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The CPL model and its solitons

dynamics of maps u: (t,z,2) € rlL2 o cpl~ SUU((12)) ~ G2
other parametrization: u = Ia’
T=(3)~(f) = P=P =P =TgT

hermitian rank-one projectors in C2

action

S = —4/d3x tr pH 8, P 8, P

—4 / d3z (T1T) "8, TT(1—P) 8,T

— 4 / a3z (14-au) 20" 8,1 yu

static configurations have energy

E

8/d2z (riT)o:rT(1-P) 8.7 + 8.7 (1-P) 8-}

8 /d22 (1—|—’L_Lu)_2{8gﬂ O-u + O-u agu}



classical static configurations: SE=0 = wu=u(z) or u=u(z)
finite energy = wrational of degreen = FE = 87|n| & solitons
moduli space M, has dimg = 2n+-1 (including domain and target isometries)

after removing isometries we remain with nontrivial moduli {a} = {3,,¢€,9,...}:

4 _ (B _ [0 8(8]° _

=t T =(0) = P = e gy = O

with (3 € R_|_ dimpM; =1
. _ (Bz+~ _ [, 8822429z — B2
n=2: T(z) = (22+€> -~ B = /d Pt 2 g7 = 16
with B,’YER+ and €€ C dimRM2=4

we simplify to subclass S=0 = T(z) = (Z27_|_ 6) with  v,e € Ry
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Moduli space metric

so far considered classical static finite-energy solutions (= solitons) « = u(z|«)

bring back time dependence in adiabatic approximation (slow motion):

u(t,z,z2) =~ u(z|a(t)) sequence of snapshots of static solitons

S{u(.m(t))} + const = 4/dt a2, (i) lo-TT(1—P) 8aT] & &

— 4/dt [d22 (31&4"_&55;‘2] Ga = %/dt gan(a) & 6

with Kahler metric g5, = 0502/  deriving from a Kahler potential

K = 8/d22 nTiT = 8/d2z IN(1 + @) ~ 8/d2z In(pp + 3q)

some moduli (like 8) have infinite inertia (ggﬁzoo) = external parameters



= 8mdd Cc.0.m.

n=1: T=(B> = /C=8/d22|n(1+ 52

reg
|z—|—5|2>

n=2: T(z) = (2,,) = K= 8/d2z in(14-25)

| 2_|_€|2
evaluates to Ko = 167r|7]/ \/1—|—| °sin?0 = 167r|7]E(—| | )
expansions: ‘ring’ regime €] < |v]:
2 3 6

Ko = 87T2|’7|{ - 25615 < —I—}

‘two-lump’ reglme | < [el:

- Y\ vpP L3 v 2\ | 3 v1°
Ko = 167 1e {17 (<142 1"+ 55 (G4l [~ 5 (2Hmiz )2+ )

mild logarithmic smgularltles at |v| — 0
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Moyal deformation

coordinates (z, z) — operators (Z,Z) with [Z, Z] = 20 = const
\OF 0 0 V1
1 0 O —
Z = V20a = \/26( \6} 0 ) & 7 = V204l = \/29(0 8 ?ﬁ )
30 0 0o "-.
functions f(z, z) — operators F = f(Z, Z)|Sym [a,a'] =1
0: — =4lZ, -] = %H[a, ] and  [d?z f(z,2) = 270trF

al0)=0 = F = Span{|n>=\/%(cff)”|0> 'n=0,1,2,.}

N |n) = n|n) and (nln) = 1 for n=20,1,2,...

dimensions: Z = +vV20a, B=v20b, d=+v20d, yv=20g, e€=20e¢



n=1 warmup:

T = (aid) = K = 1670tr nT'T = 1670tr |n(Eb+(aT+J)(a+d))

formally independent of d via a — a—d but divergent:

oo oo
K _ d (n]In(bb+ N)ln) = D In(bb+n) = oo ambiguous

fix the ambiguity by differentiating:

9aa  _ 9304 _ [+ ~1 T 1t ]
— — N 1— N
oL i tr_(bb—l— ) ( a (bb+N) a)

— tr_(Eb—|—N)_1<1 - (N+1)(5b—|—N—|—1)_1)]

bb tr [(Eb—I—N)_l (Bb+N+1)—1]

_ bb _ — 1 (|)
ngo (n+bb) (n+1+-bb)

but g7, = oo = K = 1670dd = 876 c.0.m. as commutative case
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Deformed rings

_ g _ T i
T = (a2_|_6> = K = 16n0tr InT"T with
TIT = gg+ (a™? 4+ 8)(a® +e) = g9+ N(N—-1) + gzaTz—I-Eaz—l—e_ze;
G E

abbreviating G~ 1a? =:X_ and G la?2=: we get

= trinG + trin(l+ G 1E) = trinG — > #tr (G_lE)lC

1676 r—1

— exp(éec‘9§9> tr{InG —ee N/ — (2e)? (% RN+ \\//> — (2e)3 x
(3R IR+ SRR RRAY) + o)

<y = YOEDGOED) oy and ey = VD oy

g9 + n(n—1) g9 + n(n—1)
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leading term  tr InG = 32,50 In(gg -+ n(n—l)) determined via

~ R 1 _ 1 2tanWw : _ =
8ggtrInG = tr@ = §>:O GoFn(n=1) — a9 -+ 7T2 W with W = %\/1—499
n_

expansion in ee:

= Ingg + IncosW + (ge)' m° 5255 LR

16760

+ (2e)2r*]48(39)°+200(g9)°~33(g9)°+27gg tan W _ _ (g9)° sec?W
4 (499+3)3(4g9+15) w3 2 (4gg+3)? W?

