = 8

∫
d2z ln(1 + ūu) ∼ 8

∫
d2z ln(p̄p+ q̄q)

some moduli (like β) have infinite inertia (gβ̄β=∞) ⇒ external parameters
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n=1 : T =
(

β
z+δ

)
⇒ K = 8

∫
d2z ln

(
1+ |β|2

|z+δ|2
) reg

= 8πδ̄δ c.o.m.

n=2 : T(z) =
( γ
z2+ε

)
⇒ K = 8

∫
d2z ln

(
1+ |γ|2

|z2+ε|2
)

evaluates to K0 = 16π |γ|
∫ π/2

0
dθ

√
1 + | εγ |

2 sin2 θ = 16π |γ|E
(
−| εγ |

2
)

expansions: ‘ring’ regime |ε| + |γ|:

K0 = 8π2|γ|
{
1+

1

4

∣∣∣
ε

γ

∣∣∣
2
−

3

64

∣∣∣
ε

γ

∣∣∣
4
+

5

256

∣∣∣
ε

γ

∣∣∣
6
+. . .

}

‘two-lump’ regime |γ| + |ε|:

K0 = 16π |ε|
{
1−

1

4

(
−1+ln

∣∣ γ
4ε

∣∣2
)∣∣∣
γ

ε

∣∣∣
2
+

1

32

(3
2
+ln

∣∣ γ
4ε

∣∣2
)∣∣∣
γ

ε

∣∣∣
4
−

3

256

(
2+ln

∣∣ γ
4ε

∣∣2
)∣∣∣
γ

ε

∣∣∣
6
+ . . .

}

mild logarithmic singularities at |γ| → 0
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adiabatic motion in ring regime: energy density plots

t = −5.0

t = −1.5

t = 0.0

t = 1.5
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Moyal deformation

coordinates (z, z̄) ,−→ operators (Z, Z̄) with [Z , Z̄] = 2θ = const

Z =
√
2θ a =

√
2θ





0 0√
1 0 0√

2 0 0√
3 0

. . .. . . . . .



 & Z̄ =
√
2θ a† =

√
2θ





0
√
1

0 0
√
2

0 0
√
3

0 0
. . .. . . . . .





functions f(z, z̄) ,−→ operators F = f(Z, Z̄)
∣∣∣sym [ a, a†] =

∂z̄ ,→ 1
2θ[Z, · ] = 1√

2θ
[a, · ] and ∫ d2z f(z, z̄) = 2πθ trF

a |0〉 = 0 ⇒ F = span
{
|n〉 = 1√

n!
(a†)n|0〉

∣∣∣ n = 0,1,2, . . .
}

N |n〉 = n |n〉 and 〈n|n〉 = 1 for n = 0,1,2, . . .

dimensions: Z =
√
2θ a , β =

√
2θ b , δ =

√
2θ d , γ = 2θ g , ε = 2θ e
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n=1 warmup:

T =
(

b
a+d

)
⇒ K = 16πθ tr lnT †T = 16πθ tr ln

(
b̄b+(a†+d̄)(a+d)

)

formally independent of d via a ,→ a−d but divergent:
K

16πθ
=

∞∑

n=0
〈n| ln(̄bb+N)|n〉 =

∞∑

n=0
ln(̄bb+ n) = ∞ ambiguous

fix the ambiguity by differentiating:
gd̄d
16πθ

=
∂d̄∂dK
16πθ

= tr
[
(̄bb+N)−1

(
1− a (̄bb+N)−1a†

)]

= tr
[
(̄bb+N)−1

(
1− (N+1)(̄bb+N+1)−1

)]

= b̄b tr
[
(̄bb+N)−1(̄bb+N+1)−1

]

=
∑

n≥0

b̄b
(n+b̄b)(n+1+b̄b)

= 1 (!)

but gb̄b = ∞ ⇒ K = 16πθd̄d = 8πδ̄δ c.o.m. as commutative case
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Deformed rings

