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Introduction
rk-Minkowski space-time is defined by
X0, %] = ia%!, [%,%]] =0,
with a=1/kand i,j =1,2,3.

-a dimensionful deformation of the global Poincaré group, the
k-Poincaré group [Lukierski, Nowicki, Ruegg, '92].

-an arena for formulating new physical concepts: Double Special
Relativity [Amelino-Camelia '02], The principle of relative locality
[Amelino—Camelia, Freidel, Kowalski-Glikman, Smolin, '11]; potentially
interesting phenomenology.

*-product approach [Dimitrijevi¢, Meyer, Méller Wess '04; Dimitrijevi¢, Jonke,
Maller '05] has problems with: non-unique derivatives, diferential
calculus, non-cyclic integral. = Difficult to do field theory. ..

Suggestion: apply the twist formalism!



Reminder: twist formalism

Consider first a deformation (twist) of a classical symmetry algebra
g (Lorentz, SUSY, gauge,...). Then deform the space-time itself.

A twist F (introduced by Drinfel'd in 1983-1985) is:

-an element of Ug ® Ug

-invertible

-fulfills the cocycle condition (ensures the associativity of the
*-product)

FoUA®id)F =10 F(id® A)F.

-additionally: 7 =1® 1+ O(h); h-deformation parameter.

Notation: F =f*®f, and F 1 =f*®f,.
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F applied to A, (algebra of smooth functions on M): A%

pointwise multiplication: u(f®g)="7-g

4
x-multiplication: p(f@g)=poF HfRg)=Ffxg

*

F applied to Q (exterior algebra of forms): Q

wedge product: w1 Awr = w1 ® wr — wo ® wy

4

*-wedge product: wi Ay wp = Ao f_l(wl ® w>)

Differential calculus is classical: d : A} — Q*.

d>=0, d(fxg)=dfxg+f«dg,
df = (9uf)dx" = (0;f) x dx*.

Integral of a maximal form is graded cyclic:

/wl Ny Wo = (—].)dld2 /WQ Ny W1



Kappa-Minkowski via twist

Consider twisting the global Poincaré symmetry iso(1,3) with

10 Xe0X, . —2(8y@xI0;—xI0;Q0,
F=e 2 aOAb — @ 3 (%0 i j 0)’

with X1 = 0p, X5 = Xjaj, [Xl,XQ] =0 and 620 = a¢2P.
Consequences:

-the vector field X, not in universal enveloping algebra of Poincaré
algebra, we enlarge it to get twisted ig/(1, 3) [Borowiec, Pachol, '09].

-x-product of functions
frg = p{F ' fog)
ia ;
= f-g+ EXJ ((80f)8jg — (8jf)aog) + 0(32)
= g+ +5CNDf) - (908) + O(),

with C{7 = a(d50 — 65 4%).



Especially: [x°* x/] = jax/ and [x' ¥ x/] =0 .
-differential calculus
df = (Of) xdx", 9 =00, O =e 270,
Frdx®=dx®«f, Fxrdx =dx «e?Ff,

dx* A, dx¥ = dx* Adx”, d*x =dx° Ao AdxE.

-integral:

/wl Ny W = (—1)d1d2 /w2 Ny W1,

with di + dr = 4.



U(1) gauge theory coupled with matter: 1st approach

The NC matter field ¢ transforms under infinitesimal NC gauge
transformation as

5 = i % 1h,

with the NC gauge parameter A. The NC covariant derivative D)
is defined by:

Dy = dp — iAxyp = Dpip dx*
D§ = O — iAo xp, DF =9 — iAjx ey
where the NC connection is A= A, x dx*. From
0*D1p = i\ % D,

it follows
0*A = dA+i[A % Al, §*Ag = oM+ i[A % Ag]
§*A;j = FFN+ iN* Aj — iA; x e PN,



The NC field-strength tensor is a two-form given by
1
F= EF"” *dxt Ay dx” =dA— AN A

or in components
Foj = O§Aj—0fAc— iAo x Aj+iAjx e "D A
Fi = OfAj—0fA —iAixe PP A; + A x e "D A;
One can check that field-strength tensor transforms covariantly:
0F = i[A% F].