+ (56)37T6{ 10240(gg9)8+171520(g59) "+878336(gg)°+...—13770(g9)2+60755g tan W

8 (499+3)°(4g9+15)2(4g9+35) W
_ 48(39)°+200(39)* =33(39)°+27(g9)? sec> W (gg)> _ tan W sec? W)

4 (439+3)*(4g99+15) w4 3 (4g99+3)3 w3

+ O((ee)) exact in gg

0 — 00 <« g,e— 0 but |§|<<1 fixed: ggtanW ~ ggsecW finite!

8 —0 <& g,e— oo but |§| K1 fixed: K = ICO—I—O(%) deformed rings
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Deformed lumps

_ g — T i
T = (a2_|_€> = K = 16n0tr InT"'T with
TI'T = (a*+&)(a® +e) +5g = N(N-1) 4 ea® +2a® 4 & + gg
2
find eigenvalues A\, (e) of I represent I’ as differential operator on Lo (R)
1.2 1.2 1 2 1.2
a = %(xjtax) — %e—if’f 0pe2%" & al = %(:c—(?g;) — \%eﬁ"” Oy e 2%

[%8;‘; — x(‘?g’ - (:cz—%—k%é) 8323 — 2ex 0y + (26:1:2—e—|—€e)} f(x) = X(e) f(x)

via Fourier transformation and change of variables equivalent to

[—8Z(1—z2)8z—|-1+22—|-€e(1—z2)} f(2) = Me) f(z) with z€[-1,1]
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[—8Z(1—z2)8z—|-ﬁ—|-€e(l—z2)} f(2) = Me) f(z)  with z€[-1,1]

recognize (oblate) spheroidal wave equation = spheroidal eigenvalues:

. 2 _ 2(4n*—8n3-35n°4+39n+63) = 2
An = ”(”—1){1 T 2= T Bn-8)@n_3)3nt1)3ent3) 8 T - }

=:n(n—1) M(e) for n=0,1,2,... two zeromodes \g=\1 =0

deformed Kahler potential:

K S _
e = n:Oln[An(e)+gg}
= n§0|n[n(n—1)+§g} + n§2|n[1+ n(?;(_“l—)}ggg (Xn(e) — 1)] L

precisely reproduces the expansion for the ring regime |e| < |g]

for two-lump regime |g| < |e| want expansion of \,,(e) about |e[=cc  unknown?
12



reorder and resum double series?

IC _
= 2|rygg-+-{ln7r—+-3ee 45(66)2'+'2835(66)3 4725(66)4 .}

16760

+ 59 {1 - Foe + 25202 - 18355(20)° + dZ @) + ..}
+ @9 G-%) + (8- + FR-1EHE + .}
+ (393 -5 + GR-15)%e + G238 -1 @ + ..}

+ O((§9)4) commutative small-|g| divergencies gone v/

managed to resum only the first line:

o o0
jim X = Kle=0 _ Ry &
g—0 1670

|
=
>
3
|
|
>
>
|—\
|

2_ 4 2
5ee — g5(ee)” + 2835 35(8e)° +

X (4e)t } B lnsinh(2\/§)
— N

= 2le| — Inle|] — 2In2 + O(e™ 4y ~ %' + O(e2/?)
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proof of (x) via Gel'fand-Yaglom theorem:

[_az(1_z2)az+ L +ae(1—z2)} f(2) = Me) f(z)  with z€[-1,1]
substitute z = tanhy

[F(e) f} (y) = [ cosh?y 97 4cosh?y+

[ f() = Ae) f(y)  with yeR

cosh2
, _ : /C—/C|€:0 . detF(e) ( ) :
Gel'fand-Yaglom : gI][pO exp Lm0 = det 7(0) LI|_>mOOﬁ with
F(e)®|(y) =0, &(-L) =0, @'(-L) =1
FOW|@) =0, W(-L)=0, W(-L)=1

explicit solutions:

d(y) = ésinh[@(tanhy—l—tanhL)} cosh y cosh L
W(y) = sinh(y+ L)

®(L)  sinh(2veetanh L) L—00 sinh(2vee)  det F(e)
W(L) 2yeetanhL 7 2vee  det F(0)
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Conclusions

\\ II " " 2
| ‘,|€| : e ring regime: x = |
‘\\ two tlumps I,' v
\ > / 2
cgirlrllmlllta:[ive \ / C = 87T2{|’7’A0(CB) —I— ‘8—‘A1($) —I— .. }
gularity Y

. 2
__---—"e two-lump regime: y =

i
€

= K= 16n{|eBo(y) + 0 20B (y) +...)

deformed }égimq’ - Y |

e logarithmic singularities pushed out

e nontrivial mathematics:
— elliptic functions
— spheroidal eigenvalues

modulus-of-moduli space — Gel’'fand-Yaglom

commutative
regime
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