T =
(

g
a2 + e

)
⇒ K = 16πθ tr lnT †T with

T †T = ḡg + (a†2 + ē)(a2 + e) = ḡg +N(N−1)︸ ︷︷ ︸
G

+ e a†2 + ē a2 + ēe︸ ︷︷ ︸
E

abbreviating G−1a†2 =:↖ and G−1a2 =:↙ we get

K
16πθ

= tr lnG + tr ln( +G−1E) = tr lnG −
∞∑

k=1

(−1)k
k tr

(
G−1E

)k

= exp
(
ēe ∂ḡg

)
tr

{
lnG − ēe ↖↙ − (ēe)2

(
1
2 ↖↙↖↙ + ↖↖↙↙

)
− (ēe)3×

×
(
1
3 ↖↙↖↙↖↙ + ↖↖↖↙↙↙ + ↖↖↙↖↙↙ + ↖↙↖↖↙↙

)
+ . . .

}

↖ |n〉 =
√

(n+1)(n+2)
ḡg + n(n−1) |n+2〉 and ↙ |n〉 =

√
n(n−1)

ḡg + n(n−1) |n−2〉
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leading term tr lnG =
∑

n≥0 ln
(
ḡg + n(n−1)

)
determined via

∂ḡgtr lnG = tr 1G =
∑

n≥0

1
ḡg+n(n−1) = 1

ḡg + π2
2

tanW
W with W = π

2

√
1−4ḡg

expansion in ēe:
K

16πθ
= ln ḡg + ln cosW + (ēe)1 π2 ḡg

4ḡg+3
tanW
W

+ (ēe)2π4
{
48(ḡg)4+200(ḡg)3−33(ḡg)2+27ḡg

4 (4ḡg+3)3(4ḡg+15)
tanW
W3 − (ḡg)2

2 (4ḡg+3)2
sec2W
W2

}

+ (ēe)3π6
{
10240(ḡg)8+171520(ḡg)7+878336(ḡg)6+...−13770(ḡg)2+6075ḡg

8 (4ḡg+3)5(4ḡg+15)2(4ḡg+35)
tanW
W5

− 48(ḡg)5+200(ḡg)4−33(ḡg)3+27(ḡg)2

4 (4ḡg+3)4(4ḡg+15)
sec2W
W4 + (ḡg)3

3 (4ḡg+3)3
tanW sec2W)

W3

}

+ O((ēe)4) exact in ḡg

θ → ∞ ⇔ g, e → 0 but |eg| + 1 fixed: ḡg tanW ∼ ḡg secW finite!

θ → 0 ⇔ g, e → ∞ but |eg| + 1 fixed: K = K0+O
(
θ2

|γ|
)

deformed rings
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Deformed lumps

T =
(

g
a2 + e

)
⇒ K = 16πθ tr lnT †T with

T †T = (a†2 + ē)(a2 + e) + ḡg = N(N−1) + e a†2 + ē a2 + ēe︸ ︷︷ ︸
F

+ ḡg

find eigenvalues λn(e) of F represent F as differential operator on L2(R)

a = 1√
2
(x+∂x) = 1√

2
e−

1
2x

2
∂x e

1
2x

2
& a† = 1√

2
(x−∂x) = 1√

2
e
1
2x

2
∂x e−

1
2x

2

[
1
4∂

4
x − x ∂3x + (x2−1

2+
e+ē
2 ) ∂2x − 2ex ∂x + (2ex2−e+ēe)

]
f(x) = λ(e) f(x)

via Fourier transformation and change of variables equivalent to
[
−∂z(1−z2) ∂z + 1

1−z2
+ ēe (1−z2)

]
f(z) = λ(e) f(z) with z ∈ [−1,1]
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[
−∂z(1−z2) ∂z + 1

1−z2
+ ēe (1−z2)

]
f(z) = λ(e) f(z) with z ∈ [−1,1]

recognize (oblate) spheroidal wave equation ⇒ spheroidal eigenvalues:

λn = n(n−1)
{
1 + 2

(2n−3)(2n+1)ēe+
2(4n4−8n3−35n2+39n+63)

(2n−5)(2n−3)3(2n+1)3(2n+3)
(ēe)2 + . . .