Next step: construction of the action.
The is a straightforward generalization
of the commutative action.



The NC gauge field action should look like

Soc/F/\*(*F)

where *F is the noncommutative Hodge dual. The obvious choice
xF = %eum/gFafB * dx? A, dx¥ does not lead to a gauge invariant
action!

A way out: assume that xF has the form

1
*xF = EewaﬂXaﬁ * dx? A, dx¥,

where X*? components are determined demanding
0 (xF) = i[A % xF]
Up to first order we obtain

XY = FY% —aAg« FY, XK = Fi* 4 aAg» F/¥.



Action

The NC action for gauge fields is

S = /F/\* (xF)

1 ) . . .
= / {2F0j * e P0XU 4 Fx e—2'330x'f} K dx.

For fermions we obtain
Sm X / ((W)B *d)A - T;Z_)B * (D'QZJ)A) AW (V A VAL V')’S)BA-
In flat space-time V = V), x dx" = 677, x dx" = ,dx" and after

tracing over spinor indices we find

Sm=3 [ (% (r"Df = m)y = (Dj* + mi) « ) wd'x.



Seiberg-Witten map

Idea: the NC gauge transformations are induced by commutative
ones, 6* — d5. Then:

A= /\a(AC)v A= A(Ac)a Y= q)z)(wc’ AC)? oo (1)

where « is the commutative gauge parameter and A, ¢ are
commutative fields.
The consistency relation for gauge transformations

(6505 — 0505)Y(x) = 6% 10 g

yields the solution for A, (A€). The transformation laws

0xp = iNg *xP(x), I5A =dA, + i[As ¥ A], can be solved order
by order in deformation parameter a. The solutions for the fields
have free parameters (S\W freedom), e.g.

1
W = P° — ch"xAA;(a,wC) + ich CTxAFE,ap¢ + daa(Dotp)°.



Expanded action

Finally, the NC action expanded up to first order in a (expanding
*-product and using the SW map) reads:

j13% pa

Sg(rl) _ _i/d4X{FﬁuF6MV _ Cpo Apenvpe pe
+2C{7x AFCWF,ij;,}
s@ = 2 / a*x{ 3 (D) — me + 2o (DoDy)e +
5 G (Dov)°) -
—(/Duw 7 + mip® — ZDoDp
SO DA S, e |-

free parameters! Calculate EOM, conserved U(1) current,
dispersion relations,. . .



2nd approach: natural basis

xt=(t= xo,x,y,z)7 dx* = (dt,dx,dy,dz), 9, = (0, 0x,0y,0;)
1 [Schenkel, Uhlemann '10]

<= (t,r.0,0), 07 = (dt, %da,dqm e, = (s, B, B9, B)

[ . eff;(a[)@ra,fra,@ao)? fxg=...,df

But: f 602 =07xf=f-0° Also: 82 A, 6° = 62 A 9P
Nuw ~ Gab = diag(1, —r?, —r?, —r?sin? ) ~» Hodge dual in CURVED
space-time!

oS = 2 aboa/~BE"E" Frnf” 1 6

1

*F = %eabcdcamb" * Fonn % 0° A, 09, 655G = i[Ay ¥ GO,

Doable, but not finished. One has to check if the results are basis
independent. To be expected, but. ..



Conclusions

» Advantages of twist formalism:
-mathematically well defined
-differential calculus
-cyclic integral
-no SW ambiguities
» Disadvantages:
-Hodge dual is difficult to generalize
-global Poinaceré symmetry iso(1,3) is replaced by global
inhomogenious general linear symmetry ig/(1,3)
-problem of conserved charges

» Possibilities:
-natural basis
-new definition of x-Hodge dual
-twisted gauge symmetry



Outlook

» Better understanding of the model
-x-dependent term in the action: geometrical interpretation?
-renormalization?
-phenomenological consequences?

> Generalization
-su(n) gauge theory; SW freedom
-twisted gauge symmetry helps?
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