}

=: n(n−1) λ̃n(e) for n = 0,1,2, . . . two zero modes λ0 = λ1 = 0

deformed Kähler potential:

K
16πθ

=
∞∑

n=0
ln

[
λn(e) + ḡg

]

=
∞∑

n=0
ln

[
n(n−1) + ḡg

]
+

∞∑

n=2
ln

[
1+ n(n−1)

n(n−1)+ḡg (λ̃n(e) − 1)
] ↓
= . . .

precisely reproduces the expansion for the ring regime |e| + |g|

for two-lump regime |g| + |e| want expansion of λn(e) about |e|=∞ unknown?
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reorder and resum double series?
K

16πθ
= 2 ln ḡg +

{
lnπ + 2

3ēe− 4
45(ēe)

2 + 64
2835(ēe)

3 − 32
4725(ēe)

4 + . . .
}

+ ḡg
{
1− 2

9ēe+
56
675(ēe)

2 − 656
19845(ēe)

3 + 1216
91125(ēe)

4 + . . .
}

+ (ḡg)2
{
(32−

π2
6 ) + (6227−

2π2
9 )ēe+ (37423375−

16π2
135 )(ēe)2 + . . .

}

+ (ḡg)3
{
(103 −π2

3 ) + (29281 −10π2
27 )ēe+ (254846151875−

112π2
675 )(ēe)2 + . . .

}

+ O
(
(ḡg)4

)
commutative small-|g| divergencies gone !

managed to resum only the first line:

lim
g→0

K−K|e=0

16πθ
=

∞∑

n=2
ln λ̃n

(?)
= − ln λ̃1 = 2

3 ēe− 4
45(ēe)

2 + 64
2835(ēe)

3 + . . .

(∗)
= ln

{
1 +

∞∑

,=1

(4 ēe),

(2,+1)!

}
= ln

sinh(2
√
ēe)

2
√
ēe

= 2|e| − ln |e| − 2 ln2 + O(e−4|e|) ∼
|ε|
θ

+ O(e−2|ε|/θ)
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proof of (∗) via Gel’fand-Yaglom theorem:
[
−∂z(1−z2) ∂z + 1

1−z2
+ ēe (1−z2)

]
f(z) = λ(e) f(z) with z ∈ [−1,1]

substitute z = tanh y
[
F(e) f

]
(y) ≡

[
− cosh2y ∂2y+cosh2y+ ēe

cosh2y

]
f(y) = λ(e) f(y) with y ∈ R

Gel’fand-Yaglom : lim
g→0

exp
K −K|e=0

16πθ
≡

detF(e)

detF(0)
= lim

L→∞
Φ(L)

Ψ(L)
with

[
F(e)Φ

]
(y) = 0 , Φ(−L) = 0 , Φ′(−L) = 1

[
F(0)Ψ

]
(y) = 0 , Ψ(−L) = 0 , Ψ′(−L) = 1

explicit solutions:

Φ(y) = 1√
ēe

sinh
[√

ēe (tanh y + tanhL)
]
cosh y coshL

Ψ(y) = sinh(y + L)

Φ(L)

Ψ(L)
=

sinh(2
√
ēe tanhL)

2
√
ēe tanhL

L→∞−→
sinh(2

√
ēe)

2
√
ēe

=
detF(e)

detF(0)
"
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Conclusions

commutative
regime

lumps
two

commutative
singularity 22| |  +| |  = 4 2

| |

| |

ring

two  lumps

deformed regime ring

modulus-of-moduli space

• ring regime: x ≡
∣∣∣ εγ

∣∣∣
2

K = 8π2
{
|γ|A0(x) +

θ2

|γ|A1(x) + . . .
}

• two-lump regime: y ≡
∣∣∣γε

∣∣∣
2

K = 16π
{
|ε|B0(y) + θ e−2|ε|/θB1(y) + . . .

}

• logarithmic singularities pushed out

• nontrivial mathematics:
– elliptic functions
– spheroidal eigenvalues
– Gel’fand-Yaglom
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